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Preface

The primary motivation for new developments in Monte Carlo methods is
the fact that they are widely used for those problems for which deterministic
algorithms hopelessly break down. An important reason for this is that
Monte Carlo methods do not require additional regularity of the problem’s
initial data. The main problem with the deterministic algorithms is that
they normally need some additional approximation procedure, requiring
additional regularity. Monte Carlo algorithms do not need such procedures.
Nevertheless, if one can exploit the existing smoothness of the input data
then normally Monte Carlo methods have a better convergence rate than
the deterministic methods. At the same time, dealing with Monte Carlo
algorithms one has to accept the fact that the result of the computation can
be close to the true value only with a certain probability. Such a setting
may not be acceptable if one needs a guaranteed accuracy or strictly reliable
results. But in most cases it is reasonable to accept an error estimate with
a probability smaller than 1. In fact, we shall see that this is a price
paid by Monte Carlo methods to increase their convergence rate. The
better convergence rate for Monte Carlo algorithms is reached with a given
probability, so the advantage of Monte Carlo algorithms is a matter of
definition of the probability error.

The second important motivation is that Monte Carlo is efficient in deal-
ing with large and very large computational problems: multidimensional in-
tegration, very large linear algebra problems, integro-differential equations
of high dimensions, boundary-value problems for differential equations in
domains with complicated boundaries, simulation of turbulent flows, study-
ing of chaotic structures, etc.. At the same time it is important to study
applicability and acceleration analysis of Monte Carlo algorithms both the-
oretically and experimentally. Obviously the performance analysis of al-
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gorithms for people dealing with large-scale problems is a very important
issue.

The third motivation for new developments of Monte Carlo methods
is that they are very efficient when parallel processors or parallel comput-
ers are available. The reason for this is because Monte Carlo algorithms
are inherently parallel and have minimum dependency. In addition, they
are also naturally vectorizable when powerful vector processors are used.
At the same time, the problem of parallelization of the Monte Carlo al-
gorithms is not a trivial task because different kinds of parallelization can
be used. To find the most efficient parallelization in order to obtain high
speed-up of the algorithm is an extremely important practical problem in
scientific computing. Another very important issue is the scalability of the
algorithms. Scalability is a desirable property of algorithms that indicates
their ability to handle growing amounts of computational work on systems
with increasing number of processing nodes. With the latest developments
of distributed and Grid computing during last ten years there is a seri-
ous motivation to prepare scalable large-scale Monte Carlo computational
models as Grid applications.

One of most surprising findings is the absence of a systematic guide to
Monte Carlo methods for applied scientists. This book differs from other
existing Monte Carlo books by focusing on performance analysis of the al-
gorithms and demonstrating some existing large scale applications in semi-
conductor device modeling. The reader will find description of some basic
Monte Carlo algorithms as well as numerical results of implementations.
Nevertheless, I found it important to give some known fundamental facts
about Monte Carlo methods to help readers who want to know a little bit
more about the theory. I also decided to include some exercises specially
created for students participating in the course of ”Stochastic Methods and
Algorithms for Computational Science” at the University of Reading, UK.
My experience working with students studying stochastic methods shows
that the exercises chosen help in understanding the nature of Monte Carlo
methods.

This book is primary addressed to applied scientists and students from
Computer Science, Physics, Biology and Environmental Sciences dealing
with Monte Carlo methods.

I. Dimov
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Chapter 1

Introduction

Monte Carlo methods are a powerful tool in many fields of mathematics,
physics and engineering. It is known that the algorithms based on this
method give statistical estimates for any linear functional of the solution
by performing random sampling of a certain random variable (r.v.) whose
mathematical expectation is the desired functional.

In [Binder and Heermann (1998); Bremaud (1999); Berg (2004); Chen
and Shao (2000); Dubi (2000); Ermakov and Mikhailov (1982); Evans and
Swartz (2000); Fishman (1995); MacKeown (1997); Gilks et al. (1995);
Gould and Tobochnik (1989); Hellekalek and Larcher (1998); Jacoboni and
Lugli (1989); Landau and Binder (2000); Liu (2001); Manly (1997); Manno
(1999); Mikhailov and Sabelfeld (1992); Newman and Barkema (1999);
Rubinstein (1992); Robert and Casella (2004); Sabelfeld (1991); Shreider
(1966); Sloan and Joe (1994); Sobol (1973)] one can find various definitions
and different understanding of what Monte Carlo methods are. Neverthe-
less, in all above mentioned works there is a common understanding that
it’s a method which uses r.v. or random processes to find an approximate
solution to the problem. We use the following definition.

Definition 1.1. Monte Carlo methods are methods of approximation of
the solution to problems of computational mathematics, by using random
processes for each such problem, with the parameters of the process equal
to the solution of the problem. The method can guarantee that the error
of Monte Carlo approximation is smaller than a given value with a certain
probability.

So, Monte Carlo methods always produce an approximation of the solution,
but one can control the accuracy of this solution in terms of the probability
error. The Las Vegas method is a randomized method which also uses

1
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r.v. or random processes, but it always produces the correct result (not an
approximation). A typical example is the well-known Quicksort method
[Hoare (1961); Knuth (1997)].

Usually Monte Carlo methods reduce problems to the approximate cal-
culation of mathematical expectations. Let us introduce some notations
used in the book: the mathematical expectation of the r.v. ξ or θ is denoted
by Eµ(ξ), Eµ(θ) (sometimes abbreviated to Eξ, Eθ); the variance by D(ξ),
D(θ) (or Dξ, Dθ) and the standard deviation by σ(ξ), σ(θ) (or σξ, σθ). We
shall let γ denote the random number, that is a uniformly distributed r.v.
in [0, 1] with E(γ) = 1/2 and D(γ) = 1/12). We shall further denote the
values of the random point ξ or θ by ξi, θi (i = 1, 2, . . . , N) respectively.
If ξi is a d-dimensional random point, then usually it is constructed using
d random numbers γ, i.e., ξi ≡ (γ(1)

i , . . . , γ
(d)
i ). The density (frequency)

function will be denoted by p(x). Let the variable J be the desired solution
of the problem or some desired linear functional of the solution. A r.v. ξ

with mathematical expectation equal to J must be constructed: Eξ = J .
Using N independent values (realizations) of ξ : ξ1, ξ2, . . . , ξN , an approxi-

mation ξN to J : J ≈ 1
N

(ξ1 + . . . + ξN ) = ξN , can then be computed. The
following definition of the probability error can be given:

Definition 1.2. If J is the exact solution of the problem, then the proba-
bility error is the least possible real number RN , for which:

P = Pr
{|ξN − J | ≤ RN

}
, (1.1)

where 0 < P < 1. If P = 1/2, then the probability error is called the
probable error.

The probable error is the value rN for which:

Pr
{|ξN − J | ≤ rN

}
=

1
2

= Pr
{|ξN − J | ≥ rN

}
.

The computational problem in Monte Carlo algorithms becomes one of
calculating repeated realizations of the r.v. ξ and of combining them into
an appropriate statistical estimator of the functional J(u) or solution. One
can consider Las Vegas algorithms as a class of Monte Carlo algorithms if
one allows P = 1 (in this case RN = 0) in Definition 1.2. For most problems
of computational mathematics it is reasonable to accept an error estimate
with a probability smaller than 1.

The year 1949 is generally regarded as the official birthday of the Monte
Carlo method when the paper of Metropolis and Ulam [Metropolis and
Ulam (1949)] was published, although some authors point to earlier dates.
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Ermakov [Ermakov (1975)], for example, notes that a solution of a problem
by the Monte Carlo method is contained in the Old Testament. In 1777 G.
Compte de Buffon posed the following problem: suppose we have a floor
made of parallel strips of wood, each the same width, and we drop a needle
onto the floor. What is the probability that the needle will lie across a line
between two strips [de Buffon (1777)]? The problem in more mathematical
terms is: given a needle of length l dropped on a plane ruled with parallel
lines t units apart, what is the probability P that the needle will cross
a line? (see, [de Buffon (1777); Kalos and Whitlock (1986)]). He found
that P = 2l/(πt). In 1886 Marquis Pierre-Simon de Laplace showed that
the number π can be approximated by repeatedly throwing a needle onto
a lined sheet of paper and counting the number of intersected lines (see,
[Kalos and Whitlock (1986)]). The development and intensive applications
of the method is connected with the names of J. von Neumann, E. Fermi,
G. Kahn and S. M. Ulam, who worked at Los Alamos (USA) for forty years
on the Manhattan project 1. A legend says that the method was named in
honor of Ulam’s uncle, who was a gambler, at the suggestion of Metropolis.

The development of modern computers, and particularly parallel com-
puting systems, provided fast and specialized generators of random numbers
and gave a new momentum to the development of Monte Carlo algorithms.

There are many algorithms using this essential idea for solving a wide
range of problems. The Monte Carlo algorithms are currently widely used
for those problems for which the deterministic algorithms hopelessly break
down: high-dimensional integration, integral and integro-differential equa-
tions of high dimensions, boundary-value problems for differential equations
in domains with complicated boundaries, simulation of turbulent flows,
studying of chaotic structures, etc..

An important advantage of Monte Carlo algorithms is that they permit
the direct determination of an unknown functional of the solution, in a
given number of operations equivalent to the number of operations needed
to calculate the solution at only one point of the domain [Dimov and Tonev
(1993b,a); Dimov et al. (1996)]. This is very important for some problems
of applied science. Often, one does not need to know the solution on the
whole domain in which the problem is defined. Usually, it is only necessary

1Manhattan Project refers to the effort to develop the first nuclear weapons during
World War II by the United States with assistance from the United Kingdom and
Canada. At the same time in Russia I. Kurchatov, A. Sakharov and other scientists
working on Soviet atomic bomb project were developing and using the Monte Carlo
method.
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to know the value of some functional of the solution. Problems of this kind
can be found in many areas of applied sciences. For example, in statistical
physics, one is interested in computing linear functionals of the solution of
the equations for density distribution functions (such as Boltzmann, Wigner
or Schroedinger equation), i.e., probability of finding a particle at a given
point in space and at a given time (integral of the solution), mean value of
the velocity of the particles (the first integral moment of the velocity) or
the energy (the second integral moment of the velocity), and so on.

It is known that Monte Carlo algorithms are efficient when parallel
processors or parallel computers are available. To find the most efficient
parallelization in order to obtain a high value of the speed-up of the algo-
rithm is an extremely important practical problem in scientific computing
[Dimov et al. (1996); Dimov and Tonev (1992, 1993a)].

Monte Carlo algorithms have proved to be very efficient in solving mul-
tidimensional integrals in composite domains [Sobol (1973); Stewart (1983,
1985); Dimov and Tonev (1993a); Haber (1966, 1967)]. The problem of
evaluating integrals of high dimensionality is important since it appears
in many applications of control theory, statistical physics and mathemat-
ical economics. For instance, one of the numerical approaches for solving
stochastic systems in control theory leads to a large number of multidimen-
sional integrals with dimensionality up to d = 30.

There are two main directions in the development and study of Monte
Carlo algorithms. The first is Monte Carlo simulation, where algorithms
are used for simulation of real-life processes and phenomena. In this case,
the algorithms just follow the corresponding physical, chemical or biological
processes under consideration. In such simulations Monte Carlo is used as
a tool for choosing one of many different possible outcomes of a particular
process. For example, Monte Carlo simulation is used to study particle
transport in some physical systems. Using such a tool one can simulate
the probabilities for different interactions between particles, as well as the
distance between two particles, the direction of their movement and other
physical parameters. Thus, Monte Carlo simulation could be considered as
a method for solving probabilistic problems using some kind of simulations
of random variables or random fields.

The second direction is Monte Carlo numerical algorithms. Monte Carlo
numerical algorithms are can be used for solving deterministic problems by
modeling random variables or random fields. The main idea is to construct
some artificial random process (usually, a Markov process) and to prove
that the mathematical expectation of the process is equal to the unknown
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solution of the problem or to some functional of the solution. A Markov
process is a stochastic process that has the Markov property. Often, the
term Markov chain is used to mean a discrete-time Markov process.

Definition 1.3. A finite discrete Markov chain Tk is defined as a finite
set of states {α1, α2, . . . , αk}.

At each of the sequence of times t = 0, 1, . . . , k, . . . the system Tk is in
one of the following states αj . The state αj determines a set of conditional
probabilities pjl, such that pjl is the probability that the system will be
in the state αl at the (τ + 1)th time given that it was in state αj at time
τ . Thus, pjl is the probability of the transition αj ⇒ αl. The set of all
conditional probabilities pjl defines a transition probability matrix

P = {pjl}k
j,l=1,

which completely characterizes the given chain Tk.

Definition 1.4. A state is called absorbing if the chain terminates in this
state with probability one.

In the general case, iterative Monte Carlo algorithms can be defined as
terminated Markov chains:

T = αt0 → αt1 → αt2 → . . . → αti , (1.2)

where αtq , (q = 1, . . . , i) is one of the absorbing states. This determines the
value of some function F (T ) = J(u), which depends on the sequence (1.2).
The function F (T ) is a random variable. After the value of F (T ) has been
calculated, the system is restarted at its initial state αt0 and the transitions
are begun anew. A number of N independent runs are performed through
the Markov chain starting from the state st0 to any of the absorbing states.
The average

1
N

∑

T

F (T ) (1.3)

is taken over all actual sequences of transitions (1.2). The value in (1.3)
approximates E{F (T )}, which is the required linear form of the solution.

Usually, there is more than one possible ways to create such an artificial
process. After finding such a process one needs to define an algorithm
for computing values of the r.v.. The r.v. can be considered as a weight
of a random process. Then, the Monte Carlo algorithm for solving the
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problem under consideration consists in simulating the Markov process and
computing the values of the r.v.. It is clear, that in this case a statistical
error appears. The error estimates are important issue in studying Monte
Carlo algorithms.

Here the following important problems arise:

• How to define the random process for which the mathematical ex-
pectation is equal to the unknown solution?

• How to estimate the statistical error?
• How to choose the random process in order to achieve high compu-

tational efficiency in solving the problem with a given statistical
accuracy (for a priori given probable error)?

This book will be primary concerned with Monte Carlo numerical al-
gorithms. Moreover, we shall focus on the performance analysis of the
algorithms under consideration on different parallel and pipeline (vector)
machines. The general approach we take is the following:

• Define the problem under consideration and give the conditions
which need to be satisfied to obtain a unique solution.

• Consider a random process and prove that such a process can be
used for obtaining the approximate solution of the problem.

• Estimate the probable error of the method.
• Try to find the optimal (in some sense) algorithm, that is to choose

the random process for which the statistical error is minimal.
• Choose the parameters of the algorithm (such as the number of the

realizations of the random variable, the length (number of states)
of the Markov chain, and so on) in order to provide a good balance
between the statistical and the systematic errors.

• Obtain a priori estimates for the speed-up and the parallel effi-
ciency of the algorithm when parallel or vector machines are used.

By x = (x(1), x(2), . . . , x(d)) we denote a d-dimensional point (or vector)
in the domain Ω, Ω ⊂ IRd, where IRd is the d-dimensional Euclidean space.
The d-dimensional unite cube is denoted by Ed = [0, 1]d.

By f(x), h(x), u(x), g(x) we usually denote functions of d variables
belonging to some functional spaces. The inner (scalar) product of functions
h(x) and u(x) is denoted by (h, u) =

∫
Ω

h(x)u(x)dx. If X is some Banach
space and u ∈ X, then u∗ is the conjugate function belonging to the dual
space X∗. The space of functions continuous on Ω are denoted by C(Ω).
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C(k)(Ω) is the space of functions u for which all k-th derivatives belong to
C(Ω), i.e., u(k) ∈ C(Ω). As usual ‖ f ‖Lq= (

∫
Ω

fq(x)p(x)dx)1/q denotes
the Lq-norm of f(x).

Definition 1.5. Hλ(M, Ω) is the space of functions for which |f(x) −
f(x′)| ≤ M |x− x′|λ.

We also use the Wr
q-semi-norm, which is defined as follows:

Definition 1.6. Let d, r ≥ 1 be integers. Then Wr(M ; Ω) can be defined
as a class of functions f(x), continuous on Ω with partially continuous rth

derivatives, such that

|Drf(x)| ≤ M,

where

Dr = Dr1
1 · · ·Drd

d

is the rth derivative, r = (r1, r2, . . . , rd), |r| = r1 + r2 + . . . + rd, and

Dri
i =

∂ri

∂xri

(i)

.

Definition 1.7. The Wr
q-semi-norm is defined as:

‖ f ‖r
Wq

=
[∫

Ω
(Drf(x))qp(x)dx

]1/q.

We use the notation L for a linear operator. Very often L is a linear
integral operator or a matrix.

Definition 1.8. Lu(x) =
∫
Ω

l(x, x′)u(x′)dx′ is an integral transformation
(L is an integral operator)

A ∈ IRn×n or L ∈ IRn×n are matrices of size n×n; aij or lij are elements
in the ith row and jth column of the matrix A or L and Au = f is a linear
system of equations. The transposed vector is denoted by xT . Lk is the
kth iterate of the matrix L.

(h, u) =
∑n

i=1 hiui is the inner (scalar) product of the vectors h =
(h1, h2, . . . , hn) and u = (u1, u2, . . . , un)T .

We will be also interested in computational complexity.

Definition 1.9. Computational complexity is defined by

CN = tN,

where t is the mean time (or number of operations) needed to compute one
value of the r.v. and N is the number of realizations of the r.v..
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Suppose there exists different Monte Carlo algorithms to solve a given
problem. It is easy to show that the computational effort for the achieve-
ment of a preset probable error is proportional to tσ2(θ), where t is the
expectation of the time required to calculate one realization of the ran-
dom variable θ. Indeed, let a Monte Carlo algorithm A1 deal with the
r.v. θ1, such that Eθ1 = J (where J is the exact solution of the problem).
Alternatively there is another algorithm A2 dealing with another r.v. θ2,
such that Eθ2 = J . Using N1 realizations of θ1 the first algorithm will
produce an approximation to the exact solution J with a probable error
ε = cσ(θ1)N

−1/2
1 . The second algorithm A2 can produce an approximation

to the solution with the same probable error ε using another number of
realizations, namely N2. So that ε = cσ(θ2)N

−1/2
2 . If the time (or number

of operations) is t1 for A1 and t2 for A2, then we have

CN1(A1) = t1N1 =
c2

ε2
σ2(θ1)t1,

and

CN2(A2) = t2N2 =
c2

ε2
σ2(θ2)t2.

Thus, the product tσ2(θ) may be considered as computational complexity ,
whereas [tσ2(θ)]−1 is a measure for the computational efficiency. In these
terms the optimal Monte Carlo algorithm is the algorithm with the lowest
computational complexity (or the algorithm with the highest computational
efficiency).

Definition 1.10. Consider the set A, of algorithms A:

A = {A : Pr(RN ≤ ε) ≥ c}
that solve a given problem with a probability error RN such that the proba-
bility that RN is less than a priori given constant ε is bigger than a constant
c < 1. The algorithms A ∈ A with the smallest computational complexity
will be called optimal.

We have to be more careful if we have to consider two classes of algo-
rithms instead of just two algorithms. One can state that the algorithms
of the first class are better than the algorithms of the second class if:

• one can prove that some algorithms from the first class have a
certain rate of convergence and

• there is no algorithm belonging to the second class that can reach
such a rate.
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The important observation here is that the lower error bounds are very
important if we want to compare classes of algorithms. We study optimal
algorithms in functional spaces in Chapters 2 and 3 of this book.



September 17, 2007 10:48 World Scientific Book - 9in x 6in book

This page intentionally left blankThis page intentionally left blank



September 28, 2007 19:1 World Scientific Book - 9in x 6in book

Chapter 2

Basic Results of Monte Carlo
Integration

In this chapter some basic facts about Monte Carlo integration are consid-

ered. Almost all facts presented here are well known to scientists dealing

with the theory of Monte Carlo methods. Nevertheless, this exposition facil-

itates the understanding of methods and algorithms discussed in this book.

The results presented here are mainly extracted from the basic works on

the theory of Monte Carlo methods [Curtiss (1954, 1956); Dupach (1956);

Ermakov and Mikhailov (1982); Hammersley and Handscomb (1964); Kahn

(1950a,b); Kalos and Whitlock (1986); Lepage (1978); Metropolis and Ulam

(1949); Mikhailov (1987); Pitman (1993); Press and Farrar (1990); Rubin-

stein (1981); Sabelfeld (1989); Sobol (1973, 1994); Spanier and Gelbard

(1969)]. Some more recent results, which further develop the basic ideas of

Monte Carlo integration, are also presented.

2.1 Convergence and Error Analysis of Monte Carlo

Methods

The quality of any algorithm that approximate the true value of the solution

depends very much of the convergence rate. One needs to estimate how fast

the approximate solution converges to the true solution. Let us consider

some basic results for the convergence of Monte Carlo methods. Let ξ be

a r.v. for which the mathematical expectation of Eξ = I exists. Let us

formally define

Eξ =







∫∞
−∞ ξp(ξ)dξ, where

∫∞
−∞ p(x)dx = 1, when ξ is a continuous

r.v.;
∑

ξ ξp(ξ), where
∑

x p(x) = 1, when ξ is a discrete

r.v.

11
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By definition Eξ exists if and only if E|ξ| exists. The nonnegative func-
tion p(x) (continuous or discrete) is called the probability density function.

To approximate the variable I, a computation of the arithmetic mean
must usually be carried out,

ξN =
1
N

N∑

i=1

ξi. (2.1)

For a sequence of uniformly distributed independent random variables,
for which the mathematical expectation exists, the theorem of J. Bernoulli
(who proved for the first time the Law of Large Numbers Theorem) [Grim-
mett and Stirzaker (1992)] is valid. This means that the arithmetic mean
of these variables converges to the mathematical expectation:

ξN
p→ I as N →∞

(the sequence of the random variables η1, η2, . . . , ηN , . . . converges to the
constant c if for every h > 0 it follows that

lim
N→∞

P{|ηN − c| ≥ h} = 0).

Thus, when N is sufficiently large

ξN ≈ I (2.2)

and (2.1) may be used to approximate the value of I whenever Eξ = I

exists.
Let us consider the problem of estimating the error of the algorithm.

Suppose that the random variable ξ has a finite variance

Dξ = E(ξ − Eξ)2 = Eξ2 − (Eξ)2.

It is well known that the sequences of the uniformly distributed indepen-
dent random variables with finite variances satisfy the central limit theorem
(see [Hammersley and Handscomb (1964)], or [Tijms (2004)]). This means
that for arbitrary x1 and x2

lim
N→∞

P

{
x1 <

1√
NDξ

N∑

i=1

(ξi − I) < x2

}
=

1√
2π

∫ x2

x1

e−
t2
2 dt. (2.3)

Let x2 = −x1 = x. Then from (2.3) it follows that

lim
N→∞

P

{∣∣∣∣∣
1
N

N∑

i=1

(ξi − I)

∣∣∣∣∣ < x

√
Dξ

N

}
= Φ(x),

where Φ(x) =
2√
2π

∫ x

0

e−
t2
2 dt is the probability integral.
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When N is sufficiently large

P

{
|ξN − I| < x

√
Dξ

N

}
≈ Φ(x). (2.4)

Formula (2.4) gives a whole family of estimates, which depend on the
parameter x. If a probability β is given, then the root x = xβ of the
equation

Φ(x) = β

can be found, e.g., approximately using statistical tables.
Then, from (2.4), it follows that the probability of the inequality

|ξN − I| ≤ xβ

√
Dξ

N
(2.5)

is approximately equal to β.
The term on the right-hand side of the inequality (2.5) is exactly the

probability error RN defined in Chapter 1 (see Definition 1.2). Indeed, since
RN is the least possible real number, for which P = Pr

{|ξN − I| ≤ RN

}
,

RN = xβ

√
Dξ
N . Taking into account that the probable error is the value

rN for which: Pr
{|ξN − I| ≤ rN

}
= 1

2 = Pr
{|ξN − I| ≥ rN

}
one can

determine rN :

rN = x0.5σ(ξ)N− 1
2 , (2.6)

where σ(ξ) = (Dξ)
1
2 is the standard deviation and x0.5 ≈ 0.6745.

2.2 Integral Evaluation

In this section we consider two basic Monte Carlo algorithms for multidi-
mensional integration: the Plain Monte Carlo and the Geometric Monte
Carlo.

2.2.1 Plain (Crude) Monte Carlo Algorithm

Plain (Crude) Monte Carlo is the simplest possible approach for solving
multidimensional integrals. This approach simply uses the definition of the
mathematical expectation.

Let Ω be an arbitrary domain (bounded or unbounded, connected or
unconnected) and let x ∈ Ω ⊂ IRd be a d-dimensional vector.
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Let us consider the problem of the approximate computation of the
integral

I =
∫

Ω

f(x)p(x)dx, (2.7)

where the non-negative function p(x) is called a density function if∫

Ω

p(x)dx = 1. Note that every integral
∫

Ω

f(x)dx, when Ω is a bounded

domain, is an integral of the kind (2.7). In fact, if SΩ is the area of Ω, then
p1(x) ≡ 1

SΩ
is the probability density function of a random point which is

uniformly distributed in Ω. Let us introduce the function f1(x) = SΩf(x).

Then, obviously,
∫

Ω

f(x)dx =
∫

Ω

f1(x)p1(x)dx.

Let ξ be a random point with probability density function p(x). Intro-
ducing the random variable

θ = f(ξ) (2.8)

with mathematical expectation equal to the value of the integral I, then

Eθ =
∫

Ω

f(x)p(x)dx.

Let the random points ξ1, ξ2, . . . , ξN be independent realizations of
the random point ξ with probability density function p(x) and θ1 =
f(ξ1), . . . , θN = f(ξN ). Then an approximate value of I is

θN =
1
N

N∑

i=1

θi. (2.9)

According to Section 2.1, if the integral (2.1) were absolutely convergent,
then θN would be convergent to I.

A generalization of the Crude Monte Carlo for the case of infinite vari-
ance is considered in [Torn (1966)].

2.2.2 Geometric Monte Carlo Algorithm

Let the nonnegative function f be bounded, i.e.,

0 ≤ f(x) ≤ c for x ∈ Ω, (2.10)

where c is a generic constant. Consider the cylindrical domain

Ω̃ = Ω× [0, c]
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and the random point ξ̃ ≡ (ξ(1), ξ(2), ξ(3)) ⊂ Ω̃ with the following probability

density function:

p̃(x) =
1

c
p(x(1), x(2)).

Let ξ̃1, . . . , ξ̃N be independent realizations of the random point ξ̃. In-

troduce the random variable θ̃, whose dependency on ξ̃ is clear,

θ̃ =

{
c, if ξ(3) < f(ξ(1), ξ(2))

0, if ξ(3) ≥ f(ξ(1), ξ(2)).

The random variable introduced is a measure of the points below the

graph of the function f . Let us calculate Eθ̃:

Eθ̃ = cPr{ξ(3) < f(ξ)}

=

∫

Ω

dx(1)dx(2)

∫ f(x(1),x(2))

0

p̃(x(1), x(2), x(3))dx(3) = I.

The absolute convergence of the integral follows from (2.10). Therefore,

θ̃N =
1

N

N∑

i=1

θ̃i

can be used as an approximation to I , since Eθ̃N = I and θ̃N
p→ I .

The algorithm consists of generating a sequence of random points

ξ̃ ≡ (ξ(1), ξ(2), ξ(3)) uniformly distributed in the third direction (ξ(3)) and

accepting points if they are under the graph of the function f(x) and re-

jecting other points. This is the reason to call this Geometric algorithm an

acceptance-rejection technique.

2.2.3 Computational Complexity of Monte Carlo

Algorithms

Let us compare the accuracy of the Geometric and the Plain Monte Carlo

algorithm.

Let f ∈ L2(Ω, p). This guarantees that the variance

Dθ̃ =

∫

Ω

f2(x)p(x)dx − I2

in a Plain Monte Carlo algorithm is finite.

For the Geometric Monte Carlo algorithm the following equation holds

E(θ̃2) = c2P{x(3) < f(x)} = cI.
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Hence the variance is

Dθ̃ = cI − I2,

and
∫

Ω

f2(x)p(x)dx ≤ c

∫

Ω

f(x)p(x)dx = cI.

Therefore Dθ ≤ Dθ̃.
The last inequality shows that the Plain Monte Carlo algorithm is more

accurate than the Geometric one (except for the case when the function f

is a constant). Nevertheless, the Geometric algorithm is often preferred,
from the algorithmic point of view, because its computational complexity
C(G) = t̃D2θ̃ may be less than the computational complexity of the plain
algorithm C(P ) = tD2θ. In practical computations it may happen that
t̃ << t, so that C(G) < C(P ) [Sobol (1973)]. The problem of the com-
putational complexity of different Monte Carlo algorithms is considered in
detail in [Dimov and Tonev (1993a)].

2.3 Monte Carlo Methods with Reduced Error

As has been shown, the probable error in Monte Carlo algorithms when no
information about the smoothness of the function is used is

rN = c

√
Dξ

N
.

It is important for such computational schemes and random variables
that a value of ξ is chosen so that the variance is as small as possible.
Monte Carlo algorithms with reduced variance compared to Plain Monte
Carlo algorithms are usually called efficient Monte Carlo algorithms. The
techniques used to achieve such a reduction are called variance-reduction
techniques. Let us consider several classical algorithms of this kind.

2.3.1 Separation of Principal Part

Consider again the integral

I =
∫

Ω

f(x)p(x)dx, (2.11)

where f ∈ L2(Ω, p), x ∈ Ω ⊂ IRd.
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Let the function h(x) ∈ L2(Ω, p) be close to f(x) with respect to its L2

norm; i.e. ‖f − h‖L2 ≤ ε. Let us also suppose that the value of the integral∫

Ω

h(x)p(x)dx = I ′

is known.
The random variable θ′ = f(ξ)− h(ξ) + I ′ generates the following esti-

mate for the integral (2.11)

θ′N = I ′ +
1
N

N∑

i=1

[f(ξi)− h(ξi)]. (2.12)

Obviously Eθ′N = I and (2.12) defines a Monte Carlo algorithm, which
is called the Separation of Principal Part algorithm. A possible estimate
of the variance of θ′ is

Dθ′ =
∫

Ω

[f(x)− h(x)]2p(x)dx− (I − I ′)2 ≤ ε2.

This means that the variance and the probable error will be quite small,
if the function h(x) is such that the integral I ′ can be calculated analytically.
The function h(x) is often chosen to be piece-wise linear function in order
to compute the value of I ′ easily.

2.3.2 Integration on a Subdomain

Let us suppose that it is possible to calculate the integral analytically on
Ω′ ⊂ Ω and ∫

Ω′
f(x)p(x)dx = I ′,

∫

Ω′
p(x)dx = c,

where 0 < c < 1.
Then the integral (2.11) can be represented as

I =
∫

Ω1

f(x)p(x)dx + I ′,

where Ω1 = Ω− Ω′.
Let us define a random point ξ′, in Ω1, with probability density function

p1(x′) = p(x′)/(1− c) and a random variable

θ′ = I ′ + (1− c)f(ξ′). (2.13)

Obviously Eθ′ = I . Therefore, the following approximate estimator
can be used to compute I

θ′N = c +
1
N

(1 + c)
N∑

i=1

f(ξ′i),
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where ξ′i are independent realizations of the d-dimensional random point ξ′.
The latter presentation defines the Integration on Subdomain Monte Carlo
algorithm.

The next theorem compares the accuracy of this Monte Carlo algorithm
with the Plain Monte Carlo.

Theorem 2.1. ([Sobol (1973)]). If the variance Dθ exists then

Dθ′ ≤ (1− c)Dθ.

Proof. Let us calculate the variances of both random variables θ (defined
by (2.8) and θ′ (defined by (2.13)):

Dθ =
∫

Ω

f2p dx− I2 =
∫

Ω1

f2p dx +
∫

Ω′
f2p dx− I2; (2.14)

Dθ′ = (1− c)2
∫

Ω1

f2p1 dx− [(1− c)
∫

Ω1

fp1 dx]2

= (1− c)
∫

Ω1

f2p dx−
(∫

Ω1

fp dx

)2

. (2.15)

Multiplying both sides of (2.14) by (1 − c) and subtracting the result
from (2.15) yields

(1− c)Dθ −Dθ′ = (1− c)
∫

Ω′
f2p dx− (1− c)I2 − (I − I ′)2.

Using the nonnegative value

b2 ≡
∫

Ω′

(
f − I ′

c

)2

p(x)dx =
∫

Ω′
f2p dx− I ′2

c
,

one can obtain the following inequality

(1− c)Dθ −Dθ′ = (1− c)b2 + (
√

cI ′ − I ′/
√

c)2 ≥ 0

and the theorem is proved. ¤

2.3.3 Symmetrization of the Integrand

For a one-dimensional integral

I0 =
∫ b

a

f(x)dx

on a finite interval [a, b] let us consider the random point ξ (uniformly dis-
tributed in this interval) and the random variable θ = (b − a)f(ξ). Since
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Eθ = I0, the Plain Monte Carlo algorithm leads to the following approxi-
mate estimate for I0:

θN =
b− a

N

N∑

i=1

f(ξi),

where ξi are independent realizations of ξ.
Consider the symmetric function

f1(x) =
1
2
[f(x) + f(a + b− x)],

the integral of which over [a, b] is equal to I0. Consider also the random
variable θ′ defined as θ′ = (b− a)f1(ξ).

Since Eθ′ = I0, the following symmetrized approximate estimate of the
integral may be employed:

θN =
b− a

N

N∑

i=1

[f(ξi) + f(a + b− ξi)].

Theorem 2.2. ([Sobol (1973)]). If the partially continuous function f is
monotonic in the interval a ≤ x ≤ b, then

Dθ′ ≤ 1
2
Dθ.

Proof. The variances of θ and θ′ may be expressed as

Dθ = (b− a)
∫ b

a

f2(x)dx− I2
0 , (2.16)

2Dθ′ = (b− a)
∫ b

a

f2dx + (b− a)
∫ b

a

f(x)f(a + b− x)dx− I2
0 . (2.17)

From (2.16) and (2.17) it follows that the assertion of the theorem is
equivalent to establishing the inequality

(b− a)
∫ b

a

f(x)f(a + b− x)dx ≤ I2
0 . (2.18)

Without loss of generality, suppose that f is non-decreasing, f(b) >

f(a), and introduce the function

v(x) = (b− a)
∫ x

a

f(a + b− t)dt− (x− a)I0,

which is equal to zero at the points x = a and x = b. The derivative of v,
namely

v′(x) = (b− a)f(a + b− x)− I0



September 17, 2007 10:48 World Scientific Book - 9in x 6in book

20 Monte Carlo Methods for Applied Scientists

is monotonic and since

v′(a) > 0, v′(b) < 0, we see that v(x) ≥ 0

for x ∈ [a, b]. Obviously,
∫ b

a

v(x)f ′(x)dx ≥ 0. (2.19)

Thus integrating (2.19) by parts, one obtains
∫ b

a

f(x)v′(x)dx ≤ 0. (2.20)

Now (2.18) follows by replacing the expression for v′(x) in (2.20). (The
case of a non-increasing function f can be treated analogously.) ¤

2.3.4 Importance Sampling Algorithm

Consider the problem of computing the integral

I0 =
∫

Ω

f(x)dx, x ∈ Ω ⊂ IRd.

Let Ω0 be the set of points x for which f(x) = 0 and Ω+ = Ω− Ω0.

Definition 2.1. Define the probability density function p(x) to be tolerant
to f(x), if p(x) > 0 for x ∈ Ω+ and p(x) ≥ 0 for x ∈ Ω0.

For an arbitrary tolerant probability density function p(x) for f(x) in
Ω let us define the random variable θ0 in the following way:

θ0(x) =

{
f(x)
p(x) , x ∈ Ω+,

0, x ∈ Ω0.

It is interesting to consider the problem of finding a tolerant density,
p(x), which minimizes the variance of θ0. The existence of such a density
means that the optimal Monte Carlo algorithm with minimal probability
error exists.

Theorem 2.3. ([Kahn (1950a,b)]). The probability density function
c|f(x)| minimizes Dθ0 and the value of the minimum variance is

Dθ̂0 =
[∫

Ω

|f(x)|dx

]2

− I2
0 . (2.21)
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Proof. Let us note that the constant in the expression for p̂(x) is

c =
[∫

Ω

|f(x)|dx

]−1

,

because the condition for normalization of probability density must be sat-
isfied. At the same time

Dθ0 =
∫

Ω+

f2(x)
p(x)

dx− I2
0 = Dθ̂0. (2.22)

It is necessary only to prove that for other tolerant probability density
functions p(x) the inequality Dθ0 ≥ Dθ̂0 holds. Indeed

[∫

Ω

|f(x)|dx

]2

=

[∫

Ω+

|f |dx

]2

=

[∫

Ω+

|f |p−1/2p1/2dx

]2

Applying the Cauchy-Schwarz inequality to the last expression one gets
[∫

Ω

|f(x)|dx

]2

≤
∫

Ω+

f2p−1dx

∫

Ω+

p dx ≤
∫

Ω+

f2

p
dx. (2.23)

¤

Corollary 2.1. If f does not change sign in Ω, then Dθ̂0 = 0.

Proof. The corollary is obvious and follows from the inequality (2.21).
Indeed, let us assume that the integrand f(x) is non-negative. Then[∫

Ω
|f(x)|dx

]
= I0 and according to (2.21) the variance Dθ̂0 is zero. If

f(x) is non-positive, i.e., f(x) ≤ 0, then again
[∫

Ω
|f(x)|dx

]
= I0 and Dθ̂0.

¤

For practical algorithms this assertion allows random variables with
small variances (and consequently small probable errors) to be incurred,
using a higher random point probability density in subdomains of Ω, where
the integrand has a large absolute value. It is intuitively clear that the use
of such an approach should increase the accuracy of the algorithm.

2.3.5 Weight Functions Approach

If the integrand contains a weight function an approach proposed in [Shaw
(1988)] can be applied. In [Shaw (1988)] Monte Carlo quadratures with
weight functions are considered for the computation of

S(g; m) =
∫

g(θ)m(θ)dθ,



September 17, 2007 10:48 World Scientific Book - 9in x 6in book

22 Monte Carlo Methods for Applied Scientists

where g is some function (possibly vector or matrix valued).
The unnormalized posterior density m is expressed as the product of two

functions w and f , where w is called the weight function m(θ) = w(θ)f(θ).
The weight function w is nonnegative and integrated to one; i.e.,

∫
w(θ)dθ =

1, and it is chosen to have similar properties to m.
Most numerical integration algorithms then replace the function m(θ)

by a discrete approximation in the form of [Shaw (1988)]:

m̂(θ) =
{

wif(θ), θ = θi, i = 1, 2, . . . , n,

0 elsewhere,

so that the integrals S(g;m) may by estimated by

Ŝ(g; m) =
N∑

i=1

wif(θi)g(θi). (2.24)

Integration algorithms use the weight function w as the kernel of the
approximation of the integrand

S(g;m) =
∫

g(θ)m(θ)dθ =
∫

g(θ)w(θ)f(θ)dθ (2.25)

=
∫

g(θ)f(θ)dW (θ) = Ew(g(θ)f(θ)). (2.26)

This suggests a Monte Carlo approach to numerical integration ([Shaw
(1988)]): generate nodes θ1, . . . , θN independently from the distribution w

and estimate S(g;m) by Ŝ(g; m) in (2.24) with wi = 1
N . If g(θ)f(θ) is a

constant then Ŝ(g; m) will be exact. More generally Ŝ(g; m) is unbiased
and its variance will be small if w(θ) has a similar shape to |g(θ)m(θ)|.
The above procedure is also known as importance sampling (see Section
(2.3.3)). Such an approach is efficient if one deals with a set of integrals
with different weight functions.

In [Shaw (1988)] it is noted that the determination of the weight func-
tion can be done iteratively using a posterior information. Monte Carlo
quadratures which use posterior distributions are examined in [van Dijk
and Kloek (1983, 1985); van Dijk et al. (1987); Stewart (1983, 1985, 1987);
Stewart and Davis (1986); Kloek and van Dijk (1978)].

2.4 Superconvergent Monte Carlo Algorithms

As was shown earlier, the probability error usually has the form of (2.6):
RN = cN−1/2. The speed of convergence can be increased if an algorithm
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with a probability error RN = cN−1/2−ψ(d) can be constructed, where c

is a constant, ψ(d) > 0 and d is the dimension of the space. As will be
shown later such algorithms exist. This class of Monte Carlo algorithms
exploit the existing smoothness of the integrand. Often the exploiting of
smoothness is combined with subdividing the domain of integration into a
number of non-overlapping sub-domains. Each sub-domain is called stra-
tum. This is the reason to call the techniques leading to superconvergent
Monte Carlo algorithms Stratified sampling, or Latin hypercube sampling.
Let us note that the Plain Monte Carlo, as well as algorithms based on
variance reduction techniques, do not exploit any smoothness (regularity)
of the integrand. In this section we will show how one can exploit the
regularity to increase the convergence of the algorithm.

Definition 2.2. Monte Carlo algorithms with a probability error

RN = cN−1/2−ψ(d) (2.27)

(c is a constant, ψ(d) > 0) are called Monte Carlo algorithms with a super-
convergent probable error.

2.4.1 Error Analysis

Let us consider the problem of computing the integral

I =
∫

Ω

f(x)p(x)dx,

where Ω ∈ IRd, f ∈ L2(Ω; p) ∩ W1(α; Ω) and p is a probability density

function, i.e. p(x) ≥ 0 and
∫

Ω

p(x)dx = 1. The class W1(α; Ω) contains

function f(x) with continuous and bounded derivatives (
∣∣∣ ∂f
∂x(k)

∣∣∣ ≤ α for
every k = 1, 2, . . . , d).

Let Ω ≡ Ed be the unit cube

Ω = Ed = {0 ≤ x(i) < 1; i = 1, 2, . . . , d}.
Let p(x) ≡ 1 and consider the partition of Ω into the subdomains (stra-

tums) Ωj , j = 1, 2, . . . ,m, of N = md equal cubes with edge 1/m (evidently
pj = 1/N and dj =

√
d/m) so that the following conditions hold:

Ω =
m⋃

j=1

Ωj , Ωi ∩ Ωj = ∅, i 6= j,
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pj =
∫

Ωj

p(x)dx ≤ c1

N
, (2.28)

and

dj = sup
x1,x2∈Ωj

|x1 − x2| ≤ c2

N1/d
, (2.29)

where c1 and c2 are constants.

Then I =
m∑

j=1

Ij , where Ij =
∫

Ωj

f(x)p(x)dx and obviously Ij is the

mean of the random variable pjf(ξj), where ξj is a random point in Ωj

with probability density function p(x)/pj . So it is possible to estimate Ij

by the average of Nj observations

θN =
pj

Nj

Nj∑
s=1

f(ξj),
m∑

j=1

Nj = N,

and I by θ∗N =
m∑

j=1

θnj .

Theorem 2.4. ([Dupach (1956); Haber (1966)])
Let Nj = 1 for j = 1, . . . , m (so that m = N). The function f has

continuous and bounded derivatives (
∣∣∣ ∂f
∂x(k)

∣∣∣ ≤ α for every k = 1, 2, . . . , d)
and let there exist constants c1, c2 such that conditions (2.28) and (2.29)
hold.

Then for the variance of θ∗ the following relation is fulfilled

Dθ∗N = (dc1c2α)2N−1−2/N .

Using the Tchebychev’s inequality (see, [Sobol (1973)]) it is possible to
obtain

RN =
√

2dc1c2αN−1/2−1/d. (2.30)

The Monte Carlo algorithm constructed above has a superconvergent
probability error. Comparing (2.30) with (2.27) one can conclude that

ψ(d) =
1
d
. We can try to relax a little bit the conditions of the last theorem

because they are too strong. So, the following problem may be considered:
Is it possible to obtain the same result for the convergence of the algorithm
but for functions that are only continuous?
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Let us consider the problem in IR. Let [a, b] be partitioned into n

subintervals [xj−1, xj ] and let dj = |xj − xj−1|. Then if ξ is a ran-
dom point in [xj−1, xj ] with probability density function p(x)/pj , where

pj =
∫ xj

xj−1

p(x)dx, the probable error of the estimator θ∗N is given by the

following:

Theorem 2.5. ([Dimov and Tonev (1989)]).
Let f be continuous in [a, b] and let there exist positive constant c1, c2,

c3 satisfying pj ≤ c1/N , c3 ≤ dj ≤ c2/N for j = 1, 2, . . . , N . Then

rN ≤ 4
√

2
c1c2

c3
τ

(
f ;

3
2
d

)

L2

N−3/2,

where d = max
j

dj and τ(f ; δ)L2 is the averaged modulus of smoothness, i.e.

τ(f ; δ)L2 =‖ ω(f, •; δ) ‖L2=

(∫ b

a

(ω(f, x; δ))qdx

)1/q

, 1 ≤ q ≤ ∞,

δ ∈ [0, (b− a)] and
ω(f, x; δ) = sup{|∆hf(t)| : t, t + h ∈ [x− δ/2, x + δ/2] ∩ [a, b]}.

where ∆h is the restriction operator.

In IRd the following theorem holds:

Theorem 2.6. ([Dimov and Tonev (1989)]).
Let f be continuous in Ω ⊂ IRd and let there exist positive constants

c1, c2, c3 such that pj ≤ c1/N , dj ≤ c2N
1/d and Sj(•, c3) ⊂ Ωj, j =

1, 2, . . . , N , where Sj(•, c3) is a sphere with radius c3. Then

rN ≤ 4
√

2
c1c2

c3
τ(f ; d)L2N

−1/2−1/d.

Let us note that the best quadrature formula with fixed nodes in IR

in the sense of [Nikolskiy (1988)] for the class of functions W(1)(l; [a, b]) is
the rectangular rule with equidistant nodes, for which the error is approx-
imately equal to c/N . For the Monte Carlo algorithm given by Theorem
2.6 when Nj = 1 the rate of convergence is improved by an order of 1/2.
This is an essential improvement. At the same time, the estimate given in
Theorem 2.5 for the rate of convergence attains the lower bound estimate
obtained by Bakhvalov ([Bakhvalov (1959, 1961, 1964)]) for the error of an
arbitrary random quadrature formula for the class of continuous functions
in an interval [a, b]. Some further developments in this direction will be
presented in Chapter 3.
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2.4.2 A Simple Example

Let us consider a simple example of evaluating multi-dimensional integrals
in functional classes which demonstrates the power of the Monte Carlo al-
gorithms. This is a case of practical computations showing high efficiency
of the Monte Carlo approach versus the deterministic one. Consider the
classical problem of integral evaluation in functional classes with bounded
derivatives. Suppose f(x) is a continuous function and let a quadrature
formula of Newton or Gauss type be used for calculating the integrals.
Consider an example with d = 30 (this is a typical number for some appli-
cations in control theory and mathematical economics). In order to apply
such formulae, we generate a grid in the d-dimensional domain and take the
sum (with the respective coefficients according to the chosen formula) of
the function values at the grid points. Let a grid be chosen with 10 nodes
on the each of the coordinate axes in the d-dimensional cube Ed = [0, 1]d.
In this case we have to compute about 1030 values of the function f(x).

Suppose a time of 10−7s is necessary for calculating one value of the
function. Therefore, a time of order 1023s will be necessary for evaluating
the integral (remember that 1 year = 31536×103s, and that there has been
less than 9×1010s since the birth of Pythagoras). Suppose the calculations
have been done for a function f(x) ∈ W(2)(α, [0,1]d). If the formula
of rectangles (or some similar formula) is applied then the error in the
approximate integral calculation is

ε ≤ cMh3, (h = 0.1), (2.31)

where h is the mesh-size and c is a constant independent of h. More pre-
cisely, if f(x) ∈ C2 then the error is 1

12f (2)(c)h3, where c is a point inside
the domain of integration [Krommer and Ueberhuber (1998); Sendov et al.
(1994)].

Consider a plain Monte Carlo algorithm for this problem with a probable
error ε of the same order. The algorithm itself consists of generating N

pseudo random values (points) (PRV) in Ed; in calculating the values of
f(x) at these points; and averaging the computed values of the function.
For each uniformly distributed random point in Ed we have to generate 30
random numbers uniformly distributed in [0, 1].

To apply the Monte Carlo method it is sufficient that f(x) is continuous.
The probable error is:

ε ≤ 0.6745σ(θ)
1√
N

, (2.32)
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where σ(θ) = (Dθ)1/2 is the standard deviation of the r.v. θ for which
Eθ =

∫
Ed f(x)p(x)dx and N is the number of the values of the r.v. (in this

case it coincides with the number of random points generated in Ed).
We can estimate the probable error using (2.32) and the variance prop-

erties:

ε ≤ 0.6745

(∫

Ed

f2(x)p(x)dx−
(∫

Ed

f(x)p(x)dx

)2
)1/2

1√
N

≤ 0.6745
(∫

Ed

f2(x)p(x)dx

)1/2 1√
N

= 0.6745 ‖ f ‖L2

1√
N

.

In this case, the estimate simply involves the L2-norm of the integrand.
The computational complexity of this commonly-used Monte Carlo al-

gorithm will now be estimated. From (2.32), we may conclude:

N ≈
(

0.6745 ‖ f ‖L2

cM

)2

× h−6.

Suppose that the expression in front of h−6 is of order 1. (For many
problems it is significantly less than 1 as M is often the maximal value of
the second derivative; further the Monte Carlo algorithm can be applied
even when it is infinity). For our example (h = 0.1), we have

N ≈ 106;

hence, it will be necessary to generate 30×106 = 3×107 PRV. Usually, two
operations are sufficient to generate a single PRV. Suppose that the time
required to generate one PRV is the same as that for calculating the value
of the function at one point in the domain Ed. Therefore, in order to solve
the problem with the same accuracy, a time of

3× 107 × 2× 10−7 ≈ 6s

will be necessary. The advantage of employing Monte Carlo algorithms
to solve such problems is obvious. The above result may be improved if
additional realistic restrictions are placed upon the integrand f(x).

The plain (or crude) Monte Carlo integration is often considered as
the best algorithm for evaluating multidimensional integrals in case of very
high dimensions (see, [Davis and Rabinowitz (1984); Kalos and Whitlock
(1986); Krommer and Ueberhuber (1998)]). In the case of low dimensions
(less than 3) Gauss product rules seem to be the most efficient choice.
Between these two bound cases algorithms that exploit the regularity of
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the integrand should be used. An example of such an approach can be
found in Chapter 3 (see, also [Atanassov and Dimov (1999)]). In fact, we
use a variance reduction technique to build Monte Carlo algorithms with
an increased rate of convergence. The proposed algorithms are based on
piecewise interpolation polynomials and on the use of the control variate
method. It allowed us to build two algorithms reaching the optimal rate of
convergence for smooth functions. Monte Carlo algorithms with increased
rate of convergence are presented in [Maire (2003b,a); Morton (1957); Press
and Farrar (1990); Stewart (1987); Stewart and Davis (1986)].

It is known that for some problems (including one-dimensional prob-
lems) Monte Carlo algorithms have better convergence rates than the opti-
mal deterministic algorithms in the appropriate function spaces [Bakhvalov
(1964); Dimov (1994); Dimov and Gurov (1993); Dimov et al. (1996); Di-
mov and Tonev (1989, 1993b); Nikolskiy (1988); Sendov et al. (1994)]. For
example, as shown in Subsection 2.4.1 if f(x) ∈ W1(α; [0,1]d), then instead
of (2.32) we have the following estimate of the probability error:

RN = ε ≤ c1α
1

N1/2+1/d
, (2.33)

where c1 is a constant independent of N and d. For the one dimensional
case we have a rate of O(N− 3

2 ) instead of O(N− 1
2 ), which is a significant

improvement. Indeed, one needs just N = 102 random points (instead of
N = 106) to solve the problem with the same accuracy.

Let us stress on the fact that we compare different approaches assuming
that the integrand belongs to a certain functional class. It means that we
do not know the particular integrand and our consideration is for the worst
function from a given class. Another approach is considered in [Schurer
(2003)], where Monte Carlo and Quasi–Monte Carlo quadratures are com-
pared with adaptive and interpolation deterministic type quadrature. To
be able to apply adaptive or interpolation quadrature one should know the
integrand, so this problem is much easier for consideration. It is also shown
in [Schurer (2003)] that some dimensions and test–functions adaptive type
quadrature outperform the crude Monte Carlo. Such a result is not surpris-
ing since such type of deterministic quadrature should be compared with
interpolation and adaptive Monte Carlo quadrature [Sobol (1973); Dimov
(1994)].
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2.5 Adaptive Monte Carlo Algorithms for Practical

Computations

In this section a Superconvergent Adaptive algorithm for practical computa-

tions will be presented. As it was shown in Section 2.1, the probable error

for the Plain Monte Carlo algorithm (which does not use any a priori infor-

mation about the smoothness of f(x)) is defined as: rN = c0.5σ(θ)N−1/2,

where c0.5 ≈ 0.6745. In Section 2.4 we defined a Superconvergent Monte

Carlo algorithm for which rN = cN−1/2−ψ(d), where c is a constant and

ψ(d) > 0 [Sobol (1973); Dimov and Tonev (1989)]. The idea of the al-

gorithm consists in separating the domain Ω into stratums Ωj that are

uniformly small according both to the probability and to the sizes.

Another degree of quality of Monte Carlo algorithms would be the vari-

ance reduction. Let θ be a random variable in the Plain Monte Carlo

algorithm such that I = Eθ. Let θ̂ be another random variable for which

I = Eθ̂ and the conditions providing the existence and finiteness of the

variance Dθ̂ be fulfilled. As it was shown in Subsection 2.3.4 an algorithm

for which Dθ̂ < Dθ is called an efficient Monte Carlo algorithm [Kahn

(1950a,b); Mikhailov (1987); Dimov (1991); Dimov and Tonev (1993b)].

An algorithm of this type is proposed by Kahn, for evaluation of integrals

([Kahn (1950a,b)]); and by Mikhailov and Dimov, for evaluation of integral

equations ([Mikhailov (1987); Dimov (1991)]).

Here we deal with Adaptive Monte Carlo algorithms, which use a priori

and a posteriori information obtained during calculations. Both approaches

- Superconvergent Adaptive approach and Plain Adaptive approach - are

applied. The works having studied Superconvergent Monte Carlo algo-

rithms show that the separation of the domain into uniformly small subdo-

mains brings to an increase of the rate of convergence. But this separation

does not use any a priori information about parameters of the problem.

The Kahn approach and the approach in [Mikhailov (1987); Dimov (1991)]

use the information about the problem parameters, but do not use the idea

of separation. In this section a superconvergent algorithm which uses both

the idea of separation and the idea of importance sampling is presented.

This algorithm is called Superconvergent Adaptive Monte Carlo (SAMC)

algorithm. A Plain Adaptive Monte Carlo (AMC) algorithm will also be

presented and studied.

The next subsection 2.5.1 contains error analysis results concerning

SAMC algorithms. In fact, the proposed algorithm is an superconvergent

Monte Carlo algorithm with the probable error of type c×N−1/2−ψ(d), but
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the constant c in front of the main term (N−1/2−ψ(d)) is smaller than the
constant of the usual Superconvergent Monte Carlo algorithm.

2.5.1 Superconvergent Adaptive Monte Carlo Algorithm

and Error Estimates

Here we consider functions f(x) from the class W1(M ; Ω). The definition
of Wr(M ; Ω) is given in the Introduction.

First, consider the one-dimensional problem of evaluation integrals:

I =
∫

Ω

f(x)p(x) dx, Ω ≡ [0, 1],

where the positive function f(x) ∈ W1(α; [0, 1]) and
∫
Ω

p(x)dx = 1. Con-
sider (as an example of importance separation) the following partitioning
of the interval [0, 1] into m subintervals (m ≤ N):

x0 = 0; xm = 1;

Ci = 1/2[f(xi−1) + f(1)](1− xi−1), i = 1, . . . ,m− 1;

xi = xi−1 +
Ci

f(xi−1)(n− i + 1)
, i = 1, . . . , m− 1 (2.34)

Ω1 ≡ [x0, x1], Ωi ≡ (xi−1, xi], i = 2, . . . , m.

The scheme (2.34) defines an importance separation of the domain Ω ≡
[0, 1]. We have:

I =
∫ 1

0

f(x)p(x) dx =
m∑

i=1

∫ xi

xi−1

f(x)p(x) dx.

Denote by pi and Ii the following expressions:

pi =
∫ xi

xi−1

p(x) dx

and

Ii =
∫ xi

xi−1

f(x)p(x) dx.

Obviously
m∑

i=1

pi = 1;
m∑

i=1

Ii = I.
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Consider now a random variable ξ(i) ∈ Ωi with a density function
p(x)/pi, where Ωi ≡ (xi−1, xi]. In this case

Ii = E(pif(ξ(i))).

Let Ni be a number of random points in Ωi(
∑m

i=1 Ni = N).
It is easy to show that

Ii = E

[
pi

Ni

Ni∑
s=1

f
(
ξ(i)
s

)]
= EθNi ;

I = E

[
m∑

i=1

pi

Ni

Ni∑
s=1

f
(
ξ(i)
s

)]
= Eθ∗N .

Let Ni = 1 (so, m = N). Since f(x) ∈ W1(L; [0, 1], there exist con-
stants αi, such that

αi ≥
∣∣∣∣
∂f

∂x

∣∣∣∣ for any x ∈ Ωi. (2.35)

Moreover, for our scheme there exist constants c
(i)
1 and c

(i)
2 such that

pi =
∫

Ωi

p(x) dx ≤ c
(i)
1

N
, i = 1, . . . , N (2.36)

and

sup
x
(i)
1 ,x

(i)
2 ∈Ωi

|x(i)
1 − x

(i)
2 | ≤ c

(i)
2

N
, i = 1, . . . , N. (2.37)

We shall say, that the conditions (2.35 – 2.37) define an importance
separation of Ω in general. Note that the scheme (2.34) gives us only an
example of a possible construction of such an importance separation.

Theorem 2.7. Let f(x) ∈ W1(α; [0, 1]) and m = n. Then for the impor-
tance separation of Ω

rN ≤
√

2


 1

N

N∑

j=1

(αjc
(j)
1 c

(j)
2 )2




1/2

N−3/2.

Proof. Let Ωj be any subdomain of [0, 1]. For a fixed point s(j) ∈ Ωj

we have:

f(ξ(j)) = f(s(j)) + f ′(η(j))(ξ(j) − s(j)),
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where η(j) ∈ Ωj .
Since f ′(η(j)) ≤ αj we have:

Df(ξ(j)) ≤ Ef2(ξ(j))

≤ α2
jE(ξ(j) − s(j))2

≤ α2
j sup

x
(i)
1 ,x

(i)
2 ∈Ωj

|x(j)
1 − x

(j)
2 |2

≤ α2
j (c

(j)
2 )2

N2
.

Now the variance Dθ∗N can be estimated:

Dθ∗N =
N∑

j=1

p2
jDf(ξ(j))

≤
N∑

j=1

((c(j)
1 )2N−2α2

j (c
(j)
2 )2N−2)

=
1
N

N∑

j=1

(αjc
(j)
1 c

(j)
2 )2N−3.

To estimate the probable error one can apply the Tchebychev’s inequal-
ity:

Pr{|θ∗N − Eθ∗N | < h} ≥ 1− (Dθ∗N/h2),

where h > 0.
Let

h =
1
ε
(Dθ∗N )1/2,

where ε is a positive number.
For ε = 1/

√
2 we have:

Pr{|θ∗N − I| <
√

2(Dθ∗N )1/2} ≥ 1/2.

The last inequality proves the theorem, since

rN ≤
√

2(Dθ∗N )1/2 =
√

2


 1

N

N∑

j=1

(
αjc

(j)
1 c

(j)
2

)2




1/2

N−3/2. (2.38)

¤
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This result presents a Superconvergent Adaptive Monte Carlo algo-

rithm. Moreover, the constant
√

2
(

1
N

∑N
j=1(αjc

(j)
1 c

(j)
2 )2

)1/2

in (2.38) is
smaller than the constant in the algorithms of the Dupach type [Dupach
(1956); Dimov and Tonev (1989)] presented in Section 2.4. In fact, αi ≤ α

for any i = 1, . . . , m = N . Obviously,

1
N

N∑

j=1

αjc
(j)
1 c

(j)
2 ≤ αc1c2.

Now consider multidimensional integrals:

I =
∫

Ω

f(x)p(x) dx , x ∈ Ω ⊂ IRd,

where the positive function f(x) belongs to W1(α; Ω).
Let

f(x) ∈ W1(αi; Ωi), for any x ∈ Ωi. (2.39)

Let there exist vectors

αi = (αi1 , . . . , αid
), i = 1, . . . , N,

such that

αil
≥

∣∣∣∣
∂f

∂x(l)

∣∣∣∣ , l = 1, . . . , d; x = (x1, . . . , xd) ∈ Ωi. (2.40)

Let there are positive constants c
(i)
1 and a vector

c
(i)
2 =

(
c
(i)
2(1), c

(i)
2(2), . . . , c

(i)
2(d)

)
, (2.41)

such that,

pi =
∫

Ωi

p(x) dx ≤ c
(i)
1

N
, i = 1, . . . , N (2.42)

and

dil = sup
x
(i)
1(l),x

(i)
2(l)∈Ωi

∣∣∣x(i)
1(l) − x

(i)
2(l)

∣∣∣ ≤
c
(i)
2(l)

N1/d
; i = 1, . . . , N, l = 1, . . . , d.

(2.43)
The conditions (2.40 – 2.43) define an importance separation of the

domain Ω in the d-dimensional case.
Consider, as an example, the following importance separation of the

domain Ω: on each dimension we use the scheme (2.34).
The following statement is fulfilled:



September 28, 2007 19:1 World Scientific Book - 9in x 6in book

34 Monte Carlo Methods for Applied Scientists

Theorem 2.8. Let there exist an importance separation of Ω such that

(2.39) is satisfied and m = N . Then

rN ≤
√

2d

[

1

N

N∑

i=1

d∑

l=1

(

αilc
(i)
1 c

(i)
2(l)

)2
]1/2

N−1/2−1/d.

The proof of this theorem follows the same techniques as the proof of

Theorem 2.7.

Let us formulate one important corollary from this theorem. Denote by

αj = max
l
αjl, j = 1, . . . , N (2.44)

and let

c
(j)
2 = max

l
c
(j)
2(l).

Corollary: If αj is defined by (2.44), then for the probable error of the

importance separation algorithm the following estimate holds:

rN ≤
√

2d




1

N

N∑

j=1

(c
(j)
1 c

(j)
2 αj)

2





1/2

N−1/2−1/d,

where αj = maxl αjl.

The proof is obvious since,

d∑

l=1

αjl ≤ d · max
l
αjl = dαj .

2.5.2 Implementation of Adaptive Monte Carlo

Algorithms. Numerical Tests

We run two Monte Carlo algorithms.

1. Plain Adaptive Monte Carlo Algorithm

This approach does not use any a priori information about the smooth-

ness of the integrand. It deals with N uniformly distributed random points

xi ∈ E ≡ [0, 1]d, i = 1, . . . , N into d- dimensional cube Ed. For generating

of any point, d uniformly distributed random numbers into interval [0, 1]

are produced. The algorithm is adaptive: it starts with a relatively small

number N , which is given as an input data. During the calculations the

variance on each dimension coordinate is estimated. The above mentioned

information is used for increasing the density of the new generated points.
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This approach leads to the following estimate ε ≤ c 1
N1/2 instead of standard

estimate for the probable error

ε ≤ 0.6745σ(θ)
1

N1/2
,

where

c ≤ 0.6745σ(θ).

2. Superconvergent Adaptive Monte Carlo algorithm.
As a first step of this algorithm the domain of integration is separated

into subdomains with identical volume. For every subdomain the integral
Ij is evaluated and a posteriori information for the variance is also received.
After that an approximation for the integral I =

∑
j Ij and the total vari-

ance is obtained. The total variance is compared with local a posteriori
estimates for the variance in every subdomain. The obtained information
is used for the next refinement of the domain and for increasing the density
of the random points.

The probable error for this approach has the following form

ε ≤ cN− 1
2− 1

d . (2.45)

Obviously, for a large dimension d, the convergence goes asymptotically
to O(N−1/2).

Since, the SAMC algorithm is more time consuming, for large dimen-
sions d it is better to use the AMC algorithm. This was observed during
the performed calculations. But for relatively small d (d = 1, . . . , 5) and
for “bad” (not very smooth) functions (say, functions with bounded first
derivative) the SAMC algorithm successfully competes with the standard
Gaussian quadratures.

Both algorithms have been used for evaluating integrals of different di-
mensions and integrands with large and small variance, as well as high and
low smoothness.

Here some results of numerical experiments are given. We will present
several examples (the ”exact” values of integrals are presented to be able
to compare the real error with the a posteriori estimated error).

Example 1.

d = 4

I1 =
∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0

4x1x
2
3e

2x1x3

(1 + x2 + x4)2
dx1dx2dx3dx4 ≈ 0.57536.
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Example 2.

d = 5

I2 =
∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0

4x1x
2
3e

2x1x3ex5

(1 + x2 + x4)2
dx1 . . . dx5 ≈ 0.98864.

Example 3.

d = 10

I3 =
∫ 1

0

. . .

∫ 1

0

4x1x
2
3e

2x1x3

(1 + x2 + x4)2
ex5+...+x10 dx1 . . . dx10

≈ 14.80844.

Example 4.

d = 25

I3 =
∫ 1

0

. . .

∫ 1

0

4x1x
2
3e

2x1x3

(1 + x2 + x4)2
ex5+...+x20

× x21 . . . x25 dx1 . . . dx25 ≈ 103.82529.

Example 5.

d = 30

I4 =
∫ 1

0

. . .

∫ 1

0

4x1x
2
3e

2x1x3

(1 + x2 + x4)2
ex5+...+x20

× x21x22 . . . x30 dx1 . . . dx30 ≈ 3.24454. (2.46)

Some results are presented in Table 2.1.
Table 2.1 contains information about the dimension of the integral, the

exact solution, the applied Monte Carlo approach, calculated solution, CP-
time, as a measure of the computational cost, a posteriori estimated error
by the code, the real relative error, and number of random points.

Some of numerical results are presented in Figures 2.1 to 2.4. Figure 2.1
shows the results of implementation of SAMC algorithm for solving the 5-
dimensional integral. The dependence of the calculated values and the error
from the logarithm of the number of random points (logN) is presented. In
this case about 9000 random points are sufficient for obtaining a relatively
good accuracy (the requested accuracy in this case is 0.001). Figure 2.2
presents results of calculated values and the error for 10-dimensional inte-
gral for different numbers of random points (here again on the x-coordinate
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Table 2.1 Results of numerical experiments performed by SAMC and AMC
for integration problems of different dimensions.

Dim. Exact Algor. Calcul. CP-time, Estim. Rel. Num. of
(d) sol. sol. (s) error error points

4 0.5753 AMC 0.5763 0.184 0.025 0.0017 2× 104

4 0.5753 SAMC 0.5755 0.025 0.0082 0.0003 1728

25 103.8 AMC 107.66 3.338 0.05 0.036 105

25 103.8 AMC 104.6 17.2 0.024 0.0077 5× 105

25 103.8 AMC 103.1 54.9 0.017 0.0069 106

30 3.244 AMC 3.365 4.07 0.099 0.037 105

30 3.244 AMC 3.551 0.879 0.23 0.095 2× 104

0.96

0.98

1

1.02

1.04

3.5 4 4.5 5 5.5 6

Importance separation MC method - requested eccuracy - 0.001
Adaptive MC method

Exact value I=0.98848

Fig. 2.1 Numerical results for Superconvergent Adaptive MC integration and Plain
Adaptive MC for Example 2, d = 5 (depending on log N).

the values of logN are presented). Figure 2.3 expresses the results for the
solution as well as for the estimated error obtained for 25-dimensional in-
tegral. Some numerical results for the implementation of AMC algorithm
for 30-dimensional integral are also presented. It is clear that in this case
the estimated error can not be very small. Nevertheless, such accuracy is
sufficient for applications considered in control theory.

2.5.3 Discussion

• For low dimensions the SAMC algorithm gives better results than
the AMC algorithm. For example, for d = 5, the SAMC algorithm
needs 9000 realizations to reach an error of 0.03%, while the AMC
algorithm needs 20000 realizations to reach an error of 0.17%. The
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2

4

6

8

10

12

14

16

18

20

3.5 4 4.5 5 5.5 6 6.5

MC integratin, d=10
"err.10"

Exact solution

Fig. 2.2 Superconvergent Adaptive MC integration for Example 3, d = 10 and depen-
dance of the error function of log N .

0

20

40

60

80

100

120

140

3 4 5 6 7 8

MC integration, d=25
"err.25"

Exact solution

Fig. 2.3 Adaptive MC integration for Example 4, d = 25.

CP-time of the SAMC algorithm is about 7 times less than the
corresponding CP-time of the AMC algorithm.

• When the dimension d is high the AMC algorithm gives better re-
sults than the SAMC algorithm. It is explained by the fact that
for large dimensions d the error of the SAMC algorithm asymptot-
ically goes to O(N−1/2) which corresponds to the error of AMC
algorithm.

• The Monte Carlo algorithms are important as they permit one
to integrate numerically high-dimensional integrals with relatively
good accuracy. For example, the value of 25-d integral can be
computed for 54.9 s only with an error less than 1%. The same
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5

10

15

20

25

30

35

40

3.5 4 4.5 5 5.5 6 6.5

"err.5"
"err.10"
"err.25"

Fig. 2.4 Error functions for Adaptive MC integration and different dimensions of log N .

integral can be evaluated for 3.34 s with an error of 3.6%. For
evaluation of 30-d integral with an error of 3.7% CP-time of 4.07 s is
needed. For reaching the same accuracy with quadrature formula of
Gaussian type one needs at least 10 nodes on each direction, which
means that 1030 values of the integrand have to be calculated. It
means that 1023s or more than 106 billion years are needed if a
modern computer is used.

2.6 Random Interpolation Quadratures

A quadrature is called interpolation for a given class of functions if it is ex-
act for any linear combination of functions from this class. In this section
we show how a random interpolation quadrature can be defined. These
algorithms have zero theoretical probability error. In practical computa-
tions, since one can only perform a sample of r.v., the probability error is
not zero, but it is very small. So, the random interpolation quadrature are
high quality quadrature. The problem is that they have a restricted area of
application: one should be sure that each integrand belongs to a given class
of function presented by a linear combination of a system of orthonormal
function. These quadratures could be effective for solving problems in some
areas of modern physics, where people are interested to compute a large
number of multidimensional integrals with similar integrands. Assume that
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the quadrature formula for computing the integral

I =
∫

Ω

f(x)p(x)dx, Ω ⊂ IRd, p(x) ≥ 0,

∫

Ω

p(x)dx = 1

is denoted by the expression

I ≈
N∑

j=1

cjf(xj), (2.47)

where x1, . . . , xN ∈ Ω are nodes and c1, . . . , cN are weights. Then the
random quadrature formula can be written in the following form:

I ≈
N∑

j=1

κjf(ξj), (2.48)

where ξ1, . . . , ξN ∈ Ω are random nodes and κ1, . . . ,κN are random weights.
All functions considered in this section are supposed to be partially

continuous and belong to the space L2(Ω).
Let ϕ0, ϕ1, . . . , ϕm be a system of orthonormal functions, such that∫

Ω

ϕk(x)ϕj(x)dx = δkj ,

where δkj the Kronecker funciton.
For p(x) = ϕ0(x) an approximate solution for the integral

I =
∫

Ω

f(x)ϕ0(x)dx (2.49)

can be found using a quadrature formula of the type (2.47).
Let us fix arbitrary nodes x0, x1, . . . , xm (xi 6= xj when i 6= j) and

choose the weights c0, c1, . . . , cm such that (2.47) is exact for the system
of orthonormal functions ϕ0, ϕ1, . . . , ϕm. In this case it is convenient to
represent the quadrature formula (2.47) as a ratio of two determinants

I ≈ Wf (x0, x1, . . . , xm)
Wϕ0(x0, x1, . . . , xm)

,

where

Wg(x0, x1, . . . , xm) =

∣∣∣∣∣∣∣∣∣

g(x0) ϕ1(x0) . . . ϕm(x0)
g(x1) ϕ1(x1) . . . ϕm(x1)

...
...

. . .
...

g(xm) ϕ1(xm) . . . ϕm(xm)

∣∣∣∣∣∣∣∣∣
. (2.50)

It is easy to check that if Wϕ0 6= 0 then the formula (2.49) is exact for
every linear combination of the following form:

f = a0ϕ0 + . . . + amϕm.
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Theorem 2.9. ([Sobol (1973)]).
Let ϕ0, ϕ1, . . . , ϕm be an arbitrary set of orthonormal functions in Ω.

Then
∫

Ω

. . .

∫

Ω

W 2
ϕ0

dx0 . . . dxm = (m + 1)!.

Theorem 2.10. ([Sobol (1973)]).
Let ϕ0, ϕ1, . . . , ϕm, ψ be an arbitrary set of orthonormal functions in Ω.

Then
∫

Ω

. . .

∫

Ω

Wϕ0Wϕdx0 . . . dxm = 0.

For brevity denote by t the d(m + 1)-dimensional points of the domain

B ≡ Ω× Ω× · · · × Ω︸ ︷︷ ︸
m+1 times

so that dt = dx0 . . . dxm; let B0 be the set of points t for which Wϕ0 = 0
and let B+ = B − B0. Let us consider the random point ξ0, . . . , ξm in Ω
and consider the random variable

θ̂[f ] =

{
Wf (ξ0,ξ1,...,ξm)
Wϕ0 (ξ0,ξ1,...,ξm) , if (ξ0, ξ1, . . . , ξm) ∈ B+,

0, if (ξ0, ξ1, . . . , ξm) ∈ B0.
(2.51)

as an approximate value for (2.49).

Theorem 2.11. ([Ermakov and Zolotukhin (1960); Ermakov (1967)])
If the joint probability density function of the random points

ξ0, ξ1, . . . , ξm in B is

p(x0, . . . , xm) =
1

(m + 1)!
[Wϕ0(x0, . . . , xm)]2,

then, for every function f ∈ L2(D), the following is true:

Eθ̂[f ] =
∫

Ω

f(x)ϕ0(x)dx, (2.52)

Dθ̂[f ] ≤
∫

Ω

f2(x)dx−
m∑

j=0

[∫

Ω

f(x)ϕj(x)dx

]
. (2.53)
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Proof. Let us denote by cj the Fourier coefficients of the function
f ∈ L2(Ω)

cj =
∫

Ω

f(x)ϕj(x)dx,

and

a2 =
∫

Ω


f(x)−

m∑

j=0

cjϕj(x)




2

dx =
∫

Ω

f2(x)dx−
m∑

j=0

cj .

If a2 6= 0, we can introduce the function

f(x) =
m∑

j=0

cjϕj(x) + aψ(x). (2.54)

It is easy to check that ψ(x) is orthogonal to every ϕj(x) and
∫

Ω

ψ2(x)dx = 1;
∫

Ω

ψ(x)ϕj(x)dx = 0, 0 ≤ j ≤ m.

If a = 0, the representation (2.54) still holds, because every normed func-
tion, which is orthogonal to every ϕj , can be chosen as ψ. Replacing (2.54)
in (2.50) one can deduce the following result:

Wf =
m∑

j=0

cjWϕj + aWψ = c0Wψ0 + aWψ. (2.55)

Using (2.55), it is easy to calculate the mathematical expectation of
(2.51)

Eθ̂[f ] =
∫

B+

Wf

Wϕ0

p dt =
1

(m + 1)!

∫

B+

WfWϕ0dt =
1

(m + 1)!

∫

B

WfWϕ0dt

=
c0

(m + 1)!

∫

B

W 2
ϕ0

dt +
a

(m + 1)!

∫

B

Wϕ0Wψdt.

The first of the last two integrals is equal to (m + 1)! by Theorem 2.9;
the second integral is equal to 0 according to Theorem 2.10. Therefore
Eθ̂[f ] = c0, which is equivalent to (2.52). This proves the statement (2.52)
of the theorem.

Let us now compute Eθ̂2[f ],

Eθ̂2[f ] =
∫

B+

(
Wf

Wϕ0

)2

p dt =
1

(m + 1)!

∫

B+

W 2
f dt
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=
1

(m + 1)!

∫

B+

[
c2
0W

2
f + 2ac0Wϕ0Wψ + a2W 2

ψ

]
dt.

To prove the statement (2.53) we have to show that Dθ̂[f ] ≤ a2. Using
Theorem 2.9 we deduce that

Eθ̂2[f ] =
c2
0

(m + 1)!

∫

B

W 2
ϕ0

dt+
2ac0

(m + 1)!

∫

B

Wϕ0Wψdt+
a2

(m + 1)!

∫

B+

W 2
ψdt.

Now ∫

B+

W 2
ψdt ≤

∫

B

W 2
ψdt = (m + 1)!,

and Eθ̂2[f ] ≤ c2
0 + a2, from whence Dθ̂[f ] = Eθ̂2[f ]− c2

0 ≤ a2.
¤

From the proof it is obvious that the inequality (2.53) becomes an equal-
ity if and only if Wϕ0 = 0 and only for a manifold with dimensions less than
d(m + 1).

2.7 Some Basic Facts about Quasi-Monte Carlo Methods

The key point of Monte Carlo algorithms is the use of a random variable
γ, uniformly distributed in the interval (0, 1), the so-called ordinary ran-
dom number. The concept of a real random number is a mathematical
abstraction. Numbers computed from specified formulae but satisfying an
accepted set of tests just as though they were real random numbers, are
called pseudo-random. Numbers which are used instead of random num-
bers in some Monte Carlo algorithms to achieve convergence are called
quasi-random ([Sobol (1991)]). Quasi-random numbers are connected with
a certain class of algorithms and their applicability is more restricted than
that of pseudo-random numbers ([Sobol (1991); Niederreiter (1987, 1992)]).
The reason in favor of quasi-random numbers is the possibility of increas-
ing the rate of convergence: the usual rate of N−1/2 can in some cases be
replaced by N−1+ψ, where ψ > 0 is arbitrarily small.

Let x ≡ (x(1), . . . , x(d)) be a point that belongs to the d-dimensional
cube Ed = {x : 0 ≤ x(i) ≤ 1; i = 1, 2, . . . , d} and ξ = (γ(i), . . . , γ(d)) be a
random point, uniformly distributed in Ed.

An uniformly distributed sequence (u.d.s.) of non-random points was
introduced by Hermann Weyl in 1916 ([Weyl (1916)]).
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Denote by SN (Ω) the number of points with 1 ≤ i ≤ N that lie in
Ω, where Ω ⊂ Ed. The sequence x1, x2, . . . is called an u.d.s. if, for an
arbitrary region Ω,

lim
N→∞

[SN (Ω)/N ] = V (Ω),

where V (Ω) is the d-dimensional volume of Ω.

Theorem 2.12. ([Weyl (1916); Sobol (1991)])
The relation

lim
N→∞

1
N

N∑

i=1

f(ξj) =
∫

Ed

f(x)dx (2.56)

holds for all Riemann integrable functions f if and only if the sequence
x1, x2, . . . is u.d.s.

Comparing (2.9) with (2.56) one can conclude that if the random points
ξi are replaced by the points xi of u.d.s., then for a wide class of functions
f the averages converge. In this case the “i”th trial should be carried out
using Cartesian coordinates (x(i)

(1), . . . , x
(i)
(d)) of the point xi, rather than the

random numbers γ1, . . . , γN . For practical purposes a u.d.s. must be found
that satisfied three additional requirements ([Sobol (1973)], [Sobol (1989)]):

(i) the best asymptote as N →∞;
(ii) well distributed points for small N ;
(iii) a computationally inexpensive algorithm.

All
∏

τ -sequences given in [Sobol (1989)] satisfy the first requirement.
The definition of

∏
τ -sequences is as follows: binary estimates are called

estimates of the kind (j − 1)2−m ≤ x < j2−m when j = 1, 2, . . . , 2m,m =
0, 1, . . . (for j = 2m the right-hand end of the estimate is closed). A binary
parallelepiped

∏
is a multiplication of binary estimates. A net in Ed,

consisting of N = 2ν points is called a
∏

τ -sequence, if every binary
∏

with
volume 2τ

N contains exactly 2τ points of the net. It is supposed that ν and
τ (ν > τ) are integers.

Subroutines to compute these points can be found in [Sobol (1979)] and
[Bradley and Fox (1980)]. More details are contained in [Levitan et al.
(1988)].

The problem of determining an error estimate for

1
N

N∑

i=1

f(ξj) ≈
∫

Ed

f(x)dx
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arises.
If one uses the points x0, x1, . . . the answer is quite simple. Finite nets

x0, . . . , xN−1, N = 2m (with m a positive integer), have good uniform
properties ([Sobol (1991)]).

Non-random estimates of the error

δN (f) =
1
N

N−1∑

i=1

f(xi)−
∫

Ed

f(x)dx (2.57)

are known ([Sobol (1991, 1989)]). Let us mention two results. First, assume
that all partial derivatives of the function f(x), x ∈ Ed ⊂ IRd , that include
at most one differentiation with respect to each variable,

∂sf

∂x(i1) . . . ∂x(is)
, 1 ≤ i1 < . . . < is ≤ d, s = 1, 2, . . . , d,

are continuous. It follows from [Sobol (1991)] that for N = 2m

|δN (f)| ≤ A(f)N−1(log N)d−1. (2.58)

If in (2.57) arbitrary values of N are used then in (2.58) (log N)d−1

must be replaced by (log N)d ([Sobol (1991)]).
Consider a class W1 of functions f(x), x ∈ Ed ⊂ IRd , with continuous

first partial derivatives. Denote

sup
∣∣∣∣

∂f

∂x(i)

∣∣∣∣ = αi, i = 1, . . . , d.

It follows from the Sobol’s result ([Sobol (1989)]) that if N = 2m, then

|δN (f)| ≤ max

(
s!

s∏

k=1

αik
/N

) 1
s

,

where the maximum is extended over all groups satisfying 1 ≤ i1 < . . . <

is ≤ d and s = 1, . . . , d.
If, for example, some of the αi are very small, then the error estimate

takes advantage of this fact. The orders of convergence in both cases are
optimal for the corresponding classes of functions.

In [Doroshkevich and Sobol (1987)] a five-dimensional improper integral
is evaluated by using the

∏
τ -approximation and the Plain Monte Carlo

algorithm.
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2.8 Exercises

(1) Random Variables

(a) Find the mathematical expectation and the variance of the r.v. γ3,
where γ is a continuous uniformly distributed r.v. (c.u.d.r.v.) in [0, 1].

(b) Consider an algorithm for generating a discrete r.v. ξ:

ξ =
(

x1 x2 . . . xn

p1 p2 . . . pn

)
,

where pi = P{ξ = xi} = 1
n using a random number γ (γ is a c.u.d.r.v.

in [0, 1]).

(2) Plain Monte Carlo Algorithms

Consider a Plain Monte Carlo algorithm for computing

I =
∫ 1

0

5
√

xdx

using a r.v. θ with a constant density function p(x) = const. Show that
the variance Dθ is much smaller than I2.

(3) Importance Sampling Monte Carlo Algorithms

Consider a Importance sampling Monte Carlo algorithm for

I =
∫ 1

0

exdx.

Show that the variance of the algorithm Dθ0 is zero.

(4) Symmetrization of the Integrand

For calculating the integral

I =
∫ 1

0

exdx

apply Monte Carlo with a r.v. θ′ = f1(x) using symmetrization of the
integrand : f1(x) = 1

2 [f(x) + f(a + b− x)]. Show that Dθ′ << I2.
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(5) Separation of the principle part

Consider the integral

I =
∫ 1

0

f(x)p(x)dx,

where f(x) = ex and p(x) = 1, x ∈ [0, 1].
a) Find the value of I.
b) Consider a Monte Carlo algorithm using separation of principle part
for h(x) = x and show that Eθ′ = I.
c) Show that Dθ′ << I2.

(6) Integration on Subdomain Monte Carlo Algorithm

Consider the integral

I =
∫ ∫

Ω

(2− y)dxdy,

where Ω ≡ {(x, y) : 0 ≤ x ≤ 1; 0 ≤ y ≤ 1+ x
4}. Consider an integration

on subdomain Monte Carlo algorithm assuming that

I ′ =
∫ ∫

Ω′
(2− y)dxdy and c =

∫ ∫

Ω′
p(x, y)dxdy,

where Ω′ ≡ {(x, y) : 0 ≤ x ≤ 1; 0 ≤ y ≤ 1} using a r.v. θ′ with a
constant density function p(x, y) (such that

∫ ∫
Ω

p(x, y)dxdy = 1).
Show that:
a) Dθ′ << I2;
b) Dθ′ ≤ (1 − c)Dθ, where θ is the corresponding r.v. for the plain
Monte Carlo integration.
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Chapter 3

Optimal Monte Carlo Method for
Multidimensional Integrals of

Smooth Functions

An optimal Monte Carlo method for numerical integration of multidimen-

sional integrals is proposed and studied. It is know that the best possible

order of the mean square error of a Monte Carlo integration method over the

class of the k times differentiable functions of d variables is O
(

N− 1
2− k

d

)

.

In this chapter we present two algorithms implementing the method under

consideration.

Estimates for the computational complexity are obtained. Numerical

tests showing the efficiency of the algorithms are also given.

3.1 Introduction

In this chapter a Monte Carlo method for calculating multidimensional

integrals of smooth functions is considered. Let d and k be integers, and

d, k ≥ 1. We consider the class Wk(‖f‖;Ed) (sometimes abbreviated to

Wk) of real functions f defined over the unit cube Ed = [0, 1)d, possessing

all the partial derivatives

∂rf(x)

∂xα1
1 . . . ∂xαd

d

, α1 + · · · + αd = r ≤ k,

which are continuous when r < k and bounded in sup norm when r = k.

The semi-norm ‖·‖ on Wk is defined as

‖f‖ = sup

{∣
∣
∣
∣

∂rf(x)

∂xα1
1 . . . ∂xαd

d

∣
∣
∣
∣

|α1 + · · · + αd = k, x ≡ (x1, ..., xd) ∈ Ed

}

.

There are two classes of methods for numerical integration of such func-

tions over Ed− deterministic and stochastic or Monte Carlo methods. We

49
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consider the following quadrature formula

I(f) =
N∑

i=1

cif(x(i)), (3.1)

where x(i) ≡
(
x

(i)
1 , . . . , x

(i)
d

)
∈ Ed, i = 1, . . . , N , are the nodes and

ci, i = 1, . . . , N are the weights. If x(i) and ci are real values, the formula
(3.1) defines a deterministic quadrature formula. If x(i), i = 1, . . . , N , are
random points defined in Ed and ci are random variables defined in IR then
(3.1) defines a Monte Carlo quadrature formula.

The following results of Bahvalov establish lower bounds for the inte-
gration error in both cases:

Theorem 3.1. ([Bakhvalov (1959, 1961)]) There exists a constant c(d, k)
such that for every quadrature formula I(f) that is fully deterministic and
uses the function values at N points there exists a function f ∈ Wk such
that ∣∣∣∣

∫

Ed

f(x)dx− I(f)
∣∣∣∣ ≥ c(d, k) ‖f‖N− k

d .

Theorem 3.2. ([Bakhvalov (1959, 1961)]) There exists a constant c(d, k)
such that for every quadrature formula I(f) that involves random variables
and uses the function values at N points there exists a function f ∈ Wk

such that
{

E
[∫

Ed

f(x)dx− I(f)
]2

}1/2

≥ c(d, k) ‖f‖N− 1
2− k

d .

When d is sufficiently large it is evident that methods involving the use
of random variables will outperform the deterministic methods.

Monte Carlo methods, that achieve the order O
(
N− 1

2− k
d

)
are called

optimal. In fact methods of this kind are superconvergent following Defini-
tion 2.2 given in Section 2.4, hey have a unimprovable rate of convergence.
It is not an easy task to construct a unified method with such rate of conver-
gence for any dimension d and any value of k. Various methods for Monte
Carlo integration that achieve the order O

(
N− 1

2− k
d

)
are known. While

in the case of k = 1 and k = 2 these methods are fairly simple and are
widely used (see, for example, [Sobol (1989); Sendov et al. (1994); Tanaka
and Nagata (1974); Novak and Ritter (1996)]), when k ≥ 3 such methods
become much more sophisticated. The first optimal stochastic method was
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proposed by Mrs. Dupach [Dupach (1956)] for k = 1. This method uses the
idea of separation of the domain of integration into uniformly small (ac-
cording both to the probability and to the sizes) disjoint subdomains and
generating one or small number of points in each subdomain. This idea
was largely used [Sendov et al. (1994)] for creation Monte Carlo methods
with high rate of convergence.

There exist also the so-called adaptive Monte Carlo methods proposed
by Lautrup (see, pp. 391-392 in the book [Davis and Rabinowitz (1984)]),
which use a priori and/or a posteriori information obtained during cal-
culations. The main idea of this approach is to adapt the Monte Carlo
quadrature formula to the element of integration. In Section 2.5 (see also
[Karaivanova and Dimov (1998)]) the idea of separation of the domain into
uniformly small subdomains is combined with the idea of adaptivity to
obtain an optimal Monte Carlo quadrature for the case k = 1.

In this chapter we also combine both ideas - separation and adaptivity
and present an optimal Monte Carlo quadrature for any k. We separate
the domain of integration into disjoint subdomains. Since we consider the
cube Ed we divide it into N = nd disjoint cubes Kj , j = 1, . . . , N . In

each cube Kj we calculate the coordinates of
(

d + k − 1
d

)
points y(r). We

select m uniformly distributed and mutually independent random points
from each cube Kj and consider the Lagrange interpolation polynomial of
the function f at the point z, which uses the information from the function
values at the points y(r). After that we approximate the integral in the
cube Kj using the values of the function and the Lagrange polynomial at
the m selected random points. Then we sum these estimates over all cubes
Kj , j = 1, . . . , N . The adaptivity is used when we consider the Lagrange
interpolation polynomial. The estimates for the probable error and for the
mean square error are proven. It is shown that the presented method has
the best possible rate of convergence, i.e. it is an optimal method.

In this chapter we present two algorithms for Monte Carlo integration
that achieve such order of the integration error, along with estimates of their
computational complexity. It is known that the computational complexity
is defined as number of operations needed to perform the algorithm on the
sequential (von Neumann) model of computer architecture. It is important
to be able to compare different Monte Carlo algorithms for solving the same
problem with the same accuracy (with the same probable or mean square
error). In the Introduction (Chapter 1) we showed that the computational
complexity could be estimated as a product of tσ2(θ), where t is the time
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(number of operations) needed to calculate one value of the random variable
θ, whose mathematical expectation is equal to the exact value of the integral
under consideration and σ2(θ) is the variance (it is shown in Subsection
2.2.3; see, also Definition 1.9 in the Introduction and [Sobol (1973)]). Here
we do not use this presentation and, instead, estimate the computational
complexity directly as number of floating point operations (flops) used to
calculate the approximate value of the integral.

One can also use some other estimators of the quality of the algorithm
(if parallel machines are available), such as speedup and parallel efficiency
[Dimov and Tonev (1993b)]. It is easy to see that the speed-up of our algo-
rithms is linear and the parallel efficiency is close to 1 due to the relatively
small communication costs. The numerical tests performed on 2-processor
and 4-processor machines confirm this.

The chapter is organized as follows. Section 3.2 contains the descrip-
tion of the method. Here the estimates for the probable error and for mean
square error are obtained, showing that the method is optimal. In Section
3.3 two algorithms implementing the described Monte Carlo method are
presented. Estimates of the computational complexity are proven. Section
3.4 presents some numerical tests confirming the high computational effi-
ciency of the algorithms. The chapter ends with some concluding remarks
about applicability of the algorithms under consideration.

3.2 Description of the Method and Theoretical Estimates

Definition 3.1. Given a Monte Carlo integration formula for the functions
in the space Wk by err(f, I) we denote the integration error

∫

Ed

f(x)dx− I(f),

by ε(f) the probable error meaning that ε(f) is the least possible real
number with

P (|err(f, I)| < ε(f)) ≥ 1
2

and by r(f) the mean square error

r(f) =

{
E

[∫

Ed

f(x)dx− I(f)
]2

}1/2

.
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For each integer n, d, k ≥ 1 we define a Monte Carlo integration formula,
depending on an integer parameter m ≥ 1 and

(
d+k−1

d

)
points in Ed in the

following way:
The

(
d+k−1

d

)
points x(r) have to fulfill the condition that if for some

polynomial P (x) of combined degree less than k

P
(
x(r)

)
= 0,

then P ≡ 0. Let N = nd, n ≥ 1. We divide the unit cube Ed into nd

disjoint cubes

Ed =
nd⋃

j=1

Kj , where Kj =
d∏

i=1

[aj
i , b

j
i ),

with bj
i − aj

i = 1
n for all i = 1, . . . , d. Now in each cube Kj we calculate the

coordinates of
(
d+k−1

d

)
points y(r), defined by

y
(r)
i = ar

i +
1
n

x
(r)
i .

Suppose, we select m random points ξ(j, s) = (ξ1(j, s), . . . , ξd(j, s)) from
each cube Kj , such that all ξi(j, s) are uniformly distributed and mutually
independent, calculate all f(y(r)) and f(ξ(j, s)) and consider the Lagrange
interpolation polynomial of the function f at the point z, which uses the

information from the function values at the points y(r). We call it Lk(f, z).
For all polynomials P of degree at most k − 1 we have Lk(p, z) ≡ z.
We approximate
∫

Kj

f(x)dx ≈ 1
mnd

m∑
s=1

[f(ξ(j, s))− Lk(f, ξ(j, s))] +
∫

Kj

Lk(f, x)dx.

Then we sum these estimates over all j = 1, . . . , N to achieve

I(f) ≈ 1
mnd

N∑

j=1

m∑
s=1

[f(ξ(j, s))− Lk(f, ξ(j, s))] +
N∑

j=1

∫

Kj

Lk(f, x)dx.

We prove the following

Theorem 3.3. The quadrature formula constructed above satisfies

ε(f, k, d, m) ≤ c
′
d,k

1
m
‖f‖N

− 1
2−

k
d

and

r(f, k, d, m) ≤ c
′′
d,k

1
m
‖f‖N

− 1
2−

k
d ,

where the constants c
′
d,k and c

′′
d,k depend implicitly on the points x(r), but

not on N .
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Proof. One can see that

E

{
1

mnd

m∑
s=1

[f(ξ(j, s))− Lk(f, ξ(j, s))] +
∫

Kj

Lk(f, x)dx

}
=

∫

Kj

f(x)dx

and

D

{
1

mnd

m∑
s=1

[f(ξ(j, s))− Lk(f, ξ(j, s))] +
∫

Kj

Lk(f, x)dx

}

=
1
m

D

{
1
nd

[f(ξ(j, 1))− Lk(f, ξ(j, 1))]
}

.

Note that ∫

Kj

Lk(f, x)dx =
1
nd

∑

0≤i1+...+id≤k−1

A(r)f(y(r)),

where the coefficients A(r) are the same for all cubes Kj and depend only
on

{
x(r)

}
. Using Taylor series expansion of f over the center of the cube

Kj , one can see that

|f(ξ(s, t)− Lk(f, ξ(j, s)| ≤ cd,kn−k ‖f‖ ,

and therefore

D

{
1
nd

[f(ξ(j, s))− Lk(f, ξ(j, s))]
}
≤ c

′
d,kn−2dn−2k ‖f‖2 .

Taking into account that the ξ(j, s) are independent, we obtain that

D





nd∑

j=1

1
mnd

m∑
t=1

[f(ξ(j, s))− Lk(f, ξ(j, s))] +
∫

Kj

Lk(f, x)dx





≤ nd 1
m2

mc
′
d,kn−2kn−2d ‖f‖2 =

1
m

c
′
d,kn−dn−2k ‖f‖2

and therefore (N = nd)

r(f, k, d,m) ≥ 1√
m

c(d, k)N− 1
2− k

d ‖f‖ .

The application of the Tchebychev’s inequality yields

ε(f, k, d, m) ≤ 1√
m

c
′
d,k ‖f‖N

− 1
2−

k
d

for the probable error ε, where c′(d, k) =
√

2c(d, k), which concludes the
proof. ¤
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One can replace the Lagrange approximation polynomial with other
approximation schemes that use the function values at some fixed points,
provided they are exact for all polynomials of degree less than k. In [Maire
and DeLuigi (2006)] for Quasi-Monte Carlo integration of smooth functions
an approach with Tchebychev polynomial approximation is developed. In
[Dimov and Atanassov (2007)] we show that the proposed technique al-
lows one to formulate optimal algorithms in the Hölder class of functions
Hk

λ(α,Ed), (0 < λ ≤ 1). The class Hk
λ(α,Ed), (0 < λ ≤ 1) is defined as

functions from Ck, which derivatives of order k satisfy Hölder condition
with a parameter λ:

Hk
λ(α,Ed) ≡ {

f ∈ Ck :
∣∣Dkf(y1, . . . , yd)−Dkf(z1, . . . , zd)

∣∣

≤ α
d∑

j=1

|yj − zj |λ


 . (3.2)

In [Dimov and Atanassov (2007)], for the class Hk
λ(α,Ed) we prove the

following theorem:

Theorem 3.4. The cubature formula constructed above satisfies

rN (f, k + λ, d, m) ≤ c
′
(d, k + λ)

1
m

αN
− 1

2−
k+λ

d

and
(

E

(∫

Ed

f(x)dx− I(f)
)2

)1/2

≤ c
′′
(d, k + λ)

1
m

αN
− 1

2−
k+λ

d ,

where the constants c
′
(d, k + λ) and c

′′
(d, k + λ) depend implicitly on the

points x(r), but not on N .

The above theorem shows that the convergence of the method can be
improved by adding a parameter λ to the factor of smoothness k if the
integrand belongs to the Hölder class of functions Hk

λ(α,Ed), (0 < λ ≤ 1).

3.3 Estimates of the Computational Complexity

In this section two algorithms implementing our method are given. Esti-
mates of the computational complexity of both algorithms are presented.
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Algorithm 1 (A.1)

In the fist algorithm the points x(r) are selected so that they fulfill certain
conditions that would assure good Lagrange approximation of any function
from Wk. Let us order all the monomials of d variables and degree less
than k−µ1, . . . , µt. Note that there are exactly

(
d+k−1

d

)
of them. We use a

pseudo-random number generator to obtain many sets of points x(r), then
we select the one for which the norm of the inverse of the matrix A = (aij)
with

aij = µi(x(j))
is the smallest one.

Once it is selected for fixed k and d, the same set of points will be used
for integrating every functions from the space Wk. We do not need to
store the co-ordinates of the points x(j), if we can record the state of the
generator just before it produces the best set of x(j). Since the calculations
of the elements of the matrix A and its inverse, as well as the coefficients of
the interpolation type quadrature formula are made only once if we know
the state of the pseudo-random number generator that will produce the
set of points x(j), they count as O(1) in our estimates for the number of
flops used to calculate the integral of a certain function from Wk. These
calculations could be considered as preprocessing. We prove the following

Theorem 3.5. The computational complexity of the numerical integration
of a function from Wk using Algorithm A.1 is estimated by:

Nfp ≤ N

[
m +

(
d + k − 1

d

)]
af + mN [d (br + 2) + 1] + (3.3)

N

(
d + k − 1

d

)[
2m + 1 + 2d + 2

(
d + k − 1

d

)
+ 1

]
+ c(d, k)

where br denotes the number of flops used to produce a uniformly distributed
random number in [0, 1), af stands for the number of flops needed for each
calculation of a function value, and c(d, k) depends only on d and k.

Proof. As it was pointed out above, the calculation of the coordinates
of the points x(r), the elements of A and A−1, and the coefficients of the
interpolation type quadrature formula can be considered to be done with
c1(d, k) flops, if we know the initial state of the pseudo-random number
generator that produces the set of points x(r). Then in

2dN

(
d + k − 1

d

)
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operations we calculate the coordinates of the points y(r) in each cube and
in

mdN(br + 2)
flops we obtain the uniformly distributed random points we shall use. The
calculation of the values of f at all these points takes

N

[
m +

(
d + k − 1

d

)]
af

flops.
Next we apply the interpolation type quadrature formula with the pre-

viously calculated coefficients (reordering the terms) using

(N + 1)
(

d + k − 1
d

)

operations. About the contribution of the Lagrange interpolation polyno-
mials note that

S =
N∑

j=1

m∑
s=1

Lk(f, ξ(j, s)) =
N∑

j=1

m∑
s=1

(d+k−1
d )∑

i=1

f
(
y(i)

) (d+k−1
d )∑

r=1

tirµr (ξ(j, s)) ,

where µr are all the monomials of degree less than k. Reordering the terms
we obtain

S =
N∑

j=1

(d+k−1
d )∑

i=1

f
(
y(i)

) (d+k−1
d )∑

r=1

tir

m∑
s=1

µr (ξ(j, s)) .

Using the fact the the value of each monomial can be obtained using
only one multiplication, once we know all the values of the monomials of
lesser degree at the same point, we see that S can be calculated with less
than

(2m− 1)N
(

d + k − 1
d

)
+

(
2
(

d + k − 1
d

)
+ 2

)(
d + k − 1

d

)
N

flops. The summing of all function values at the random points ξ (s, k)
takes mN − 1 flops. Now we sum all these estimates to obtain

Nfp ≤ 2dN

(
d + k − 1

d

)
+ mdN (br + 2)

+ N

[
m +

(
d + k − 1

d

)]
af + (2m + 1) N

(
d + k − 1

d

)

+ 2N

(
d + k − 1

d

)2

+ (N + 1)
(

d + k − 1
d

)
+ mN + c1(d, k)

= N

[
m +

(
d + k − 1

d

)]
af + mN (d (br + 2) + 1)

+ N

(
d + k − 1

d

)[
2m + 1 + 2d + 2

(
d + k − 1

d

)
+ 1

]
+ c(d, k).
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The theorem is proven. ¤

Algorithm 2 (A.2)

The second algorithm is a variation of the first one, when first some k

different points z
(j)
i ∈ (0, 1) are selected in each dimension, and then the

points x(r) have coordinates
{

(z(j1)
1 , . . . , z

(jd)
d ) : (j1 + · · ·+ jd < k)

}
.

In this case the interpolation polynomial is calculated in the form of
Newton, namely if w

(t)
r = aj

r + (bj
r − aj

r)z
(t)
r , then

Lk(f, ξ) =
∑

j1+...+jd<k

R(j1, ..., jd, 0, ..., 0)
d∏

i=1

(
ξi (j, s)− w

(1)
i

)
. . .

. . .
(
ξi (j, s)− w

(ji−1)
i

)
,

where

R(j1, . . . , jd, l1, ..., ld) = f(wj1
1 , ..., wjd

d ) if all ji = li,

and

R(j1, . . . , ji, . . . , jd, l1, . . . , li, . . . , ld)

=
1

(wji

i − wli
i )

[R(j1, . . . , ji, . . . , jd, l1, . . . , li + 1, . . . , ld)

− R(j1, . . . , ji − 1, . . . , jd, l1, . . . , li, . . . , ld)]

if ji > li.

In this modification we have the following

Theorem 3.6. The computational complexity of the numerical integration

of a function from Wk using Algorithm A.2 is estimated by:

Nfp ≤ N

[
m +

(
d + k − 1

d

)]
af + Nm [d(br + 2 + k) + 1]

+ N

(
d + k − 1

d

)
(2d + 1 + 2m + 1) + c (d, k) ,

where af and bmare as above.
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Proof. One can see that for the calculation of the divided differences in
d dimensions required for the Lagrange - Newton approximation we need
to apply (3.4) exactly

dN

(
d + k − 1

d + 1

)

times, which is less than

Nk

(
d + k − 1

d

)
.

For the calculation of the sum

S =
N∑

j=1

m∑
s=1

Lk (f, ξ (j, s)) =
N∑

j=1

m∑
s=1

∑

j1+...+jd<k

R(j1, ..., jd, 0, ..., 0)

×
d∏

i=1

(
ξi (j, s)− w

(1)
i

)
...

(
ξi (j, s)− w

(ji−1)
i

)

we make use of the fact that each term
d∏

i=1

(
ξi (j, s)− w

(1)
i

)
...

(
ξi (j, s)− w

(ji−1)
i

)

can be obtained from a previously computed one through one multiplica-
tion, provided we have computed all the dk differences ξi (j, s)−w

(r)
i . Thus,

we are able to compute the sum S with less than

(2m + 1)
(

d + k − 1
d

)
N + dkmN

flops.
The other estimates are done in the same way as in Theorem 3.5 to

obtain

Nfp ≤ 2dN

(
d + k − 1

d

)
+ mdN(br + 2) + N

[
m +

(
d + k − 1

d

)]
af

+ (N + 1)
(

d + k − 1
d

)
+ (2m + 1)

(
d + k − 1

d

)
N + dkmN

+ 2Nk

(
d + k − 1

d

)
+ mN + c1(d, k)

= N

[
m +

(
d + k − 1

d

)]
af + Nm (d(br + 2 + k) + 1)

+ N

(
d + k − 1

d

)
(2d + 1 + 2m + 1) + c (d, k) ,

which proves the theorem. ¤
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3.4 Numerical Tests

In this section some numerical tests, showing the computational effi-
ciency of the algorithms under consideration are given.

Here we present results for the following integrals:

I1 =
∫

E4

e(x1+2x2) cos(x3)
1 + x2 + x3 + x4

dx1dx2dx3dx4;

I2 =
∫

E4
x1x

2
2e

x1x2 sin x3 cos x4 dx1dx2dx3dx4;

I3 =
∫

E4
ex1 sin x2 cosx3 log(1 + x4) dx1dx2dx3dx4;

I4 =
∫

E4
ex1+x2+x3+x4 dx1dx2dx3dx4;

In the Tables 3.1 to 3.4 the results of some numerical experiments in the
case when k = d = 4 are presented. They are performed on ORIGIN-2000
machine using only one CPU.

Some results are presented on Figures 3.1–3.4. The dependencies of the
error on the number of points where the function values are taken when
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Fig. 3.1 Errors for the integral I1.
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Fig. 3.2 Errors for the integral I2.

Table 3.1 Results of MC numerical integration performed
on ORIGIN-2000 for I1 (Exact value - 1.8369031187...)

n Algorithm Error errrel ∗N6 CPU time, s.

10 A.1 3.51 10−8 0.04 0.68
10 A.2 3.11 10−8 0.03 0.53

15 A.1 1.49 10−9 0.02 3.40
15 A.2 1.90 10−9 0.02 2.68

20 A.1 5.56 10−10 0.04 10.71
20 A.2 5.71 10−10 0.04 8.47

25 A.1 1.12 10−10 0.03 26.12
25 A.2 1.84 10−10 0.05 20.67

30 A.1 7.01 10−11 0.05 54.15
30 A.2 5.90 10−11 0.04 42.86

both algorithms are applied to the integral I1 are presented on Figure 3.1.
The same dependencies for the integral I2 are presented on Figure 3.2. The
results from the application of the iterated Simpson’s method are provided
for comparison.

The Figure 3.3 shows how increases the computational time for the
calculation of integral I2 when n = N1/d increases. On Figure 3.4 we
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Table 3.2 Results of MC numerical integration performed
on ORIGIN-2000 for I2 (Exact value - 0.1089748630...)

n Algorithm Error errrel ∗N6 CPU time, s.

10 A.1 9.31 10−7 0.93 0.84
10 A.2 7.96 10−7 0.80 0.71

15 A.1 7.20 10−8 0.81 4.20
15 A.2 7.69 10−8 0.87 3.55

20 A.1 1.31 10−8 0.83 13.24
20 A.2 1.71 10−8 1.09 11.69

25 A.1 3.75 10−9 0.92 31.49
25 A.2 2.97 10−9 0.73 27.40

30 A.1 1.16 10−9 0.84 66.97
30 A.2 9.66 10−10 0.70 56.80

compare the CPU time and relative error of the calculation of integral I2

using algorithm A.2 with two different values of the parameter m - 1 and
16. One can see that setting m = 16 yields roughly twice better results for
the same amount of CPU time.
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Fig. 3.4 CPU-time and relative error for I2 (A.2).

Table 3.3 Results of MC numerical integration performed
on ORIGIN-2000 for I3 (Exact value - 0.2567581493).

n Algorithm Error errrel ∗N6 CPU time, s.

10 A.1 6.28 10−8 0.06 1.05
10 A.2 8.22 10−8 0.08 0.92

15 A.1 7.80 10−9 0.09 5.28
15 A.2 5.55 10−9 0.06 4.65

20 A.1 1.39 10−9 0.09 16.67
20 A.1 1.39 10−9 0.09 14.69

25 A.1 2.60 10−10 0.06 40.66
25 A.2 4.77 10−10 0.11 35.82

30 A.1 1.20 10−10 0.09 84.27
30 A.2 1.98 10−10 0.14 74.24

3.5 Concluding Remarks

• A Monte Carlo method for calculating multidimensional integrals of
smooth functions is presented and studied. It is proven that the method
has the highest possible rate of convergence, i.e. it is an optimal super-
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Table 3.4 Results of MC numerical integration performed
on ORIGIN-2000 for I4 (Exact value - 8.7172116201).

n Algorithm Error errrel ∗N6 CPU time, s.

10 A.1 7.00 10−8 0.06 0.46
10 A.2 9.69 10−8 0.10 0.33

15 A.1 3.80 10−9 0.04 2.27
15 A.2 4.62 10−7 0.05 1.63

20 A.1 7.77 10−10 0.05 7.15
20 A.2 1.24 10−9 0.08 5.13

25 A.1 3.11 10−10 0.08 17.44
25 A.2 3.91 10−10 0.10 12.51

30 A.1 5.99 10−11 0.04 36.13
30 A.2 9.56 10−11 0.07 25.93

convergent method.
• Two algorithms implementing the method are described. Estimates for

the computational complexity of both algorithms (A.1 and A.2) are
presented.

• The numerical examples show that both algorithms give comparable
results for the same number of points where the function values are
taken.

• In all our examples Algorithm A.2 is quicker. It offers more possibilities
for use in high dimensions and for functions with high order smooth-
ness. We demonstrated how one can achieve better results for the same
computational time using carefully chosen m > 1.

• Both algorithms are easy to implement on parallel machines, because
the calculations performed for each cube are independent from that for
any other. The fine granularity of the tasks and the low communication
costs allow for efficient parallelization.

• It is important to know how expensive are the most important parts of
the algorithms. Our measurements in the case of integral I2 yield the
following results :

– Algorithm A.1:
– 2% to obtain the uniformly distributed random points;
– 73% to calculate all the values of f at all points;
– 1% to apply the interpolation type quadrature formula;
– 18% to calculate the Lagrange interpolation polynomial at the
random points.
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– 6% other tasks
– Algorithm A.2:

– 2% to obtain the uniformly distributed random points;
– 86% to calculate the values of f at all points;
– 1% to apply the interpolation type quadrature formula;
– 5% to calculate the Lagrange-Newton approximation for the
function f at all random points;
– 6% other tasks.
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Chapter 4

Iterative Monte Carlo Methods for
Linear Equations

In general, Monte Carlo numerical algorithms may be divided into two
classes – direct algorithms and iterative algorithms. The direct algorithms
provide an estimate of the solution of the equation in a finite number of
steps, and contain only a stochastic error. For example, direct Monte Carlo
algorithms are the algorithms for evaluating integrals (see Chapters 2 and
3 as well as [Hammersley and Handscomb (1964); Sobol (1973)]). Iterative
Monte Carlo algorithms deal with an approximate solution obtaining an
improved solution with each step of the algorithm. In principle, they require
an infinite number of steps to obtain the exact solution, but usually one
is happy with an approximation to say k significant figures. In this latter
case there are two errors - systematic and stochastic. The systematic error
depends both on the number of iterations performed and the characteristic
values of the iteration operator, while the stochastic errors depend on the
probabilistic nature of the algorithm.

Iterative algorithms are preferred for solving integral equations and large
sparse systems of algebraic equations (such as those arising from approx-
imations of partial differential equations). Such algorithms are good for
diagonally dominant systems in which convergence is rapid; they are not
so useful for problems involving dense matrices.

Define an iteration of degree j as

u(k+1) = Fk(A, b, u(k), u(k−1), . . . , u(k−j+1)),

where u(k) is obtained from the kth iteration. It is desired that

u(k) → u = A−1b as k →∞.

Usually the degree of j is kept small because of storage requirements.
The iteration is called stationary if Fk = F for all k, that is, Fk is

independent of k.

67
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The iterative Monte Carlo process is said to be linear if Fk is a linear
function of uk, . . . , u(k−j+1) .

We shall consider iterative stationary linear Monte Carlo algorithms and
will analyse both systematic and stochastic errors. Sometimes the iterative
stationary linear Monte Carlo algorithms are called Power Monte Carlo
algorithms. The reason is that these algorithms find an approximation of a
functional of powers of linear operators. In literature this class of algorithms
is also known as Markov chain Monte Carlo since the statistical estimates
can be considered as weights of Markov chains [Andrieu et al. (2003); Berg
(2004); Gelfand and Smith (1990); Robert and Casella (2004)]. In Section
4.1 we consider how such weights can be defined. We are focusing on two
kind of linear operators: integral operators and matrices.

4.1 Iterative Monte Carlo Algorithms

Consider a general description of the iterative Monte Carlo algorithms. Let
X be a Banach space of real-valued functions. Let f = f(x) ∈ X and
uk = u(xk) ∈ X be defined in IRd and L = L(u) be a linear operator
defined on X.

Consider the sequence u1, u2, ..., defined by the recursion formula

uk = L(uk−1) + f, k = 1, 2, . . . (4.1)

The formal solution of (4.1) is the truncated Neumann series

uk = f + L(f) + · · ·+ Lk−1(f) + Lk(u0), k > 0, (4.2)

where Lk means the kth iterate of L.
As an example consider the integral iterations.
Let u(x) ∈ X , x ∈ Ω ⊂ IRd and l(x, x′) be a function defined for

x ∈ Ω, x′ ∈ Ω. The integral transformation

Lu(x) =
∫

Ω

l(x, x′)u(x′)dx′

maps the function u(x) into the function Lu(x), and is called an iteration
of u(x) by the integral transformation kernel l(x, x′). The second integral
iteration of u(x) is denoted by

LLu(x) = L2u(x).

Obviously,

L2u(x) =
∫

Ω

∫

Ω

l(x, x′)l(x′, x′′)dx′dx′′.
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In this way L3u(x), . . . , Liu(x), . . . can be defined.
When the infinite series converges, the sum is an element u from the

space X which satisfies the equation

u = L(u) + f. (4.3)

The truncation error of (4.2) is

uk − u = Lk(u0 − u).

Let J(uk) be a linear functional that is to be calculated. Consider the
spaces

Ti+1 = IRd × IRd × · · · × IRd

︸ ︷︷ ︸
i times

, i = 1, 2, . . . , k, (4.4)

where ”×” denotes the Cartesian product of spaces.
Random variables θi, i = 0, 1, . . . , k are defined on the respective prod-

uct spaces Ti+1 and have conditional mathematical expectations:

Eθ0 = J(u0), E(θ1/θ0) = J(u1), . . . , E(θk/θ0) = J(uk),

where J(u) is a linear functional of u.
The computational problem then becomes one of calculating repeated

realizations of θk and combining them into an appropriate statistical esti-
mator of J(uk).

As an approximate value of the linear functional J(uk) is set up

J(uk) ≈ 1
N

N∑
s=1

{θk}s, (4.5)

where {θk}s is the sth realization of the random variable θk.
The probable error rN of (4.5) (see Definition 1.2 given in Introduction,

as well as [Ermakov and Mikhailov (1982)]) is then

rN = c σ(θk)N− 1
2 ,

where c ≈ 0.6745 and σ(θk) is the standard deviation of the random variable
θk.

There are two approaches which correspond to two special cases of the
operator L :

• (i) L is a matrix and u and f are vectors;
• (ii) L is an ordinary integral transform

L(u) =
∫

Ω

l(x, y)u(y)dy

and u(x) and f(x) are functions.
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First consider the second case. Equation (4.3) becomes

u(x) =
∫

Ω

l(x, y)u(y)dy + f(x) or u = Lu + f. (4.6)

Monte Carlo algorithms frequently involve the evaluation of linear func-
tionals of the solution of the following type

J(u) =
∫

Ω

h(x)u(x)dx = (u, h). (4.7)

In fact, equation (4.7) defines an inner product of a given function h(x) ∈
X with the solution of the integral equation (4.3).

Sometimes, the adjoint equation

v = L∗v + h (4.8)

will be used.
In (4.8) v, h ∈ X∗, L∗ ∈ [X∗ → X∗], where X∗ is the dual functional

space to X and L∗ is an adjoint operator.
For some important applications X = L1 and

‖ f ‖L1=
∫

Ω

| f(x) | dx;

‖ L ‖L1≤ sup
x

∫

Ω

| l(x, x′) | dx′. (4.9)

In this case h(x) ∈ L∞, hence L1
∗ ≡ L∞ and

‖ h ‖L∞= sup |h(x)| x ∈ Ω.

For many applications X = X∗ = L2. Note also, that if h(x), u(x) ∈ L2

then the inner product (4.7) is finite. In fact,
∣∣∣∣
∫

Ω

h(x)u(x)dx

∣∣∣∣ ≤
∫

Ω

|h(x)u(x)|dx ≤
{∫

Ω

h2dx

∫

Ω

u2dx

}1/2

< ∞.

One can also see, that if u(x) ∈ L2 and l(x, x′) ∈ L2(Ω × Ω) then
Lu(x) ∈ L2:

|Lu(x)|2 ≤
{∫

Ω

|lu|dx′
}2

≤
∫

Ω

l2(x, x′)dx′
∫

Ω

u2(x′)dx′.
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Let us integrate the last inequality with respect to x:∫

Ω

|Lu|2dx ≤
∫

Ω

∫

Ω

l2(x, x′)dx′dx

∫

Ω

u2(x′)dx′ < ∞.

From the last inequality it follows that L2u(x), . . . , Liu(x), . . . also be-
long to L2(Ω).

Obviously, if u ∈ L1 and h ∈ L∞ the inner product (4.7) will be
bounded.

If it is assumed that ‖ Lm ‖< 1, where m is any natural number, then
the Neumann series

u =
∞∑

i=0

Lif

converges.
The condition ‖ Lm ‖< 1 is not very strong, since, as it was shown

by K. Sabelfeld [Sabelfeld (1989)], it is possible to consider a Monte Carlo
algorithm for which the Neumann series does not converge. Analytically
extending the resolvent by a change of the spectral parameter gives a pos-
sibility to obtain a convergent algorithm when the Neumann series for the
original problem does not converge or to accelerate the convergence when
it converges slowly.

It is easy to show that

J = (h, u) = (f, v).

In fact, let us multiply (4.6) by v and (4.8) by u and integrate. We
obtain

(v, u) = (v, Lu) + (v, f) and (v, u) = (L∗v, u) + (h, u).

Since

(L∗v, u) =
∫

Ω

L∗v(x)u(x)dx =
∫

Ω

∫

Ω

l∗(x, x′)v(x′)u(x)dxdx′

=
∫

Ω

∫

Ω

l(x′, x)u(x)v(x′)dxdx′ =
∫

Ω

Lu(x′)v(x′)dx′ = (v, Lu),

we have

(L∗v, u) = (v, Lu).

Thus, (h, u) = (f, v). Usually, the kernel l(x′, x) is called transposed kernel.
Consider the Monte Carlo algorithm for evaluating the functional (4.7).

It can be seen that when l(x, x′) ≡ 0 evaluation of the integrals can pose a
problem. Consider a random point ξ ∈ Ω with a density p(x) and let there
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be N realizations of the random point ξi (i = 1, 2, . . . , N). Let a random
variable θ(ξ) be defined in Ω, such that

Eθ(ξ) = J.

Then the computational problem becomes one of calculating repeated
realizations of θ and of combining them into an appropriate statistical es-
timator of J . Note that the nature of the every process realization of θ is
a Markov process. We will consider only discrete Markov processes with a
finite set of states, the so called Markov chains (see, Definition 1.3 given in
Introduction). Markov chain Monte Carlo is also known as the Metropolis
or the Metropolis-Hastings method [Metropolis et al. (1953); Green and
Mira (2001); Haario et al. (2001); Roberts and Rosenthal (2001)]. Here
this method is considered as a special class of iterative stochastic methods,
since such a consideration helps to obtain some error analysis results.

An approximate value of the linear functional J , defined by (4.7), is

J ≈ 1
N

N∑
s=1

(θ)s = θ̂N ,

where (θ)s is the s-th realization of the random variable θ.
The random variable whose mathematical expectation is equal to J(u)

is given by the following expression

θ[h] =
h(ξ0)
p(ξ0)

∞∑

j=0

Wjf(ξj),

where W0 = 1; Wj = Wj−1
l(ξj−1, ξj)
p(ξj−1, ξj)

, j = 1, 2, . . . , and ξ0, ξ1, . . . is a

Markov chain in Ω with initial density function p(x) and transition density
function p(x, y).

For the first case, when the linear operator L is a matrix, the equation
(4.2) can be written in the following form:

uk = Lku0 + Lk−1f + · · ·+ Lf + f = (I − Lk)(I − L)−1f + Lku0, (4.10)

where I is the unit (identity) matrix; L = (lij)n
i,j=1; u0 = (u0

1, . . . , u
0
n)T

and matrix I − L is supposed to be non-singular.
It is well known that if all eigenvalues of the matrix L lie within the

unit circle of the complex plane then there exists a vector u such that

u = lim
k→∞

uk ,

which satisfies the equation

u = Lu + f (4.11)
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(see, for example, [Golub and Van-Loan (1983)]).
Now consider the problem of evaluating the inner product

J(u) = (h, u) =
n∑

i=1

hiui , (4.12)

where h ∈ IRn×1 is a given vector-column.
To define a random variable whose mathematical expectation coincides

with the functional (4.12) for the system (4.14) first consider the integral
equation (4.6) for which Ω = [0, n) is an one-dimensional interval divided
into equal subintervals Ωi = [i− 1, i), i = 1, 2, . . . n such that{

l(x, y) = lij , x ∈ Ωi, y ∈ Ωj

f(x) = fi , x ∈ Ωi

Then the integral equation (4.6) becomes

ui =
∑

j

∫

Ωj

liju(y)dy + fi

for ui ∈ Ωi. Denote

uj =
∫

Ωj

u(y)dy (4.13)

so that one obtains, for u(x) ∈ Ωi,

u(x) =
n∑

j=1

lijuj + fi.

From the last equation it follows that u(x) = ui and so,

ui =
n∑

j=1

lijuj + fi ,

or in a matrix form

u = Lu + f , (4.14)

where L = {lij}n
i,j=1.

The above presentation permits the consideration of the following ran-
dom variable

θ[h] =
hα0

p0

∞∑
ν=0

Wνfαν , (4.15)

where

W0 = 1; Wν = Wν−1
lαν−1,αν

pαν−1,αν

, ν = 1, 2, . . . (4.16)

and α0, α1, . . . is a Markov chain on elements of the matrix L created
by using an initial probability p0 and a transition probability pαν−1,αν for
choosing the element lαν−1,αν of the matrix L.



September 17, 2007 10:48 World Scientific Book - 9in x 6in book

74 Monte Carlo Methods for Applied Scientists

4.2 Solving Linear Systems and Matrix Inversion

Consider a matrix L:

L = {lij}n
i,j=1, L ∈ IRn×n

and a vector

f = (f1, . . . , fn)T ∈ IRn×1

The matrix L can be considered as a linear operator L[IRn → IRn], so
that the linear transformation

Lf ∈ IRn×1 (4.17)

defines a new vector in IRn×1.
Since iterative Monte Carlo algorithms using the transformation (4.17)

will be considered, the linear transformation (4.17) will be called an it-
eration. The algebraic transformation (4.17) plays a fundamental role in
iterative Monte Carlo algorithms.

Now consider the following two problems Pi (i=1,2) for the matrix L:
Problem P1. Evaluating the inner product

J(u) = (h, u) =
n∑

i=1

hiui

of the solution u ∈ IRn×1 of the linear algebraic system

Au = b,

where A = {aij}n
i,j=1 ∈ IRn×n is a given matrix; b = (b1, . . . , bn)T ∈ IRn×1

and h = (h1, . . . , hn)T ∈ IRn×1 are given vectors.
It is possible to choose a non-singular matrix M ∈ IRn×n such that

MA = I − L, where I ∈ IRn×n is the identity matrix and Mb = f , f ∈
IRn×1.

Then

u = Lu + f.

It will be assumed that

(i)
{

1. The matrices M and L are both non-singular;
2. |λ(L)| < 1 for all eigenvalues λ(L) of L,

that is, all values λ(L) for which

Lu = λ(L)u
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is satisfied. If the conditions (i) are fulfilled, then (4.15), (4.16) become a
stationary linear iterative Monte Carlo algorithm.

As a result the convergence of the Monte Carlo algorithm depends on
truncation error of (4.10).

Problem P2. Inverting of matrices, i.e. evaluating of matrix
C = A−1,

where A ∈ IRn×n is a given real matrix. The matrix inversion is not
often used in practical computations since this operation is computationally
expensive. Nevertheless, for some problem (like approximate finding of
good matrix preconditioners) algorithms for matrix inversion with relatively
low accuracy could be very important as a part of some numerical solvers.

Assume that the following conditions are fulfilled:

(ii)
{

1. The matrix A is non-singular;
2. ||λ(A)| − 1| < 1 for all eigenvalues λ(A) of A.

Obviously, if the condition (i) is fulfilled, the solution of the problem
P1 can be obtained using the iterations (4.10).

For problem P2 the following iterative matrix:
L = I −A

can be considered.
Since it is assumed that the conditions (ii) are fulfilled, the inverse

matrix C = A−1 can be presented as

C =
∞∑

i=0

Li.

For the problems Pi (i = 1, 2) one can create a stochastic process using
the matrix L and vectors f and h.

Consider an initial density vector p = {pi}n
i=1 ∈ IRn, such that pi ≥

0, i = 1, . . . , n and
∑n

i=1 pi = 1.
Consider also a transition density matrix P = {pij}n

i,j=1 ∈ IRn×n, such
that pij ≥ 0, i, j = 1, . . . , n and

∑n
j=1 pij = 1, for any i = 1, . . . , n.

Define sets of permissible densities Ph and PL.

Definition 4.1. The initial density vector p = {pi}n
i=1 is called permissi-

ble to the vector h = {hi}n
i=1 ∈ IRn, i.e. p ∈ Ph, if

pi > 0, when hi 6= 0 and pi = 0, when hi = 0 for i = 1, . . . , n.

The transition density matrix P = {pij}n
i,j=1 is called permissible to the

matrix L = {lij}n
i,j=1, i.e. P ∈ PL, if

pij > 0,when lij 6= 0 and pij = 0, when lij = 0 for i, j = 1, . . . , m.
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Note that the set of permissible densities is a subset of tolerant densities,
defined with respect to density functions in Section 2.3.4 (see Definition
2.1).

Consider the following Markov chain:

Ti = α0 → α1 → . . . → αi, (4.18)

where αj = 1, 2, . . . , i for j = 1, . . . , i are natural random numbers.
The rules for defining the chain (4.18) are:

Pr(α0 = α) = pα, P r(αj = β|αj−1 = α) = pαβ . (4.19)

Assume that

p = {pα}n
α=1 ∈ Ph, P = {pαβ}n

α,β=1 ∈ PL.

Now define the random variables Wν using the formula (4.16). One
can see, that the random variables Wν , where ν = 1, . . . , i, can also be
considered as weights on the Markov chain (4.19).

From all possible permissible densities we choose the following

p = {pα}n
α=1 ∈ Ph, pα =

|hα|∑n
α=1 |hα| ; (4.20)

P = {pαβ}n
α,β=1 ∈ PL, pαβ =

|lαβ |∑n
β=1 |lαβ | , α = 1, . . . , n. (4.21)

Such a choice of the initial density vector and the transition density
matrix leads to an Almost Optimal Monte Carlo (MAO) algorithm. The
initial density vector p = {pα}n

α=1 is called almost optimal initial density
vector and the transition density matrix P = {pαβ}n

α,β=1 is called almost
optimal density matrix [Dimov (1991)]. Such density distributions lead to
almost optimal algorithms in the sense that for a class of matrices A and
vectors h such a choice coincides with optimal weighted algorithms defined
in [Ermakov and Mikhailov (1982)] and studied in [Mikhailov and Sabelfeld
(1992)] (for more details see [Dimov (1991)]). The reason to use MAO in-
stead of Uniform Monte Carlo is that MAO normally gives much smaller
variances. On the other hand, the truly optimal weighted algorithms are
very time consuming, since to define the optimal densities one needs to
solve an additional integral equation with a quadratic kernel. This proce-
dure makes the optimal algorithms very expensive. A significant progress in
approximating optimal densities using approximate solution of adjoint inte-
gral equation is in [Medvedev and Mikhailov (2007)]. One should take into
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account that the procedure proposed in [Medvedev and Mikhailov (2007)],
called partial value modeling, is applied for a specific class of problems.

Let us consider Monte Carlo algorithms with absorbing states: instead
of the finite random trajectory Ti in our algorithms we consider an infinite
trajectory with a state coordinate δq(q = 1, 2, . . . ). Assume δq = 0 if the
trajectory is broken (absorbed) and δq = 1 in other cases. Let

∆q = δ0 × δ1 × · · · × δq.

So, ∆q = 1 up to the first break of the trajectory and ∆q = 0 after that.
It is easy to show, that under the conditions (i) and (ii), the following

equalities are fulfilled:

E {Wifαi} = (h,Lif), i = 1, 2, . . . ;

E

{
n∑

i=0

Wifαi

}
= (h, u), (P1),

E{
∑

i|αi=r′
Wi} = crr′ , (P2),

where (i|αi = r′) means a summation of only the weights Wi for which
αi = r′ and C = {crr′}n

r,r′=1.

4.3 Convergence and Mapping

In this section we consider Monte Carlo algorithms for solving linear sys-
tems of equations and matrix inversion in the case when the corresponding
Neumann series does not converge, or converges slowly.

To analyse the convergence of Monte Carlo algorithms consider the fol-
lowing functional equation

u− λLu = f, (4.22)

where λ is some parameter. Note that the matrices can be considered as
linear operators. Define resolvent operator (matrix) Rλ by the equation

I + λRλ = (I − λL)−1,

where I is the identity operator.
Let λ1, λ2, . . . be the eigenvalues of (4.22), where it is supposed that

|λ1| ≥ |λ2| ≥ . . .
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Monte Carlo algorithms are based on the representation

u = (I − λL)−1f = f + λRλf,

where

Rλ = L + λL2 + . . . , (4.23)

The systematic error of (4.23), when m terms are used, is

rs = O[(|λ|/|λ1|)m+1mρ−1], (4.24)

where ρ is the multiplicity of the root λ1.
From (4.24) is follows that when λ is approximately equal to λ1 the

sequence (4.23) and the corresponding Monte Carlo algorithm converges
slowly. When λ ≥ λ1 the algorithm does not converge.

Obviously, the representation (4.23) can be used for λ : |λ| < |λ1| to
achieve convergence.

Thus, there are two problems to consider.

Problem 1. How can the convergence of the Monte Carlo
algorithm be accelerated when the corresponding Neumann series
converges slowly,

and
Problem 2. How can a Monte Carlo algorithm be defined when

the sequence (4.23) does not converge.
To answer these questions we apply a mapping of the spectral parameter

λ in (4.22).
The algorithm under consideration follows an approach which is similar

to the resolvent analytical continuation method used in functional analysis
[Kantorovich and Krylov (1964); Kantorovich and Akilov (1982)] and in
integral equations [Sabelfeld (1989)]. In [Kantorovich and Akilov (1982)]
the mapping approach is used for solving problems of numerical analysis.

To extend these results it is necessary to show that the mapping ap-
proach can be applied for any linear operators (including matrices). Con-
sider the problem of constructing the solution of (4.22) for λ ∈ Ω and
λ 6= λk, k = 1, 2, . . . , where the domain Ω is a domain lying inside the
definition domain of the Rλf , such that all eigenvalues are outside of the
domain Ω. In the neighborhood of the point λ = 0 (λ = 0 ∈ Ω) the
resolvent can be expressed by the series

Rλf =
∞∑

k=0

ckλk,
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where

ck = Lk+1f.

Consider the variable α in the unit circle on the complex plane ∆(|α| <
1).

The function

λ = ψ(α) = a1α + a2α
2 + . . . ,

maps the domain ∆ into Ω. Now it is possible to use the following resolvent

Rψ(α)f =
∞∑

j=0

bjα
j , (4.25)

where bj =
∑j

k=1 d
(j)
k ck and d

(j)
k = 1

j!

[
∂j

∂αj [ψ(α)]k
]

α=0
.

It is clear, that the domain Ω can be chosen so that it will be possible to
map the value λ = λ∗ into point α = α∗ = ψ−1(λ∗) for which the sequence
(4.25) converges; hence the solution of the functional equation (4.22) can
be presented in the following form:

u = f + λ∗Rψ(α∗)f,

where the corresponding sequence for Rψ(α)f converges absolutely and uni-
formly in the domain ∆.

This approach is also helpful when the sequence (4.23) converges slowly.
To apply this approach one needs some information about the spectrum

of the linear operator (respectively, the matrix). Let us assume, for exam-
ple, that all eigenvalues λk are real and λk ∈ (−∞,−a], where a > 0 .
Consider a mapping for the case of interest (λ = λ∗ = 1):

λ = ψ(α) =
4aα

(1− α)2
. (4.26)

The sequence Rψ(α)f for the mapping (4.26) converges absolutely and
uniformly [Kantorovich and Akilov (1982)].

In Monte Carlo calculations we cut the sequence in (4.25) after m terms

Rλ∗f ≈
m∑

k=1

bkαk
k =

m∑

k=1

αk
∗

k∑

i=1

d
(k)
i ci =

m∑

k=1

g
(m)
k ck, (4.27)

where

g
(m)
k =

m∑

j=k

d
(j)
k αj

∗. (4.28)



September 17, 2007 10:48 World Scientific Book - 9in x 6in book

80 Monte Carlo Methods for Applied Scientists

Table 4.1 Table of the coefficients qk,j = (4a)−kd
(j)
k

for k, j ≤ 9.

k/j 1 2 3 4 5 6 7 8 9

1 1 2 3 4 5 6 7 8 9
2 1 4 10 20 35 42 84 120
3 1 6 21 56 126 252 462
4 1 8 36 120 330 792
5 1 10 55 220 715
6 1 12 78 364
7 1 14 105
8 1 16
9 1

The coefficients

d
(j)
k = (4a)kqk,j

and g
(m)
k can be calculated in advance.

The coefficients d
(j)
k for the mapping (4.27) are calculated and presented

in Table 4.1 (for k, j ≤ 9) .
It is easy to see that the coefficients qk,j are the following binomial

coefficients

qk,j = C2k−1
k+j−1.

In order to calculate the iterations ck = Lk+1f a Monte Carlo algorithm
has to be used.

The mapping (4.26) creates the following Monte Carlo iteration process

u0 = f,

u1 = 4aLu0,

u2 = 4aLu1 + 2u1, (4.29)

u3 = 4aLu2 + 2u2 − u1,

uj = 4aLuj−1 + 2uj−1 − uj−2, j ≥ 3.

and from (4.29) we have

u(k) = 4aαLu(k−1) + 2αu(k−1) − α2u(k−2) + f(1− α2), k ≥ 3.



September 17, 2007 10:48 World Scientific Book - 9in x 6in book

Iterative Monte Carlo Methods for Linear Equations 81

4.4 A Highly Convergent Algorithm for Systems of Linear
Algebraic Equations

Suppose we have a Markov chain with i states. The random trajectory
(chain) Ti, of length i, starting in the state α0 was defined in Section 4.2
as follows

Ti = α0 → α1 → · · · → αj → · · · → αi,

where αj means the number of the state chosen, for j = 1, 2, . . . , i.
Assume that

P (α0 = α) = pα, P (αj = β|αj−1 = α) = pαβ ,

where pα is the probability that the chain starts in state α and pαβ is the
transition probability to state β after being in state α. Probabilities pαβ

define a transition matrix P ∈ IRn×n. We require that
n∑

α=1

pα = 1,
n∑

β=1

pαβ = 1, for any α = 1, 2, . . . , n.

Suppose the distributions created from the density probabilities pα and
pαβ are permissible, i.e. p ∈ Ph and P ∈ PL.

Now consider the problem of evaluating the inner product (4.12) J(u) =
(h, u) =

∑n
α=1 hαuα of a given vector h with the vector solution of the

system (4.14).
Define the random variable θ∗m[h]

θ∗m[h] =
hα0

p0

m∑
ν=0

g(m)
ν Wνfαν , (4.30)

where W0 = 1, g
(m)
0 = 1 and

Wν = Wν−1
lαν−1,αν

pαν−1,αν

, ν = 1, 2, . . . ,

(α0, α1, α2, . . . is a Markov chain with initial density function pα0 and tran-
sition density function pαν−1,αν ) and coefficients g

(m)
j are defined by (4.28)

for j ≥ 1.
The following theorem holds:

Theorem 4.1. Consider matrix L, whose Neumann series (4.23) does
not necessarily converge. Let (4.26) be the required mapping, so that the
presentation (4.27) exists. Then

E

{
lim

m→∞
hα0

p0

m∑
ν=0

g(m)
ν Wνfαν

}
= (h, u).
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Proof.

First consider the density of the Markov chain α0 → α1 → . . . → αi as
a point in m(i + 1)-dimensional Euclidian space Ti+1 = IRn × . . .× IRn

︸ ︷︷ ︸
i+1

:

P{α0 = t0, α1 = t1, . . . , αi = ti} = p0pt0t1pt1t2 . . . pti−1ti .

Now calculate the mathematical expectation of the random variable

hα0

p0
g(m)

ν Wνfαν .

From the definition of the mathematical expectation it follows that:

E

{
hα0

p0
g(m)

ν Wνfkν

}
=

m∑
t0,...,tν=1

ht0

p0
g(m)

ν Wνftν p0pt0t1 . . . ptν−1tν

=
m∑

t0,...,tν=1

ht0 lt0t1 lt1t2 . . . ltν−1tνftν = (h,Lνf).

The existence and convergence of the sequence (4.28) ensures the fol-
lowing representations:

m∑
ν=0

E

∣∣∣∣
hα0

p0
g(m)

ν Wνfkν

∣∣∣∣ =
m∑

ν=0

(|h|, |L|ν |f |) =

(
|h|,

m∑
ν=0

|L|ν |f |
)

,

E

{
lim

m→∞
hα0

p0

m∑
ν=0

g(m)
ν Wνfαν

}

=
∞∑

ν=0

E

{
hα0

p0
g(m)

ν Wνfαν

}
=

∞∑
ν=0

(h, Lνf) = (h, u).
¤

This theorem permits the use of the random variable θ∗m[h] for calcu-
lating the inner product (4.12).

For calculating one component of the solution, for example the “rth”
component of u, we must choose

h = e(r) = (0, . . . , 0, 1, 0, . . . , 0)T ,

where the one is in the “rth” position and “T” means transposition. It
follows that

(h, u) =
n∑
α

eα(r)uα = ur
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and the corresponding Monte Carlo algorithm is given by

ur ≈ 1
N

N∑
s=1

θ∗m[e(r)]s,

where N is the number of chains and

θ∗m[e(r)]s =
m∑

ν=0

g(m)
ν Wνfαν ;

Wν =
lrα1 lα1α2 . . . lαν−1αν

prα1pα1α2 . . . pαν−1pν

.

To find the inverse C = {crr′}n
r,r′=1 of some matrix A we must first compute

the elements of the matrix

L = I −A, (4.31)

where I is the identity matrix. Clearly the inverse matrix is given by
C =

∑∞
i=0 Li, which converges if ‖L‖ < 1. If the last condition is not

fulfilled or if the corresponding Neumann series converges slowly we can
use the same technique for accelerating the convergence of the algorithm.

Estimate the element crr′ of the inverse matrix C

Let the vector f given by (4.22) be the following unit vector

fr′ = e(r′).

Theorem 4.2. Consider matrix L, whose Neumann series (4.23) does
not necessarily converge. Let (4.26) be the required mapping, so that repre-
sentation (4.27) exists. Then

E

{
lim

m→∞

m∑
ν=0

g(m)
ν

lrα1 lα1α2 . . . lαν−1αν

prα1pα1α2 . . . pαν−1pν

fr′

}
= crr′ .

Proof. The proof is similar to the proof of Theorem 4.1, but in this
case we need to consider an unit vector e(r) instead of vector h and vector
e(r′) instead of fkν :

E

{
e(r)
1

g(m)
ν Wνfαν

}
= (e(r), Lνf) = (Lνf)r .

So, in this case the “rth” component of the solution is estimated:

ur =
n∑

i=1

crifi
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When fr′ = e(r′), one can get:

ur = crr′ ,

that is:

E

{

lim
m→∞

m∑

ν=0

g(m)
ν

lrα1 lα1α2 . . . lαν−1αν

prα1pα1α2 . . . pαν−1αν

e(r′)

}

= lim
m→∞

∞∑

ν=0

E

{

g(m)
ν

lrα1 lα1α2 . . . lαν−1αν

prα1pα1α2 . . . pαν−1αν

e(r′)

}

=
∞∑

ν=0

(e(r), Lνe(r′))

=

(

e(r),

∞∑

ν=0

Lνe(r′)

)

=

n∑

i=1

crie(r
′) = crr′ .

�

Theorem 4.2 permits the use of the following Monte Carlo algorithm for

calculating elements of the inverse matrix C:

crr′ ≈
1

N

N∑

s=1





m∑

(ν|αν=r′)

g(m)
ν

lrα1 lα1α2 . . . lαν−1αν

prα1pα1α2 . . . pαν−1pν





s

,

where (ν|αν = r′) means that only the variables

W (m)
ν = g(m)

ν

lrα1 lα1α2 . . . lαν−1αν

prα1pα1α2 . . . pαν−1pν

for which αν = r′ are included in the sum (4.31).

Observe that since W
(m)
ν is only contained in the corresponding sum for

r′ = 1, 2, . . . , n then the same set of N chains can be used to compute a

single row of the inverse matrix, an important saving in computation which

we exploit later.

4.5 Balancing of Errors

As it was mentioned in the introduction of Chapter 4 there are two errors

in Monte Carlo algorithms: systematic and stochastic. It is clear that in

order to obtain good results the stochastic error rN (the probable error)

must be approximately equal to the systematic one rs, that is

rN = O(rs).

The problem of balancing the error is closely connected with the problem

of obtaining an optimal ratio between the number of realizations N of the
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random variable and the mean value T of the number of steps in each
random trajectory m, i.e., T = E(m).

Let us consider the case when the algorithm is applied to Problem 1.
Using the mapping procedure and a random variable, defined by (4.30),
we accelerate the convergence of the algorithm proposed in [Curtiss (1954,
1956)]. This means that for a fixed number of steps m

rs(m) < r(C)
s (m), (4.32)

where r
(C)
s (m) is the systematic error of the Curtiss algorithm and rs(m)

is the systematic error of the algorithm under consideration. A similar
inequality holds for the probable errors. Since g

(m)
k it follows that

σ(θ∗) < σ(θ) (4.33)

and thus

rN (σ(θ∗)) < r
(C)
N (σ(θ)), (4.34)

where r
(C)
N is the probable error for the Curtiss algorithm.

Next consider the general error

R = rN (σ) + rs(m)

for matrix inversion by our Monte Carlo approach. Let R be fixed. Ob-
viously from (4.32) and (4.33) it follows that there exist constants cs > 1
and cN > 1, such that

r(C)
s (m) = csrs,

r
(C)
N (σ) = cNrN .

Since we are considering the problem of matrix inversion for a fixed general
error R, we have

R = R(C) = r
(C)
N (σ) + r(C)

s (m) = cNrN (σ) + csrs(m).

This expression shows that both parameters N and T = E(m) or one
of them, say N , can be reduced. In fact

cσ(θ)

N
1/2
c

+ r(C)
s (m) =

ccNσ(θ∗)

N
1/2
c

+ csrs(m)

=
cσ(θ∗)
N1/2

+ rs(m),

or
cσ(θ∗)
N1/2

=
ccNσ(θ∗)

N
1/2
c

+ (cs − 1)rs(m)
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and
1

N1/2
=

cN

N
1/2
c

+
(cs − 1)rs(m)

cσ(θ∗)
, (4.35)

where Nc is the number of realizations of the random variable for Curtiss’
algorithm.

Denote by b the following strictly positive variable

b =
(cs − 1)rs(m)

cσ(θ∗)
> 0. (4.36)

From (4.35) and (4.36) we obtain:

N =
Nc(

cN + bN
1/2
c

)2 . (4.37)

The result (4.37) is an exact result, but from practical point of view it may
be difficult to estimate rs(m) exactly. However, it is possible using (4.36)
to obtain the following estimate for N

N <
Nc

c2
N

.

This last result shows that for the algorithm under consideration the
number of realizations of the Markov chain N can be at least c2

N times less
than the number of realizations Nc of the existing algorithm. Thus it is seen
that there are a number of ways in which we can control the parameters of
the Monte Carlo iterative process [Megson et al. (1994)]. In section 4.6 we
explore some of these possibilities and develop some comparisons.

4.6 Estimators

Some estimates of N and the mathematical expectation for the length of
the Markov chains T for Monte Carlo matrix inversion will now be outlined.

Using an almost optimal frequency function and according to the prin-
ciple of collinearity of norms ([Dimov (1991)]) pαβ is chosen proportional
to the |lαβ | (see, (4.21)). Depending on estimates of the convergence of
the Neumann series one of the following stopping rules can be selected to
terminate Markov chains:

• (i) when |W (m)
ν | < δ;

• (ii) when a chain enters an absorbing state (see, Definition 1.4 in the
Introduction).
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In the case of a Monte Carlo algorithm without any absorbing states
(fαj = δαjβ if αβth entry of inverse matrix can be computed) the bounds
of T and Dθ∗ are

T ≤ | log δ|
| log ‖L‖|

and

Dθ∗ ≤ 1
(1− ‖L‖)2 ,

where the matrix norm ‖L‖ is defined as ‖L‖ = ‖L‖1 = maxj

∑n
i=1 |lij |.

Consider the Monte Carlo algorithms with absorbing states (see, Section
4.2) where θ̂[h] denotes a random variable θ̂T [h] (T is the length of the
chain when absorption takes place) taken over an infinitely long Markov
chain.

The bounds on T and Dθ̂[h] ([Curtiss (1954, 1956)]) if the chain starts
in state r = α and pαβ = |lαβ |, for α, β = 1, 2, ..., n are

E(T |r = α) ≤ 1
(1− ‖L‖) ,

and

Dθ̂[h] ≤ 1
(1− ‖L‖)2 .

According to the error estimation (see, Section 2.1, formula (2.6))

N ≥ 0.67452

ε2
Dθ̂[h]

for a given error ε. Thus

N ≥ 0.67452

ε2

1
(1− ‖L‖)2

is a lower bound on N .
If low precision solutions (e.g. 10−2 < ε < 1) are accepted it is clear

that N >> n as N 7→ ∞. Consider N and T as functions of
1

(1− ‖L‖) .

Thus, in both algorithms T is bounded by O(
√

N), since in the Monte Carlo
algorithm without any absorbing states

T <
√

N
ε| log δ|
0.6745

and in the Monte Carlo algorithm with absorbing states

T ≤
√

N
ε

0.6745
.

Results in [Dimov and Tonev (1993b)] show that T ≈ √
N , for sufficiently

large N .
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4.7 A Refined Iterative Monte Carlo Approach for Linear
Systems and Matrix Inversion Problem

In this Section a refined approach of the iterative Monte Carlo algorithms
for the well known matrix inversion problem will be presented. The algo-
rithms are based on special techniques of iteration parameter choice (refined
stop-criteria), which permits control of the convergence of the algorithm for
any row (column) of the matrix using a fine iterative parameter. The choice
of this parameter is controlled by a posteriori criteria for every Monte Carlo
iteration. The algorithms under consideration are also well parallelized.

4.7.1 Formulation of the Problem

Here we deal again with Monte Carlo algorithms for calculating the inverse
matrix A−1 of a square matrix A, i.e.

AA−1 = A−1A = I,

where I is the identity matrix.
Consider the following system of linear equations:

Au = b, (4.38)

where

A ∈ IRn×n; b, u ∈ IRn×1.

The inverse matrix problem is equivalent to solving m-times the problem
(4.38), i.e.

Acj = bj , j = 1, . . . , n (4.39)

where

bj ≡ ej ≡ (0, . . . , 0, 1, 0, . . . , 0)

and

cj ≡ (cj1, cj2, . . . , cjn)T

is the jth column of the inverse matrix C = A−1.
Here we deal with the matrix L = {lij}n

ij=1, such that

L = I −DA, (4.40)

where D is a diagonal matrix D = diag(d1, . . . , dn) and

di =
γ

aii
, γ ∈ (0, 1] i = 1, . . . , n.
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The system (4.38) can be presented in the following form:

u = Lu + f, (4.41)

where

f = Db.

Let us suppose that the matrix A has diagonally dominant property.
In fact, this condition is too strong and the presented algorithms work for
more general matrices, as it will be shown in Section 4.7.2. Obviously, if A

is a diagonally dominant matrix, then the elements of the matrix L must
satisfy the following condition:

n∑

j=1

|lij | ≤ 1 i = 1, . . . , n. (4.42)

4.7.2 Refined Iterative Monte Carlo Algorithms

Here refined iterative Monte Carlo algorithms are considered. The first
algorithm evaluates every component of the solution u of the following
linear algebraic system (4.38).

Algorithm 4.1.

1. Input initial data: the matrix A, the vector b, the constants ε , γ and
N .

2. Preliminary calculations (preprocessing):

2.1. Compute the matrix L using the parameter γ ∈ (0, 1]:

{lij}n
i,j=1 =

{
1− γ when i = j

−γ
aij

aii
when i 6= j .

2.2. Compute the vector lsum:

lsum(i) =
n∑

j=1

|lij | for i = 1, 2, . . . , n.

2.3. Compute the transition probability matrix P = {pij}n
i,j=1,

where

pij =
|lij |

lsum(i)
, i = 1, 2, . . . , n j = 1, 2, . . . , n .

3. For i0 := 1 to n do step 4 and step 5.
4. While (W < ε) do the trajectory
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4.1. Set initial values X := 0 , W := 1 ;
4.2. Calculate X := X + Wfi0 ;
4.3. Generate an uniformly distributed random number r ∈ (0, 1);
4.4. Set j := 1;
4.5. If (r <

∑j
k=1 pi0k) then

4.5.1. Calculate W := Wsign(li0j)× lsum(i0) ;
4.5.2. Calculate X := X + Wfj (one move in trajectory);
4.5.3. Update the index i0 := j and go to step 4.3.

else

4.5.4. Update j := j + 1 and go to step 4.5.

5. Calculate the mean value based on N independent trajectories:

5.1. Do “N”-times step 4;
5.2. Calculate XN and ui0 := XN .

6. End of Algorithm 4.1.

Algorithm 4.1 describes the evaluation of every component of the so-
lution of the problem (4.38), which is, in fact, linear algebraic system.
Algorithm 4.1 is considered separately, since it (or some of its steps) will
be used in algorithms. For finding the corresponding “i”th component of
the solution the following functional is used

J(u) = (v, u),

where v = ei = (0, , . . . , 0 1︸︷︷︸
i

, 0, . . . , 0).

We consider the general description of the algorithm - the iteration
parameter γ is inside the interval (0, 1].

The second algorithm computes the approximation Ĉ to the inverse ma-
trix C = A−1. The algorithm is based on special techniques of iteration
parameter choice. The choice of the iteration parameter γ can be con-
trolled by a posteriori criteria for every column of the approximate inverse
matrix Ĉ. The every column of this matrix is computed independently
using Algorithm 4.1.

Algorithm 4.2.

1. Input initial data: the matrix A, the constant ε , N and the vector
γ = (γ1, γ2, . . . , γl) ∈ (0, 1]l.

2. For j0 := 1 to n do
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Calculate the elements of jth
0 column of the approximate matrix Ĉ:

2.1. While (k ≤ l) do
2.2. Apply Algorithm 4.1 for γ = γk, N and the right-hand side

vector bj0 = (0, . . . , 0, 1︸︷︷︸
j0

, 0, . . . , 0) to obtain the column - vector

ĉα
j0

= (ck
1j0

, . . . , ck
nj0

).
2.3. Compute the l2-norm of the column - vector ĉk

j0
:

rk
j0 =

n∑

j=1

{
n∑

i=1

ajic
k
ij0 − δjj0

}2

.

2.4. If (rα
j0

< r) then

ĉj0 := ck
j0

;

r := rk
j0

.

3. End of Algorithm 4.2.

Algorithm 4.2 is based on Algorithm 4.1 finding different columns of
the matrix Ĉ by using corresponding values of the iteration parameter
γ = γi, i = 1, 2, . . . , l. The values of γi are chosen such that to minimize
the l2-norm of the following vectors:

Ej = AĈj − IT
j , j = 1, 2, . . . , n, (4.43)

where Ij = (0, . . . , 0, 1︸︷︷︸
j

, 0, . . . , 0).

The use of the criteria of minimization of the l2-norm of the vector Ej

permits to find better approximation of the error matrix

E = AĈ − I.

This procedure allows to minimize the norm (for example, the Frobenius
norm) of E. In practice, the parameter γ runs a finite numbers of values
in the interval (0, 1].

The evaluation of different columns can be realized in parallel and in-
dependently.

The algorithm presented above uses a deterministic approach, which is
independent of the statistical nature of the algorithm.

Algorithm 4.3.

1. Input initial data: the matrix A, the constant N and the vectors γ =
(γ1, γ2, . . . , γl) ∈ (0, 1]l, ε = (ε1, ε2, . . . , εn) and r = (r1, r2, . . . , rN ).
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2. While (k ≤ l) do

2.1. Step 2 of Algorithm 4.1 for γ := γk.
2.2. While (i0 ≤ n) and (j0 ≤ n) do step 4 and step 5 of Algorithm

4.1 to compute the elements ĉα
i0j0

for γ = γk , ε := εi0 and the
right-hand side vector bj0 := (0, . . . , 0, 1︸︷︷︸

j0

, 0, . . . , 0) .

2.3. For i0 := 1 to n do

2.3.1. Calculate

rα
i0 = max

i∈{1,2,...,n}

∣∣∣∣∣∣

n∑

j=1

ci0jaji − δi0i

∣∣∣∣∣∣
.

2.3.2. If (rα
i0

< ri0) then

ĉi0 := ck
i0

;

ri0 := rk
i0

.

3. End of Algorithm 4.3.

The difference between the last two algorithms is that Algorithm 4.3
can not be applied in traditional (non-stochastic) iterative algorithms. The
traditional algorithms allow one to evaluate the columns of the inverse
matrix in parallel, but they do not allow one to obtain their elements inde-
pendently from each other. The advantage of the Monte Carlo algorithms
consists in possibilities to evaluate every element of the inverse matrix in
an independent way. This property allows one to apply different iteration
approaches for finding the matrix Ĉ using a priori information for the rows
of the given matrix A (for example, the ratio of the sum of the modulus of
the non-diagonal entrances to the value of the diagonal element).

One has to mention that the computational complexity of Algorithm
4.3 also depends on “how ill-conditioned” is the given row of the matrix A.
The given row Ai of the matrix A is “ill-conditioned”, when the condition

|aii| <
i−1∑

j=1

|aij |+
n∑

j=i+1

|aij |

of diagonally dominating is not fulfilled (but all the eigenvalues lay inside
the unit circle).

Algorithm 4.3 presented above is very convenient for such matrices
since it chooses the value of the iterative parameter γ for every row of the
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matrix A. As a measure of the ill-conditioning of a given row we use the
following parameter:

bi =
i−1∑

j=1

|aij |+
n∑

j=i+1

|aij | − |aii|.

The possibility to treat non-diagonally dominant matrices increases the
set of the problems treated using Monte Carlo algorithms. For finding
different rows of the approximation of the inverse matrix Ĉ different number
of moves (iterations) can be used. The number of moves are controlled by
a parameter ε. For a posteriori criteria we use the minimization of the
C-norm of the following row-vector

Ei = ĈiA− Ii, i = 1, . . . , n,

where Ĉi = (0, . . . , 0, 1︸︷︷︸
i

, 0, . . . , 0).

The use of the criteria of minimization of the C-norm of the vector Ei

permits finding better approximation of the error matrix

E = ĈA− I. (4.44)

The above mentioned procedure allows the minimization of the norm
(for example, the Frobenius norm) of the matrix E.

One can also control the number of moves in the Markov chain (that is
the number of iterations) to have a good balance between the stochastic and
systematic error (i.e., the truncation error). The problem of balancing of
the systematic and stochastic errors is very important when Monte Carlo
algorithms are used. It is clear that in order to obtain good results the
stochastic error (the probable error) rN must be approximately equal to
the systematic one rs, that is

rN = O(rs).

The problem of balancing the errors is closely connected with the prob-
lem of obtaining an optimal ratio between the number of realizations N

of the random variable and the mean value T of the number of steps in
each random trajectory. The balancing allows an increase in the accuracy
of the algorithm for a fixed computational complexity, because in this case
one can control the parameter E(Y ) by choosing different lengths of the
realizations of the Markov chain. In practice, we choose the absorbing state
of the random trajectory using the well known criteria

|W | < ε.
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Such a criteria is widely used in iterative algorithms, but obviously it is

not the best way to define the absorbing states of the random trajectory.

It is so, because for different rows of the matrix A the convergence of the

corresponding iterative process (and, thus, the truncation error) may be

different. If the rate of convergence is higher it is possible to use a higher

value for the parameter ε and to cut the random trajectory earlier than in

the case of lower convergence. Our approach permits use of different stop-

criteria for different random trajectories, which allows the optimization of

the algorithm in the sense of balancing errors.

4.7.3 Discussion of the Numerical Results

As an example we consider matrices arising after applying the mixed finite

element algorithm for the following boundary value problem
∣
∣
∣
∣

−div(a(x)∇p) = f(x), in Ω

p = 0, on ∂Ω,
(4.45)

where ∇w denotes the gradient of a scalar function w, div v denotes the

divergence of the vector function v and a(x) is a diagonal matrix whose

elements satisfy the requirements ai(x) ≥ a0 > 0, i = 1, 2.

We set

u ≡ (u1, u2) = a(x)∇p, αi(x) = ai(x)
−1, i = 1, 2.

Let us consider the spaces V and W defined by

V = H(div; Ω) = {v ∈ L2(Ω)2 : div v ∈ L2(Ω)},
W = L2(Ω)

provided with the norms

‖v‖V ≡ ‖v‖H(div;Ω) = ( ‖v‖2
0,Ω + ‖div v‖2

0,Ω)1/2 and

‖w‖W = ‖w‖L2(Ω) = ‖w‖0,Ω

respectively.

Then the mixed variational formulation of the problem (4.45) is given

by characterizing the pair (u, p), as the solution of
∣
∣
∣
∣

a(u, v) + b(v, p) = 0, ∀v ∈ V ;

b(u,w) = − (f, w), ∀w ∈ W,
(4.46)

where

a(u, v) = (αu1, v1) + (αu2, v2), b(u,w) = (divu, w)
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and (·, ·) indicated the inner product in L2(Ω).
The mixed finite element approximation of the problem (4.46) in the

Raviart-Thomas spaces leads to the following linear algebraic system:

Ku =




A1 0 B1

0 A2 B2

BT
1 BT

2 0







u1

u2

p


 =




0
0
−f


 , (4.47)

where Ai are n×n matrices, Bi are n×n1 matrices (n1 < n), ui ∈ IRn and
p, f ∈ IRn1 , i = 1, 2.

If A−1
i (i = 1, 2) is obtained then the system (4.47) becomes

Bp = f,

where

B = BT
1 A−1

1 B1 + BT
2 A−1

2 B2

Thus we reduce the {2m + m1}-dimensional linear algebraic system to
the m1-dimensional system.

For matrices A = Ai, i = 1, 2 Algorithm 4.2 is applied. Numerical
examples for a matrix A ∈ IR16×16, for different values of the parameter γ

are presented.
The values of the parameter γ for different columns of the matrix Ĉ are

shown in Table 4.2.

Table 4.2 Connection between ε and the parameter γ. Here m = 16 , n = 24.

column l1 norm C norm
number ε = 0.05 0.01 0.005 0.001 0.05 0.01 0.005 0.001

1 1 0.9 0.6 0.2 0.5 0.1 1 1
2 0.4 0.8 0.9 0.8 0.5 0.9 0.6 1
3 1 0.8 0.8 0.9 0.5 1 0.3 0.1
4 0.5 1 0.7 0.7 0.3 0.3 1 0.9
5 0.9 0.5 0.9 0.9 1 1 0.9 0.8
6 0.8 0.1 0.6 0.6 1 0.8 0.9 0.8
7 0.5 0.1 0.9 0.9 0.8 0.4 0.9 1
8 0.5 0.1 0.6 0.9 0.8 0.8 0.3 1
9 0.5 0.1 0.6 0.6 0.6 1 1 0.2
10 0.5 0.1 0.6 0.3 0.6 1 0.4 0.5
11 0.5 0.1 0.6 0.3 0.5 0.1 1 0.5
12 0.5 0.1 0.6 0.3 0.7 0.8 1 0.8
13 0.5 0.1 0.6 0.3 1 1 0.4 0.9
14 0.5 1 0.6 0.3 0.9 0.9 0.4 1
15 1 0.1 0.8 0.9 1 1 1 0.4
16 0.9 0.3 0.6 0.1 1 1 0.9 0.6
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As a basic test example for applying Algorithm 4.3 a matrix of of size 7 is
used. The size of the matrix is relatively small, because our aim was only to
demonstrate how Algorithm 4.3 works. Here we also have to mention that
the computational complexity of the algorithm practically does not depend
of the size of the matrix. Using the technique from [Dimov and Karaivanova
(1996)] it is possible to show that the computational complexity of our
algorithms depends linearly of the mean value of the number of non-zero
entrances per row. This is very important, because it means that very
large sparse matrices could be treated efficiently using the algorithms under
consideration.

During the numerical tests we control the Frobenius norm of the matri-
ces, defined by

‖ A ‖2F =
n∑

i=1

n∑

j=1

a2
ij .

Some of the numerical results performed are shown in Figures 4.1 to 4.4,
and also provided by Table 4.2. In all figures the value of the Frobenius
norm is denoted by F.N., the number of realizations of the random variable
(i.e., the number of random trajectories) is denoted by N and the value of
the stop-criteria is denoted by ε. In Algorithm 4.3 we use n values of ε

(in our case n = 7).
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Fig. 4.1 Frobenius norm: (a) non-balanced case; (b) balanced case.

Figure 4.1 presents the values of the error matrix (4.44) in the both
cases under consideration – coarse stop criteria (a) and fine stop criteria
(b). The first set of connected points corresponds to values of the first row
of the error matrix, the second set – to the second row of the same matrix,
etc. When the coarse stop criteria is used (Figure 4.1 (a)) ε = 0.0001.
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Fig. 4.2 Balancing: (a) Non-controlled balance; (b) Controlled balance.

When the fine stop criteria is used (Figure 4.1 (b)) different values of ε are
applied such that the computational complexity is smaller (in comparison
with the case if the coarse stop criteria) (see, also Table 4.2). The values
of the Frobenius norm for both cases when the number of realizations N is
equal to 400 are also given. For such number of realizations the stochastic
error is relatively large in comparison with the systematic one. So, the
results on Figure 4.1(a) correspond to the non-balanced case. The similar
results, but for the case of N = 1000 and ε = 0.001 (for the coarse stop
criteria) are presented on Figure 4.1(b). One can see, that

• ε is 10 times large then in the previous case, but the Frobenius norm is
about two times smaller, because the number of realizations is larger.

The results presented in Figure 4.1(a) and Figure 4.1(b) show the statis-
tical convergence of the algorithm, i.e. the error decreases when N increases
(even in the case when the parameter ε increases).

These results show how important is to have a good balancing between
the stochastic and systematic error. The computational effort for the cases
presented in Figure 4.1(a) and Figure 4.1(b) is approximately equal, but
the results in the case of Figure 4.1(b), when we have a good balancing are
almost 2 times better.

Let us discuss the results presented in Figures 4.2(a) and 4.2(b). Here
instead of elements of the error matrix the maximum of the modulo element
for every row are shown. If the computational complexity for a constant
ε is denoted by Rc and and the computational complexity when different
values of ε = εi, i = 1, . . . , n is denoted by Rf we consider the case when

Rc ≥ Rf = 1.
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Fig. 4.3 Use of different fine stop-criteria: (a) Coarse stop-criteria; (b) Fine stop-
criteria.
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Fig. 4.4 Controlled balancing: (a) Coarse stop-criteria; (b) Fine stop-criteria.

The results presented in Figures 4.2(a) and 4.2(b) show that apart from
the smaller computational complexity Rf of the fine stop criteria algorithm
it also gives better results than the coarse stop criteria algorithm with
complexity Rc. This fact is observed in both cases - balanced (Figure
4.2(a)) and non-balanced (Figure 4.2(b)):

• the variations of the estimations are smaller when the balancing is
better;

• the Frobenius norm is smaller, when the control “row per row” is real-
ized.

Figures 4.3(a) and 4.3(b) present test results for the modulo of every
element of the error matrix (4.44) when the coarse stop criteria and fine
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stop criteria respectively are used in the non-balanced case.
One can see, that:

• the Frobenius norm of the estimate in the case of fine stop criteria is
about 1.4 times smaller than the corresponding value for the coarse
stop criteria, and;

• the variances of the estimate of the case of fine stop criteria are smaller.

Figures 4.4(a) and 4.4(b) show the corresponding results as in Figures
4.3(a) and 4.3(b) in the balanced case. One can make the same conclusion
as in the non balanced case, but here

• the Frobenius norm is almost 2 times smaller.

Table 4.3 Computational complexity

non balanced case balanced case
γ coarse s. c. fine s. c. coarse s. c. fine s. c.

0.2 1.0806 1 1.0368 1
0.4 1.0903 1 1.0351 1
0.6 1.0832 1 1.0348 1
0.8 1.0910 1 1.0360 1
1 1.0862 1 1.0342 1

generally 1.0848 1 1.0358 1

Results presented in Table 4.3 show how the computational complexity
depends on the parameter γ for the balanced and non balanced cases. One
can see that the application of fine stoping criteria makes the balanced
algorithm about 3.5% more efficient than the algorithm in which the course
stoping criteria is used. At the same time for the non balanced case the
fine stoping criteria algorithm is approximately 8.5% more efficient than
the course stoping criteria algorithm.

4.7.4 Conclusion

An iterative Monte Carlo algorithm is presented and studied. This algo-
rithm can be applied for solving of inverse matrix problems.

The following conclusion can be done:

• Every element of the inverse matrix A−1 can be evaluated indepen-
dently from the other elements (this illustrates the inherent parallelism
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of the algorithms under consideration);
• Parallel computations of every column of the inverse matrix A−1 with

different iterative procedures can be realized;
• It is possible to optimize the algorithm using error estimate criterion

“column by column”, as well as “row by row”;
• The balancing of errors (both systematic and stochastic) allows to in-

crease the accuracy of the solution if the computational effort is fixed
or to reduce the computational complexity if the error is fixed.

The studied algorithm is easily programmable and parallelizable and
can be efficiency implemented on MIMD (Multi Instruction – Multi data)-
machines.
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Chapter 5

Markov Chain Monte Carlo Methods
for Eigenvalue Problems

In this chapter a Monte Carlo approach for evaluating the eigenvalues of real
symmetric matrices shall be studied. Algorithms for both dominant and
smallest by magnitude eigenvalues will be considered. It is known that the
problem of calculating the smallest by magnitude eigenvalue of a matrix A is
more difficult from a numerical point of view than the problem of evaluating
the largest eigenvalue. Nevertheless, for many important applications in
physics and engineering it is necessary to estimate the value of the smallest
by magnitude eigenvalue, since this usually defines the most stable state of
the system described by the considered matrix. Therefore we shall consider
algorithms for the smallest by magnitude eigenvalue.

There are, also, many problems in which it is important to have an
efficient algorithm that is parallel and/or vectorizable. And for matrices
with a large size, which often appear in practice, it is not easy to find
efficient algorithms for evaluating the smallest eigenvalue when modern
high–speed vector or parallel computers are used. Let us consider, as an
example, the problem of plotting the spectral portraits of matrices, which
is one of the important problems where highly efficient vector and parallel
algorithms are needed 1.
1In fact, the pseudo-spectrum or ε-spectrum [Godunov (1991); Trefethen (1991, 1999)]

of a matrix B is defined by

σε =


z ∈ C : ‖(zI −B)−1‖2 ≥ 1

ε

ff
.

The main problem related to computing the spectral portrait, consists in the evaluation
of z → ‖(zI −B)−1‖2 for z ∈ C. It is clear that the latter mapping can be represented
as z → 1

σmin(zI−B)
, where σmin(G) is the smallest singular value of G. The evaluation

of the smallest singular value of a matrix can be performed in different ways. We use
the following representation for evaluating σmin(zI −B):

σmin(zI −B) =
p

λmin((zI −B)∗(zI −B)),

101
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The spectral portraits are used in stability analysis. The above men-
tioned problem leads to a large number of subproblems of evaluating the
smallest eigenvalue of symmetric matrices.

In this chapter we also analyse applicability and robustness of Markov
chain Monte Carlo algorithms for eigenvalue problem.

Monte Carlo Almost Optimal (MAO) algorithms for solving eigenvalue
problems is used. The consideration is focussed on the Power MC algo-
rithm for computing the dominant eigenvalue and on the Resolvent MC
algorithm for computing both the dominant eigenvalue and the eigenvalue
of minimum modulus. Special attention is payed to bilinear forms of ma-
trix powers, since they form the Krylov subspaces [Arnoldi (1951); Beattie
et al. (2004); Arioli et al. (1998); Bai et al. (2000); Ton and Trefethen
(1996)]. Results for the structure of both systematic and probability errors
are presented. It is shown that the values of both errors can be controlled
independently by different algorithmic parameters. The results present
how the systematic error depends on the matrix spectrum. The analy-
sis of the probability error shows that as close (in some sense) the matrix
under consideration is to the stochastic matrix the smaller is this error.
Sufficient conditions for constructing robust and interpolation Monte Carlo
algorithms are obtained. For stochastic matrices an interpolation Monte
Carlo algorithm is considered.

A number of numerical tests for large symmetric dense matrices are per-
formed in order to study experimentally the dependence of the systematic
error on the structure of matrix spectrum. It will also be studied how the
probability error depends on the balancing of the matrix.

Many scientific and engineering applications are based on the problems
of finding extremal (dominant) eigenvalues of real n × n matrices. The
computation time for very large problems, or for finding solutions in real-
time, can be prohibitive and this prevents the use of many established
algorithms. Several authors have presented work on the estimation of com-
putational complexity of linear algebra problems [Dimov (2000); Dimov
et al. (2001, 1997); Dimov and Tonev (1993b)]. In this chapter we consider
bilinear forms of matrix powers, which are used to formulate a solution for
the eigenvalue problem. We consider our Monte Carlo approach for com-
puting extremal eigenvalues of real symmetric matrices as a special case
of Markov chain stochastic method for computing bilinear forms of matrix

where (zI −B)∗ denotes the conjugate transpose of (zI −B).
So, the problem consists in evaluating the smallest eigenvalue of a matrix A. Here we

consider the case where A = (zI∗ −B)(zI −B) is a symmetric matrix.
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polynomials.

5.1 Formulation of the Problems

Consider the following problem of evaluating eigenvalues λ(A):

Ax = λ(A)x. (5.1)

It is assumed that

{
1. A is a given symmetric matrix, i.e. aij = aji for all i, j = 1, . . . , n;
2. λmin = λn < λn−1 ≤ λn−2 ≤ . . . ≤ λ2 < λ1 = λmax.

We use the following presentation of matrices:

A = {aij}n
i,j=1 = (a1, . . . , ai, . . . , an)T

,

where ai = (ai1, . . . , ain), i = 1, . . . , n and the symbol T means transposi-
tion.

The following norms of vectors (l1-norm):

‖h‖ = ‖h‖1 =
n∑

i=1

|hi|, ‖ai‖ = ‖ai‖1 =
n∑

j=1

|aij |

and matrices

‖A‖ = ‖A‖1 = max
j

n∑

i=1

|aij |

are used.
Let us note that in general ‖A‖ 6= maxi ‖ai‖.
By Ā we denote the matrix containing the absolute values of elements

of a given matrix A:

Ā = {|aij |}n
i,j=1.

By

pk(A) =
k∑

i=0

ciA
i, ci ∈ IR

we denote matrix polynomial of degree k.
As usual, (v, h) =

∑n
i=1 vihi denotes the inner product of vectors v and

h.
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We will be interested in computing inner products of the following type:

(v, pk(A)h) .

As mentioned in the Introduction, by E{ξ} we denote the mathematical
expectation of the random variable ξ. The random variable ξ could be
a randomly chosen component hαk

of a given vector h. In this case the
meaning of E{hαk

} is mathematical expectation of the value of randomly
chosen element of h.

By

D{ξ} = σ2{ξ} = E{ξ2} − (E{ξ})2

we denote the variance of the random variable ξ (σ{ξ} is the standard
deviation).

Basically, we are interested in evaluation of forms:

(v, pk(A)h) . (5.2)

5.1.1 Bilinear Form of Matrix Powers

In a special case of pk(A) = Ak the form (5.2) becomes

(v, Akh), k ≥ 1.

5.1.2 Eigenvalues of Matrices

Suppose that a real symmetric matrix A is diagonalisable, i.e.,

x−1Ax = diag(λ1, . . . , λn).

If A is a symmetric matrix, then the values λ are real numbers, i.e., λ ∈ IR.
The well-known Power method [Monahan (2001); Golub and Van-Loan

(1996); Isaacsons and Keller (1994)] gives an estimate for the dominant
eigenvalue λ1. This estimate uses the so-called Rayleigh quotient µk =

(v,Akh)
(v,Ak−1h)

:

λ1 = lim
k→∞

(v,Akh)
(v, Ak−1h)

,

where v, h ∈ IRn are arbitrary vectors. The Rayleigh quotient is used to
obtain an approximation to λ1:

λ1 ≈ (v,Akh)
(v, Ak−1h)

, (5.3)
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where k is an arbitrary large natural number.
To construct an algorithm for evaluating the eigenvalue of minimum

modulus λn, one has to consider the following matrix polynomial:

pi(A) =
i∑

k=0

qkCk
m+k−1A

k, (5.4)

where Ck
m+k−1 are binomial coefficients, and the characteristic parameter q

is used as acceleration parameter of the algorithm (see Section 4.3 and [Di-
mov et al. (2001); Dimov and Karaivanova (1998, 1999)] for more details).

If |q|||A|| < 1 and i → ∞, then the polynomial (5.4) becomes the
resolvent matrix [Dimov and Alexandrov (1998); Dimov and Karaivanova
(1998)]:

p∞(A) = p(A) =
∞∑

k=0

qkCk
m+k−1A

k = [I − qA]−m = Rm
q ,

where Rq = [I − qA]−1 is the resolvent matrix of the equation

x = qAx + h. (5.5)

Values q1, q2, . . . (|q1| ≤ |q2| ≤ . . .) for which the equation (5.5) is fulfilled
are called characteristic values of the equation (5.5). The resolvent operator

Rq = [I − qA]−1 = I + A + qA2 + . . . (5.6)

exists if the sequence (5.6) converges. The systematic error of the presen-
tation (5.6) when m terms are used is

Rs = O
[
(|q|/|q1|)m+1

mρ−1
]
, (5.7)

where ρ is multiplicity of the root q1. Estimation (5.7) is analogue of (4.24)
from Chapter 4 and shows that the MC algorithm converges if |q| < |q1|.
When |q| ≥ |q1| the algorithm does not converge for q = q∗ = 1, but the
solution of (5.5) exists (and moreover, the solution is unique). In this case
one may apply a mapping of the spectral parameter q described in Section
4 (see also [Dimov and Alexandrov (1998)]).

One can consider the ratio:

λ =
(v,Ap(A)h)
(v, p(A)h)

=
(v, ARm

q h)
(v,Rm

q h)
,

where Rm
q h =

∑m
k=1 g

(m)
k ck and g

(m)
k are computed according to (4.28). If

q < 0, then
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(v,ARm
q h)

(v, Rm
q h)

≈ 1
q

(
1− 1

µ(k)

)
≈ λn, (5.8)

where λn = λmin is the minimal by modulo eigenvalue, and µ(k) is the
approximation to the dominant eigenvalue of Rq.

If |q| > 0, then

(v,ARm
q h)

(v, Rm
q h)

≈ λ1, (5.9)

where λ1 = λmax is the dominant eigenvalue.
The approximate equations (5.3), (5.8), (5.9) can be used to formulate

efficient Monte Carlo algorithms for evaluating both the dominant and the
eigenvalue of minimum modulus of real symmetric matrices.

The two problems formulated in this section rely on the bilinear form
(v, pk(A)h). The latter fact allows to concentrate our study on MC algo-
rithms for computing

(
v, Akh

)
, k ≥ 1. (5.10)

In the next section we are going to consider Almost Optimal Markov
Chain Monte Carlo algorithms for computing both bilinear forms of matrix
powers (v,Akh) (Subsection 5.2.1) and extremal eigenvalues of real sym-
metric matrices (Subsection 5.2.2). It is easy to see that since presentations
(5.4) and (5.8) exist the developed technique can be used to compute the
eigenvalue of minimum modulus λn.

5.2 Almost Optimal Markov Chain Monte Carlo

We use the algorithm presented in Section 4.2 (see also [Alexandrov et al.
(2004); Dimov (1991, 2000); Dimov et al. (1997); Dimov and Alexandrov
(1998)]).

The choice of permissible density distributions is according to (4.20)
and (4.21). In our case pi and pij are defined as follows:

pi =
|vi|
‖v‖ , pij =

|aij |
‖ai‖ . (5.11)
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5.2.1 MC Algorithm for Computing Bilinear Forms of

Matrix Powers (v, Akh)

The pair of density distributions (5.11) defines a finite chain of vector and

matrix entries:

vα0 → aα0α1 → . . .→ aαk−1αk
. (5.12)

The chain induces the following product of matrix/vector entries and norms:

Akv = vα0

k∏

s=1

aαs−1αs

‖Akv‖ = ‖v‖ ×
k∏

s=1

‖aαs−1‖.

Note, that the product of norms ‖Akv‖ is not a norm of Akv . The rule for

creating the value of ‖Akv‖ is following: the norm of the initial vector v,

as well as norms of all row-vectors of matrix A visited by the chain (5.12)

defined by densities (5.11), are included. For such a choice of densities pi
and pij we can prove the following Lemma.

Lemma 5.1.

E{hαk
} =

sign{Akv}
‖Akv‖

(
v, Akh

)
.

Proof. Consider the value θ(k) = sign{Akv}‖Akv‖hαk
for k ≥ 1. We have

θ(k) = sign{Akv}‖Akv‖hαk

= sign{vα0

k∏

s=1

aαs−1αs}‖v‖
k∏

s=1

‖aαs−1‖hαk

= sign{vα0

k∏

s=1

aαs−1αs}‖v‖‖aα0‖ . . . ‖aαk−1
‖hαk

=
vα0

|vα0 |
aα0α1 . . . aαk−1αk

|aα0α1| . . . |aαk−1αk
| ‖v‖‖aα0‖ . . . ‖aαk−1

‖hαk
. (5.13)

Let us stress that among elements vα0 , aα0α1 , . . . , aαk−1αk
there are no ele-

ments equal to zero because of the special choice of acceptable distributions
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pi and pij defined by (5.11). The rules (5.11) ensure that the Markov chain
visits non-zero elements only. From (5.13) and taking into account (5.11)
one can get:

E
{

θ(k)
}

= E

{
vα0

|vα0 |
aα0α1 . . . aαk−1αk

|aα0α1| . . . |aαk−1αk
| ‖v‖‖aα0‖ . . . ‖aαk−1‖hαk

}

= E

{
vα0

pα0

aα0α1 . . . aαk−1αk

pα0α1 . . . pαk−1αk

hαk

}

=
n∑

α0,...αk=1

vα0

pα0

aα0α1 . . . aαk−1αk

pα0α1 . . . pαk−1αk

hαk
pα0pα0α1 . . . pαk−1αk

=
n∑

α0=1

vα0

n∑
α1=1

aα0α1 . . .
n∑

αk−1=1

aαk−2αk−1

n∑
αk=1

aαk−1αk
hαk

=
n∑

α0=1

vα0

n∑
α1=1

aα0α1 . . .
n∑

αk−1=1

aαk−2αk−1 (Ah)αk−1

=
n∑

α0=1

vα0

(
Akh

)
α0

=
(
v, Akh

)
¤

Obviously, the standard deviation σ{hαk
} is finite. Since we proved

that the random variable θ(k) = sign{Ak
v}‖Ak

v‖hαk
is a unbiased estimate

of the form (v, Akh), Lemma 5.1 can be used to construct a MC algorithm.
Let us consider N realizations of the Markov chain Tk defined by the

pair of density distributions (5.11). Denote by θ
(k)
i the ith realization of

the random variable θ(k). Then the value

θ̄(k) =
1
N

N∑

i=1

θ
(k)
i =

1
N

N∑

i=1

{sign(Ak
v)‖Ak

v‖hαk
}i, k ≥ 1 (5.14)

can be considered as a MC approximation of the form (v, Akh). The prob-
ability error of this approximation can be presented in the following form:

R
(k)
N =

∣∣∣(v, Akh)− θ̄(k)
∣∣∣ = cpσ{θ(k)}N− 1

2 , (5.15)
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where the constant cp only depends on the probability P used in Definition
1.2 and does not depend on N and on θ(k). Because of the finiteness of the
standard deviation the probability error is always finite.

In fact, (5.14) together with the rules (5.11) defines a MC algorithm.
The expression (5.14) gives a MC approximation of the form (v, Akh) with a
probability error R

(k)
N . Obviously, the quality of the MC algorithm depends

on the behavior of the standard deviation σ{θ(k)}. So, there is a reason to
consider a special class of robust MC algorithms.

5.2.2 MC Algorithm for Computing Extremal Eigenvalues

Now consider again the pair of density distributions (5.11) defining a finite
chain of vector and matrix entries (5.12). For such a choice of densities pi

and pij we can prove the following theorem.

Theorem 5.1. Consider a real symmetric matrix A and the chain of vector
and matrix entries (5.12) defined by MAO density distributions (5.11).

Then

λ1 = lim
k→∞

sign{aαk−1αk
}‖aαk−1‖

E{hαk
}

E{hαk−1}
.

Proof.

First consider the density of the Markov chain Tk of length k α0 →
α1 → . . . → αk as a point in n(k + 1)-dimensional Euclidian space Tk+1 =
IRn × . . .× IRn

︸ ︷︷ ︸
k+1

:

P{α0 = t0, α1 = t1, . . . , αk = tk} = pt0pt0t1pt1t2 . . . ptk−1tk
.

To prove the theorem we have to show that
sign{aαk−1αk

}‖aαk−1‖ E{hαk
}

E{hαk−1}
= µk = (v,Akh)

(v,Ak−1h)
.

From the definition of sign function and MAO distributions (5.11) one
can write:
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sign{aαk−1αk
}‖aαk−1‖

E{hαk
}

E{hαk−1}

=
aαk−1αk

|aαk−1αk
| ‖aαk−1‖

E{hαk
}

E{hαk−1}

=

vα0
|vα0|

aα0α1 ...aαk−2αk−1aαk−1αk

|aα0α1 |...|aαk−2αk−1 ||aαk−1αk
|‖v‖‖aα0‖ . . . ‖aαk−2‖‖aαk−1‖

vα0
|vα0|

aα0α1 ...aαk−2αk−1
|aα0α1 |...|aαk−2αk−1 |

‖v‖‖aα0‖ . . . ‖aαk−2‖

× E{hαk
}

E{hαk−1}

=
sign{Ak

v}‖Ak
v‖E{hαk

}
sign{Ak−1

v }‖Ak−1
v ‖E{hαk−1}

.

According to Lemma 5.1 we have:

sign{Ak
v}‖Ak

v‖E{hαk
}

sign{Ak−1
v }‖Ak−1

v ‖E{hαk−1}
=

(v,Akh)
(v,Ak−1h)

= µk.♦

Obviously, since the standard deviation σ{hαk
} is finite Theorem 5.1

allows to define a biased estimate of the extremal eigenvalue λ1. Since,
according to Theorem 5.1 for large enough values of k

λ1 ≈ µk =
E{sign(aαk−1αk

)‖aαk−1‖hαk
}

E{hαk−1}
and the computational formula of the algorithm can be presented in the
following form:

λ1 ≈ {µk}N :=
1

∑N
i=1 h

(i)
αk−1

N∑

i=1

sign(a(i)
αk−1αk

)‖a(i)
αk−1

‖h(i)
αk

,

where the upper subscript (i) denotes the ith realisation of the Markov
chain, so that h

(i)
αk−1 is the value of the corresponding element of vector h

after the (k − 1)st jump in the ith Markov chain, h
(i)
αk is the value of the

corresponding element of vector h after the kth jump in the ith Markov
chain, ‖a(i)

αk−1‖ is the corresponding vector norm of the row which element
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is last visited by the Markov chain number i after the kth jump, and N is

the total number of Markov chains performed.

In this subsection we presented an Almost Optimal Markov Chain

Monte Carlo algorithms for computing extremal eigenvalues of real sym-

metric matrices. As it was mentioned before, the developed technique can

easily be applied to compute the eigenvalue λn of minimum modulus. For

computing λn one needs to consider bilinear forms of polynomials (5.4)

(see, also (5.8)) instead of just bilinear forms of matrix powers.

5.2.3 Robust MC Algorithms

Definition 5.1. An MC algorithm for which the standard deviation does

not increase with increasing of matrix power k is called a robust MC algo-

rithm.

We can prove the following lemma.

Lemma 5.2. If a MC algorithm is robust, then there exists a constant M

such that

lim
k→∞

σ{θ(k)} ≤M.

Proof. Let us choose the constant M as:

M = ‖v‖ × ‖aα0‖ × σ{hα1}.
Consider the equality (5.15):

R
(k)
N = cpσ{θ(k)}N− 1

2 .

If a MC algorithm is robust, then for any fixed pair (N,P ) (number of

realizations N and probability P ) we have:

σ{θ(k)} ≤ σ{θ(k−1)}.
Since the smallest possible value of k is 1 (according to our requirement

(5.10))

σ{θ(k)} ≤ σ{θ(k−1)} ≤ . . . ≤ σ{θ(1)}

= σ{sign{vα0aα0α1} × ‖v‖ × ‖aα0‖ × hα1}

= ‖v‖ × ‖aα0‖ × σ{hα1} = M. (5.16)

�
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It is interesting to answer the question:

• How small could the probability error be? and
• Is it possible to formulate MC algorithms with zero probability error?

To answer the first question one has to analyze the structure of the
variance. Then it will be possible to answer the second question concerning
the existence of algorithms with zero probability error.

5.2.4 Interpolation MC Algorithms

Definition 5.2. An MC algorithm for which the probability error is zero
is called an interpolation MC algorithm.

The next theorem gives the structure of the variance for MAO algorithm.

Theorem 5.2. Let

ĥ = {h2
i }n

i=1, v̄ = {|vi|}n
i=1, Ā = {|aij |}n

i,j=1.

Then

D{θ(k)} = ‖Ak
v‖

(
v̄, Ākĥ

)
− (v, Akh)2.

Proof. Taking into account MAO density distributions (5.11) the random
variable θ(k) can be presented in the following form:

θ(k) = sign{Ak
v}‖Ak

v‖hαk

=
vα0

|vα0 |
aα0α1 . . . aαk−1αk

|aα0α1 | . . . |aαk−1αk
| ‖v‖‖aα0‖ . . . ‖aαk−1‖hαk

=
vα0

pα0

aα0α1 . . . aαk−1αk

pα0α1 . . . pαk−1αk

hαk

We deal with the variance

D{θ(k)} = E{(θ(k))2} − (E{θ(k)})2. (5.17)

Consider the first term of (5.17).
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E{(θ(k))2} = E

{
v2

α0

p2
α0

a2
α0α1

. . . a2
αk−1αk

p2
α0α1

. . . p2
αk−1αk

h2
αk

}

=
n∑

α0...αk=1

v2
α0

p2
α0

a2
α0α1

. . . a2
αk−1αk

p2
α0α1

. . . p2
αk−1αk

h2
αk

pα0pα0α1 . . . pαk−1αk

=
n∑

α0...αk=1

v2
α0

pα0

a2
α0α1

. . . a2
αk−1αk

pα0α1 . . . pαk−1αk

h2
αk

=
n∑

α0...αk=1

v2
α0

|vα0 |
‖v‖ a2

α0α1
. . . a2

αk−1αk

|aα0α1 | . . . |aαk−1αk
| ‖aα0‖ . . .

. . . ‖aαk−1‖h2
αk

= ‖Ak
v‖

n∑
α0...αk=1

|vα0 ||aα0α1 | . . . |aαk−1αk
|h2

αk

= ‖Ak
v‖

n∑
α0=1

|vα0 |
n∑

α1=1

|aα0α1 | . . .

. . .
n∑

αk−1=1

|aαk−2αk−1 |
n∑

αk=1

|aαk−1αk
|h2

αk

= ‖Ak
v‖

n∑
α0=1

|vα0 |
n∑

α1=1

|aα0α1 | · · ·
n∑

αk−1=1

|aαk−2αk−1 |(Āĥ)αk−1

= ‖Ak
v‖

n∑
α0=1

|vα0 |(Ākĥ)α0 = ‖Ak
v‖(v̄, Ākĥ).

According to Lemma 5.1 the second term of (5.17) is equal to (v,Akh)2.
Thus,

D{θ(k)} = ‖Ak
v‖

(
v̄, Ākĥ

)
− (v, Akh)2. ¤

Now we can formulate an important corollary that gives a sufficient
condition for constructing an interpolation MC algorithm.

Corollary 5.2.1. Consider vectors h = (1, . . . , 1)T , v = ( 1
n , . . . , 1

n ) and a

perfectly balanced singular stochastic matrix A = hv =




1
n . . . 1

n
...

. . .
...

1
n . . . 1

n


. Then



September 17, 2007 10:48 World Scientific Book - 9in x 6in book

114 Monte Carlo Methods for Applied Scientists

the MC algorithm defined by density distributions (5.11) is an interpolation
MC algorithm.

Proof. To prove the corollary it is sufficient to show that the variance
D{θ(k)} is zero. Obviously,

‖v‖ = 1 and ‖ai‖ = 1 for any i = 1, . . . , n.

Thus,

‖Ak
v‖ = ‖v‖‖aα0‖ . . . ‖aαk−1‖ = 1. (5.18)

The following equalities are true:

Ah =




1
n . . . 1

n
...

. . .
...

1
n . . . 1

n







1
...
1


 =




1
...
1


 .

Obviously,

Akh =




1
...
1


 ,

and

(v, Akh) =
(

1
n

, . . . ,
1
n

)



1
...
1


 = 1.

Since

Ā =




∣∣ 1
n

∣∣ . . .
∣∣ 1
n

∣∣
...

. . .
...∣∣ 1

n

∣∣ . . .
∣∣ 1
n

∣∣


 = A

and

ĥ = {|h2
i |}n

i=1 = h,

and taking into account (5.18) we have:

‖Ak
v‖(v̄, Ākĥ) = 1.

Thus, we proved that D{θ(k)} = 0. ¤
This corollary does not have theoretical importance. It will help us to
prepare computational experiments with artificially generated large random
matrices. Obviously the closer, in some sense, the random matrix is to the
perfectly balanced stochastic matrix the smaller the variance of the method.
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5.3 Computational Complexity

It is very important to have an estimation of the computational complexity
(or number of operations) of MAO algorithms. Such estimates are impor-
tant when there are more than one algorithm for solving the problem. We
consider a MAO algorithm for computing bilinear forms of matrix powers,
which can be also used to formulate the solution for the dominant eigen-
value problem. Assume, we considering the set, A, of algorithms, A, for
calculating bilinear forms of matrix powers (v, Akh) with a probability error
Rk,N less than a given constant ε:

A = {A : Pr(Rk,N ≤ ε) ≥ c} . (5.19)

There is the following problem: which algorithm in the set A has the small-
est computational cost? In this chapter we are not going to analyze the
performance of different Monte Carlo algorithms. We can only mention
that the MAO algorithm has a performance close to the best one (for more
details we refer to [Dimov (1991, 2000); Dimov et al. (2001); Dimov and
Karaivanova (1999)]).

We assume that the probability error Rk,N is fixed by the value of ε

and the probability c < 1 in (5.19) is also fixed. Obviously, for fixed ε and
c < 1 the computational cost depends linearly on the number of iterations
k and on the number of Markov chains N .

Definition 5.3. Computational cost of the Markov chain MAO algorithm
A is defined by

τ(A) = NE(q)t,

where N is the number of Markov chains, E(q) = k is the mathematical
expectation of the number of transitions in a single Markov chain and t is
the mean time (or number of operations) needed to compute the value of
the random variable.

Two types of errors, systematic and stochastic (probability), can occur
in Monte Carlo algorithms, and achieving a balance between these two
types of error is necessary. Clearly, to obtain good results the stochastic
(probability) error Rk,N must be approximately equal to the systematic
one Rk,s and so

Rk,N ≈ Rk,s.
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The problem of error balancing is closely connected with the problem
of obtaining an optimal ratio between the number of realizations N of the
random variable and the mean value of the number of steps in each random
trajectory (number of iterations) k.

5.3.1 Method for Choosing the Number of Iterations k

Assume that we wish to estimate the value of the bilinear form (v,Akh),
so that with a given probability P < 1 the error is smaller than a given
positive ε:

∣∣∣∣∣(v,Akh)− 1
N

N∑

i=1

θ
(k)
i

∣∣∣∣∣ ≤ ε.

We consider the case of balanced errors, i.e.,

Rk,N = Rk,s =
ε

2
.

When a mapping procedure is applied one may assume that there exists
a positive constant α < 1 such that

α ≥
∣∣∣g(k)

i

∣∣∣× ‖A‖ for any i and k. (5.20)

Then

ε

2
≤

(∣∣∣g(k)
i

∣∣∣ ‖A‖
)k+1

‖h‖
1−

∣∣∣g(k)
i

∣∣∣ ‖A‖
≤ αk+1‖h‖

1− α

and for k should be chosen the smallest natural number for which

k ≥ |logδ|
|logα| − 1, δ =

ε(1− α)
2‖h‖ . (5.21)

If a mapping procedure is not applied, i.e., the corresponding Neumann
series converges fast enough, then one assumes that a positive constant α,
such that α ≥ ‖A‖ exists. Then the number of iterations k should be chosen
according to (5.21).

We should also mention here that there are other possibilities to estimate
the number of needed iterations k if a mapping procedure is applied. An
example follows. Assume that the multiplicity of the characteristic value
q1 of the equation (5.5) is ρ = 1. Assume also that there exists a positive
constant q∗, such that

q∗ ≤ |q1|.
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Then we have

Rs =
ε

2
= cs

∣∣∣∣
q

q∗

∣∣∣∣
k+1

,

k ≥

∣∣∣log
(

ε
2cs

)∣∣∣
∣∣∣log

∣∣∣ q
q∗

∣∣∣
∣∣∣
− 1.

The choice of the method of estimation of k depends on the available
a priori information, which comes from the concrete scientific application.
One may use the first or the second approach depending on the information
available.

5.3.2 Method for Choosing the Number of Chains

To estimate the computational cost τ(A) we should estimate the number N

of realizations of the random variable θ(k). To be able to do this we assume
that there exists a constant σ such that

σ ≥ σ(θ(k)). (5.22)

Then we have

ε = 2R
(k)
N = 2cpσ(θ(k))N− 1

2 ≥ 2cpσN− 1
2 ,

and

N ≥
{

2cpσ

ε

}2

. (5.23)

Taking into account relations (5.21) and (5.23) one can get estimates
of the computational cost of biased MC algorithms. Let us stress that to
obtain relations (5.21) and (5.23) we needed some a priori information in
form of (5.20) and (5.22). We do not assume that one needs to calculate ‖A‖
in order to have a good estimate for α, as well as to compute σ(θ(k)) in order
to get an estimate for σ. In real-life applications very often parameters like
α and σ are known as a priori information. That information may come
from physics, biology or any concrete scientific knowledge. This remark is
important, because we do not include computation of ‖A‖ or σ(θ(k)) into
the computational cost of our algorithm.

Let us also note that if a priori information of type (5.22) is not available
one may use a posteriori information. To compute a posteriori estimation
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of σ(θ(k)) one needs to use the mean value of θ(k) − 1
N

∑N
i=1 θ

(k)
i as well

as the mean value of (θ(k))2 − 1
N

∑N
i=1(θ

(k)
i )2. Since the first mean value

should be computed as a MC approximation to the solution, one needs just
to add one or two rows into the code to get a posteriori estimation for
σ(θ(k)).

5.4 Applicability and Acceleration Analysis

In this section we discuss applicability and acceleration analysis of MAO al-
gorithm. Summarizing results from previous sections we can present Monte
Carlo computational formulas for various linear algebra problems.

Power MC algorithm for computing the dominant eigenvalue

The corresponding matrix polynomial is pk(A) = Ak, so that

(v, Akh) = E{θ(k)} ≈ θ̄(k) =
1
N

N∑

i=1

{sign(Ak
v)‖Ak

v‖hαk
}i, (5.24)

and the computational formula is:

λmax ≈ θ̄(k)

θ̄(k−1)
=

1
∑N

i=1 h
(i)
αk−1

N∑

i=1

sign(a(i)
αk−1αk

)‖a(i)
αk−1

‖h(i)
αk

.

Resolvent MC algorithm for eigenvalue problems

For the Inverse shifted (Resolvent) MC the matrix polynomial is p(A) =∑∞
i=0 qiCi

m+i−1A
i. If |qA| < 1, then p(A) =

∑∞
i=0 qiCi

m+i−1A
i = [I −

qA]−m = Rm
q (R is the resolvent matrix) and

λ =
(v,Ap(A)h)
(v, p(A)h)

=
(v, ARm

q h)
(v,Rm

q h)
.

If q < 0, then (v,ARm
q h)

(v,Rm
q h) ≈ 1

q

(
1− 1

µ(m)

)
≈ λmin (µ(m) is the approxima-

tion to the dominant eigenvalue of the resolvent matrix R).
For a positive q (q > 0): (h,ARm

q f)

(h,Rm
q f) ≈ λmax.

Thus the extremal eigenvalue is
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λ ≈ E
∑k

i=0 qiCi
i+m−1θ

(i+1)

E
∑k

i=0 qiCi
i+m−1θ

(i)
, (5.25)

where θ(0) = vα0
pα0

and the r.v. θ(i) are defined according to (5.14). The value
vα0 is the entrance α0 of the arbitrary vector v chosen according to the
initial distribution pα0 . For a positive value of the acceleration parameter
q one cam compute an approximation to λ1 = λmax while for a negative
value of q, λn = λmin can be evaluated.

Since the initial vector v can be any vector v ∈ IRn×1 the following
formula for calculating λ is used

λ ≈ E{θ(1) + qC1
mθ(2) + q2C2

m+1θ
(3) + . . . + qkCk

k+m−1θ
(k+1)}

E{1 + qC1
mθ(1) + q2C2

m+1θ
(2) + . . . + qkCk

k+m−1θ
(k)} ,

that is

λ ≈
1
N

∑N
s=1{

∑k
i=0 qiCi

i+m−1θ
(i+1)}s

1
N

∑N
s=1{

∑k
i=0 qiCi

i+m−1θ(i)}s

(5.26)

If q > 0 the formula (5.26) evaluates λ1, if q < 0, then it evaluates λn.
To analyse the applicability of the MAO algorithm in the Power method

with MC iterations we consider two matrices: the original matrix A with
eigenvalues λi and the iterative matrix R with eigenvalues µi. Thus values
λi and µi can be considered as solutions of the problems:

Ax = λx and Rx = µx.

We assume that |λ1| > |λ2| ≥ . . . ≥ |λn−1| > |λn| as well as |µ1| > |µ2| ≥
. . . ≥ |µn−1| > |µn|.

The systematic error that appears from the Power method is:

O

(∣∣∣∣
µ2

µ1

∣∣∣∣
k
)

,

where µ = λ if R = A (Plain Power method), µ =
1
λ

if R = A−1(Inverse

Power method), µ = λ − q if Rq = A − qI (Shifted Power method), µ =
1

1− qλ
if Rq = (I − qA)−1 (Resolvent Power method). For the Resolvent

Power method in case of negative q the eigenvalues of matrices A and Rq

are connected through the equality:

µi =
1

1 + |q|λn−i+1
.



September 17, 2007 10:48 World Scientific Book - 9in x 6in book

120 Monte Carlo Methods for Applied Scientists

The stochastic error that appears because we calculate mathematical
expectations approximately is O(σ(θ(k))N−1/2).

The choice of the parameter q is very important since it controls the
convergence. When we are interested in evaluating the smallest eigenvalue
applying iterative matrix Rq = (I − qA)−1 the parameter q < 0 has to be
chosen so that to minimize the following expression

J(q, A) =
1 + |q|λ1

1 + |q|λ2
, (5.27)

or if

q = − α

||A|| ,

then

J(q, A) =
λ1 + αλn

λ1 + αλn−1
.

In practical computations we chose α ∈ [0.5, 0.9]. In case of α = 0.5 we
have

q = − 1
2‖A‖ . (5.28)

The systematic error in this case is

O

[(
2λ1 + λn

2λ1 + λn−1

)m]
, (5.29)

where m is the power of the resolvent matrix Rq (or the number of iterations
by Rq).

The convergence in this case can not be better than O[(1/3)m]. Such
a convergence is almost reached for matrices with λn having opposite sign
than all other eigenvalues λ1, . . . λn−1. The best convergence in case when

all eigenvalues are positive or all are negative is O[(2/3)m] for α =
1
2
. In

case of α =
9
10

the convergence can not be better than O[(1/19)m].
Let us consider some examples in order to demonstrate applicability

and acceleration analysis of our approach. We use two randomly generated
matrices A1 and A2 with controlled spectra and three different values of
α ∈ [0.5, 0.9] (see Table 5.1). The last column of Table 5.1 contains results
of the convergence (the ratio µ2/µ1 characterizes the rate of convergence).
Obviously, the smaller the ratio µ2/µ1 the faster is the convergence.

The results presented in Table 5.1 show that for some classes of matrices
the convergence is relatively slow, but for some other classes it is very fast.



September 17, 2007 10:48 World Scientific Book - 9in x 6in book

Markov Chain Monte Carlo Methods for Eigenvalue Problems 121

Table 5.1 Illustration of the convergence of the resolvent MC algorithm.

Matrix α λ1(A) λn−1(A) λn(A) µ1(Rq) µ2(Rq) µn(Rq) µ2
µ1

A1 1/2 0.5 0.22 0.05 0.952 0.820 0.667 0.860
A2 1/2 1.0 0.95 -0.94 1.887 0.678 0.667 0.359
A2 4/5 1.0 0.95 -0.94 4.032 0.568 0.556 0.141
A2 9/10 1.0 0.95 -0.94 6.493 0.539 0.526 0.083

If one has a priori information about the spectrum of the matrix A the
acceleration parameter q (respectively α) can be chosen so that to reach
a very fast convergence of order O[(0.0830)m] (see the last row of Table
5.1). Such an analysis is important because it helps to choose the power
m of the resolvent matrix Rq. If the matrix has a spectrum like A1 and

q = − 1
2||A|| then m has to be chosen m ≈ 30 in order to get results with

a relative error 0.01. If the matrix has spectrum like A2 and q = − 9
10||A||

than after just 4 iterations the relative error in computing λn is smaller than
5×10−5. One should try to find appropriate values for q (respectively for α)
in order to get satisfactory accuracy for relatively small values of number
of iterations. It is quite important for non-balanced matrices since the
imbalance leads to increasing stochastic errors with increasing of number
of iterations. In illustration of this fact is the next example. We consider
a random symmetric non-balanced matrix A3 with λ1 = 64 and λn = 1,
n = 128. We apply Plain Power MC algorithm for computing the dominant
eigenvalue λ1 .

We compute the first 10 iterations by Monte Carlo and by simple matrix-
vector multiplication with double precision assuming that the obtained re-
sults are “exact” (they still contain some roundoff errors that are relatively
small). The results of computations are presented in Figure 5.1. The first
impression is that the results are good.

But more precise consideration shows that the error increases with in-
creasing of matrix power (see Figure 5.2). Since we consider values of

matrix powers
vT Akv

‖v‖ we eliminate the systematic error (the Monte Carlo

estimate is a unbiased estimate) in this special case. So that considering
the results from Figure 5.2 we can see how stochastic error propagates with
the matrix power.

One can see that for the first seven iterations the error is less than 1%
while for the ten iterations it is almost 3%. This is an expected result, since
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the applied MC algorithm is not robust for such a non-balanced matrix. It
means that with increasing of number of iterations the standard deviation
(respectively the probability error) also increases (see Subsection 5.2.3).
This consideration shows that one has to pay a special attention to the
problem of robustness.

To study experimentally this phenomenon we generated matrices and
vectors with a priori given properties. Matrices A were generated of order
100, 1000 and 5000. The vector h was filled with ones and v was filled

with
1
n

. The matrices A were filled with elements of size
1
n

and then

perturbed by 2, 5, 10, 50 and 90%. After such perturbations the matrices
are not stochastic. The bigger the perturbation applied the further away
the matrix is from its stochastic form. The norm of such matrices is around
1. For comparison random non-balanced matrices were generated too. Our

aim was to compute matrix powers in a form of
(v, Akh)
(v, h)

since in this case

there is no systematic error. In such a way we can study how the stochastic
error propagates with the number of Monte Carlo iterations for different
classes of symmetric matrices. Note also that in our experiments the choice
of vectors v and h ensures the equality (v, h) = 1.
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Fig. 5.1 Monte Carlo and “Exact” values
vT Akv

‖v‖ for a random non-balanced matrix

A3 of size 128× 128. In all experiments the number N of Markov chains is 106.
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Fig. 5.2 Relative MC error for values
vT Akv

‖v‖
for a random non-balanced matrix of size

128 × 128. In all experiments the number N of Markov chains is 106.
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Fig. 5.3 The dependence of MC results for matrix powers (v, Akh) on perturbation of
the entries of the matrix A.

In Figure 5.3 we present results for different perturbations for the Monte

Carlo algorithm and for the deterministic code that gives roundoff error
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only. Since the deterministic computations were performed with a double

precision we accept the results obtained as “exact results” and use them to

analyse the accuracy of the results produced by our Monte Carlo code. Our

numerical experiments show that the results are very close for perturbations

of up to 10% whereas the results for 50% and 90% differ up to 2% for

matrices of size 1000 and 5000 and differ up to 14% for a matrix of size

100 (it is hard to see on Figure 5.3 since the results look very close to each

other).
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Fig. 5.4 The dependence of MC relative error (stochastic component) on power of the
matrix A.

In Figure 5.4 the relative error of the results for Monte Carlo algorithm

is shown. The Monte Carlo probability error R
(k)
N and the Relative Monte

Carlo probability error Rel
(k)
N was computed in the following way:

R
(k)
N =

∣
∣
∣
∣
∣

1

N

N∑

i=1

θ
(k)
i − (v, Akh)

(v, h)

∣
∣
∣
∣
∣
, Rel

(k)
N =

(v, h)

(v, Akh)
R

(k)
N .

From Figure 5.4 we can see that the error increases linearly as k in-

creases. The larger the matrix is, the smaller the influence of the perturba-

tion. For comparison, the results for non-balanced matrices were included.

The variance of the results for the different perturbations are shown

in Figure 5.5. In this figure we compare results for different sizes of the

matrix for a fixed (but relatively small) number of Markov chains. Again

it is obvious that the influence of the perturbation is a lot bigger for the
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Fig. 5.5 The dependence of variance of the r.v. on perturbation of of the matrix entries.

smaller matrix (of size n = 100). But over all a variance of 10−5 is a good
result and shows that the Monte Carlo algorithm works well with this kind
of balanced matrices. Nevertheless, the algorithm is still not robust since
the variance (and the probability error R

(k)
N ) increases with increasing of

k (see results shown on Figure 5.4). It is because the norms of iterative
matrices A are large. Such matrices should be scaled in order to get a
robust algorithm.

To test the robustness of the Monte Carlo algorithm, a re-run of the
experiments was done with matrices of norm ‖A‖ ≈ 0.1. In fact we used
the same randomly generated matrices scaled by a factor of 1/10. The
results for these experiments are shown in Figure 5.6 and Figure 5.7.

In Figure 5.6 the Monte Carlo errors for matrices of size n = 1000
and n = 5000 and number of Markov chains N = 1000 are shown. The
number of Markov chains in these experiments is relatively small because
the variance of θ(k) is small (as one can see from the experimental results).
One can also see that the Monte Carlo algorithm is very robust in this case
because with an increasing k the error is decreasing enormously.

The results shown in Figure 5.7 illustrate the fact that even with a very
small number of Markov chains (N = 100) one can obtain quite accurate
results. The variance shown in Figure 5.7 is 1010 smaller than the vari-
ance shown in Figure 5.5. It increases with the increasing of the perturba-
tion because matrices become more and more unbalanced. The last results
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Fig. 5.6 The dependence of MC error on power of matrices k with “small” spectral
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show how one may control robustness (and the stochastic error of MC al-

gorithms). It seems that it’s very important to have a special balancing

procedure as a pre-processing before running the Monte Carlo code. Such

a balancing procedure ensures robustness of the algorithm and therefore
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relatively small values for the stochastic component of the error.
If one is interested in computing dominant or the smallest by modulo

eigenvalue the balancing procedure should be done together with choosing
appropriate values for the acceleration parameter q (or α) if Resolvent MC
is used. If all these procedures are properly done, then one can have robust
high quality Monte Carlo algorithm with nice parallel properties.

Parallel properties of the algorithms is another very important issue
of the acceleration analysis. It is known that Monte Carlo algorithms
are inherently parallel [Dimov (2000); Dimov et al. (2001); Dimov and
Karaivanova (1998)]. Nevertheless, it is not a trivial task to chose the
parallelization scheme in order to get appropriate load balancing of all pro-
cessors (computational nodes). In our experiments we distribute the job
dividing the number of Markov chains between nodes. Such a method of
parallelization seems to be one of the most efficient from the point of view
of good load balancing [Dimov and Karaivanova (1998)]. Experiments are
performed using Message Passing Interface (MPI). Some important param-
eters of the random matrices used in our experiments are presented in Table
5.2.

Table 5.2 Matrices for testing parallel properties

Matrix name Size # of non-zero λn λ1

n elements per row

A3 128 52 1.0000 64.0000
A4 512 178 1.0000 64.0000
A5 1000 39 1.0000 -1.9000
A6 1024 56 1.0000 64.0000
A7 1024 322 1.0000 64.0000
A8 2000 56 1.0000 64.0000

The test matrices are produced using a specially created generator of
symmetric matrices called MATGEN. This generator allows to generate
random matrices with a given size, given sparsity and fixed largest and
smallest eigenvalue (fixed condition number). All other eigenvalues are
chosen to be randomly distributed. Using MATGEN-program it is also
possible to put a gap of a given size into the spectrum of the matrix. For
producing such matrices in MATGEN Givens rotations are used such that
the angle of rotation and the place of appearing the non-zero entries are
randomly chosen. The test matrices used in our numerical experiments are
of size 128 to 2000 and have different number of non-zero elements. Using
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MATGEN we are able to control the parallel behaviors of the algorithm
for different levels of sparsity and to study the dependence between the
computational time and the size of the matrices.

The numerical tests are performed on an Shared Memory Machine
(SMM). The shared memory machine is a particular form of a parallel
machine which consists of a set of independent processors, each with its
own memory, capable of operating on its own data. Each processor has its
own program to execute and processors are linked by communication chan-
nels. The shared memory machine on which our experiments are performed
consists of a mesh-grid of 16×4 = 64 nodes. Data needed for processing by
the shared memory machine must be shared between processors by MPI.
There are a number of libraries available for message passing on the shared
memory machine system.

Before we analyse the parallel properties of the Resolvent MC we looked
at the convergence of the algorithm with increasing of the number of Markov
chains N . According to our analysis the convergence depends very much
on the balancing of matrices. We have to take into account that matrices
A3 and A6 are very badly balanced, matrices A4 and A5 are well balanced,
and matrices A7 and A8 are not well balanced. Convergence results are
presented in Table 5.3.

Table 5.3 Convergence of the Resolvent MC algorithm with the number of Markov
chains N .

N Matrix A3 Matrix A4 Matrix A5 Matrix A6 Matrix A7 Matrix A8

n = 128 n = 512 n = 1000 n = 1024 n = 1024 n = 2000

103 64.13 1.0278 -1.9068 64.35 0.9268 63.99
104 63.33 0.9958 -1.9011 64.19 0.9865 64.00
105 63.18 0.99998 -1.9002 64.17 0.9935 64.02
106 63.19 1.00001 -1.9000 64.16 0.9959 64.01

As one can expect for well balanced matrices A4 and A5 the algorithm
converges well. For not well balanced matrices A7 and A8 the convergence
is good enough. For the matrix A6 the algorithm still converges, but for A3

it does not converge since the variance of the r.v. increases dramatically, so
that the large number of Markov chains N even makes the situation worst.

The results of runs on a parallel system are given in Tables 5.4 to 5.7.
The computational cost τ of the MAO algorithm is measured in millisec-
onds.

Experimental results presented on Tables 5.4 and 5.5 show that the
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Table 5.4 Resolvent Monte Carlo Method (RMC) for matrix A4 (λmin = 1.00000).
Implementation on SMM: computational time, speed-up and efficiency for N = 106.
Calculated λmax = −1.900057

Number
of nodes 1 2 3 4 5 6 7 8 9 10

Time

(ms) 70.75 35.97 24.9 18.3 14.78 12.96 11.49 9.63 8.67 7.68
Speed-up
S 1 1.97 2.84 3.86 4.78 5.46 6.16 7.34 8.16 9.21
Efficiency
E 1 0.98 0.95 0.97 0.96 0.91 0.88 0.92 0.91 0.92

Table 5.5 Resolvent Monte Carlo Method (RMC) for matrix A5 (λmax = −1.9000).
Implementation on SMM for N = 106. Calculated λmax = −1.900057.

Number
of nodes 1 2 3 4 5 6 7 8 9 10

Time

(ms) 26.72 14.05 10.05 7.97 6.75 5.02 4.51 3.75 3.36 3.30
Speed-up
S 1 1.90 2.66 3.35 3.96 5.32 5.921 7.13 7.95 8.11
Efficiency
E 1 0.95 0.89 0.84 0.79 0.89 0.84 0.89 0.88 0.81

speed-up and parallel efficiency is very good. The results for matrix A7

presented in Table 5.6 are not as good as for matrices A4 and A5. The
reason is that the computational task in this case is much smaller. The
number of Markov chain used is 105 instead of 106. It should be remembered
that for all matrices the same method of parallelization is used. Thus,
to be able to exploit well the parallel behaviours of the Resolvent MC
one should have a large enough computational task (in comparison with
communications).

Some information about the computational complexity, speed-up and
parallel efficiency of the algorithm is presented in Figures 5.8 and 5.9. From
Figure 5.9 it could be seen that when the computational task is small with
comparison with the communications the speed-up increases not as rapidly
as in the case of large computational tasks.

The main observations from the computational experiments are the fol-
lowing.

• The systematic error depends very much on the spectrum of the iter-
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Table 5.6 Resolvent Monte Carlo Method (RMC) for matrix A7

(λmin = 1.0). Implementation on SMM (Number of trajectories
N = 105).

Number of nodes λmin Time (ms) Speed-up Efficiency

1 0.9935 12.896 1 1
2 0.9935 6.896 1.870 0.935
3 0.9954 4.736 2.722 0.907
4 0.9923 3.648 2.722 0.680
5 0.9946 3.616 3.535 0.707
6 0.9966 3.648 3.566 0.707
7 0.9931 3.552 3.535 0.594
8 0.9935 3.104 3.630 0.505
9 0.9964 3.008 4.154 0.453
10 0.9945 2.880 4.287 0.461

Table 5.7 Computational cost τ (in millisecond) of MAO al-
gorithm Implementation of the Resolvent Monte Carlo Al-
gorithm for evaluation of λ1 using MPI (number of Markov
chains N = 105; q > 0 for all experiments).

Number of nodes 1 2 3 4 5

Matrix A3

n=128 18 9 6 4 3

Matrix A4

n=1024 30 15 10 7 6

Matrix A5

n=2000 21 11 7 5 4

ation matrix. For a reasonable choice of the acceleration parameter q

(or respectively α) the convergence of Resolvent MC can be increased
significantly (in comparison with the Plain Power MC).

• The experimental analysis of the stochastic component of the error
shows that the variance can be reduced significantly if a pre-processing
balancing procedure is applied.

• The computational cost (time) τ is almost independent from the size of
the matrix. It depends linearly from the mathematical expectation of
the number of non-zero elements per row.

• There is a linear dependence of the computational cost from the number
of Markov chains N .
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SPEEDUP n=128, Non-zero E/R = 52
n=512, Non-zero E/R = 178
n=1000, Non-zero E/R = 39

Fig. 5.8 Dependence of the speed-up on the number of processors for different matri-
ces (A3, A4, and A5). The computational time is relatively large in comparison with
communicational time for all matrices; the number of realizations N for all matrices is
relatively large.

• When MAO algorithm is run on parallel systems the speed-up is almost
linear when the computational cost τ for every processor is not too
small.

• A very important observation is that the implemented Power and Re-
solvent MC algorithms scale very well with increasing number of com-
putational nodes. Our experience also shows that the code is easy
portable from one computational system to another.

All observations are expected; they confirm the theoretical analysis of
MAO algorithm.

5.5 Conclusion

In this chapter we have analysed the robustness and applicability of the
Almost Optimal Monte Carlo algorithm for solving a class of linear algebra
problems based on bilinear form of matrix powers (v, Akh). We have shown
how one has to choose the acceleration parameter q (or α) in case of using
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SPEEDUP   n=128, Non-zero E/R = 52
n=1024, Non-zero E/R = 56
n=2000, Non-zero E/R = 56

Fig. 5.9 Dependence of the speed-up from the number of processors for different ma-
trices (A3, A6, and A8). The computational time is relatively small in comparison with
communicational time for matrices A6 (n = 1024) and A8 (n = 2000) since the number
of realizations N is 10 times smaller than in the case of matrix A3).

Resolvent Power MC. We analysed the systematic error and showed that the

convergence can not be better that O

(
1 + |q|λn

1 + |q|λn−1

)m

. We have analysed

theoretically and experimentally the robustness. We have shown that with
increasing the perturbations of entries of perfectly balanced matrices the
error and the variance are increasing too. Especially small matrices have a
high variance. For a rising power of A an increase of the relative error can
be observed. The robustness of the Monte Carlo algorithm with balanced
matrices with matrix norms much smaller than 1 has been demonstrated.
In these cases the variance has improved a lot compared to cases were
matrices have norms close to 1. We can conclude that the balancing of
the input matrix is very important for MC computations. A balancing
procedure should be performed as an initial (preprocessing) step in order
to improve the quality of Monte Carlo algorithms. For matrices that are
“close” in some sense to the stochastic matrices the accuracy of the MC
algorithm is fairly high.
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Chapter 6

Monte Carlo Methods for
Boundary-Value Problems (BVP)

6.1 BVP for Elliptic Equations

There are essentially two approaches to numerically solving elliptic equa-
tions. The first one is the so-called grid approach, while the second one
might be called the grid-free approach. In this chapter we consider both
approaches.

Let Ω ⊂ IRd be a bounded domain with a boundary ∂Ω.
The following notations are used:
x = (x(1), x(2), . . . , x(d)) is a point in IRd;
Dα = Dα1

1 Dα2
2 . . . Dαd

d is an |α| = α1 + α2 + · · ·+ αd derivative, where
Di = ∂/∂x(i), i = 1, . . . , d and Ck(Ω̄) is a space of functions u(x) continu-
ous on Ω̄ such that Dαu exists in Ω and admits a continuous extension on
Ω̄ for every α : |α| ≤ k.

We consider the linear boundary value problem

Lu ≡
∑

|α|≤2m

aα(x)Dαu(x) = −f(x), x ∈ Ω (6.1)

u(x) = ϕ(x), x ∈ ∂Ω , (6.2)

where L is an arbitrary linear elliptic operator in IRd of order 2m, aα(x) ∈
C∞(IRd) and the function f(x) belongs to the Banach space X(Ω).

We use the following definition of ellipticity :

Definition 6.1. The equation

∑

|α|≤2m

aα(x)Dαu(x) = −f(x)

133
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is called elliptic in a domain Ω if
∑

|α|≤2m

aα(x)ξα1ξα2 . . . ξαd
6= 0 when |ξ| 6= 0

holds for every point x ∈ Ω. The corresponding operator
∑
|α|≤2m aα(x)Dα

is called elliptic in Ω.

Assume that f(x), ϕ(x), and the boundary ∂Ω satisfy conditions en-
suring that the solution of the problem (6.1, 6.2) exists and is unique [Jost
(2002); Miranda (1955)].

We shall study Monte Carlo algorithms for calculating linear functionals
of the solution of the problem (6.1, 6.2)

J(u) = (h, u) =
∫

Ω

u(x)h(x)dx, (6.3)

where h ∈ X∗(Ω) (X∗(Ω) is the dual functional space to X(Ω)).
For many applications X = L1 and thus X∗ = L∞ , or X = L2,

X∗ = L2.
There are two approaches for calculating (6.3). The first approach uses

a discretization of the problem (6.1, 6.2) on a mesh and solves the resulting
linear algebraic system, which approximates the original problem (6.1, 6.2).
This approach leads to the so-called grid Monte Carlo algorithm, or grid
walk algorithm. The second approach - the grid-free approach - uses an
integral representation for the problem (6.1, 6.2).

6.2 Grid Monte Carlo Algorithm

Consider a regular mesh (lattice) with step-size h in IRd. Let Ωh be the set
of all inner mesh points (γ ∈ Ωh if and only if γ ∈ Ω); ∂Ωh be the set of
all boundary mesh points (γ ∈ ∂Ωh if there exists a neighboring mesh point
γ∗ which does not belong to IRd \ Ω̄) and uh be a function defined on a set
of mesh points (a mesh function).

The differential operator L at the mesh point xi ∈ Ωh is approximated
by a difference operator Lh as follows:

(Lhuh)i =
∑

xj∈Pk(xi)

ah(xi, xj)uh(xj) , (6.4)

where ah(xi, xj) are coefficients; and Pk(xi) is a set of mesh points with
center in xi ∈ Ωh called scheme.
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Since L is a linear differential operator, after the discretization of (6.4),
the following system of linear equations arises

Au = b, (6.5)

where b = (b1, . . . , bn)T ∈ IRn×1 is an n-dimensional vector and A ∈ IRn×n

is an n × n-dimensional matrix. For solving the system (6.5) one can use
MC methods described in Chapter 4.

6.3 Grid-Free Monte Carlo Algorithms

Consider two approaches for constructing grid-free Monte Carlo algorithms.
The first one consists in obtaining a global integral representation both on
the boundary and on the domain.

Let us consider an example of the following linear elliptic BVP:

∆u(x)− c2u(x) = −ϕ(x), x ∈ Ω (6.6)

u(x) = ψ(x), x ∈ ∂Ω, (6.7)

where ∆ is the Laplacian and the functions ϕ(x), ψ(x) and the boundary
satisfy all conditions, which provide the existence of a unique solution of
the problem (6.6, 6.7).

From the theory of fundamental solutions it follows that the solution
of the problem (6.6, 6.7) can be represented as the integral equation (4.6)
(see, Section 4.1) [Bitzadze (1982); Ermakov and Mikhailov (1982)], where

k(x, y) =





cd(x)
sinh[cd(x)]

δ(y − x) , when x ∈ Ω \ ∂Ω

0 , when x ∈ ∂Ω

f(x) =





1
4π

∫
sinh((d(x)− |y − x|)c
|y − x| sinh[cd(x)]

ϕ(y)dy , when x ∈ Ω \ ∂Ω

ψ(x) , when x ∈ ∂Ω

and d = d(x) is the distance from x to the boundary ∂Ω.
It will it be necessary to calculate the functional (6.3), where u is the

solution of the problem (6.6, 6.7) and h is a given function.
This representation permits the use of a random variable for calculating

the functional (6.3). Unfortunately, this approach is not successful when
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one deals with more complicated operators for which it is impossible to find
an integral representation.

The second grid-free Monte Carlo approach is based on use of local
integral representation of the solution. In this case the Green’s function for
standard domains, lying inside the domain Ω (for example - ball, sphere,
ellipsoid) is used.

Consider the elliptic boundary value problem:

Mu = −φ(x), x ∈ Ω, Ω ⊂ IR3 (6.8)

u = ψ(x), x ∈ ∂Ω, (6.9)

where

M =
3∑

i=1

(
∂2

∂x2
(i)

+ bi(x)
∂

∂x(i)

)
+ c(x).

Define the class of domains A(k,λ):

Definition 6.2. The domain Ω belongs to the class A(k,λ) if for any point
x ∈ ∂Ω (from the boundary ∂Ω) the boundary ∂Ω can be presented as a
function z3 = σ(z1, z2) in the neighborhood of x for which σ(k)(z1, z2) ∈
Hλ(α; ∂Ω), i.e.

|σ(k)(y)− σ(k)(y′)| ≤ α|y − y′|λ,

where the vectors y ≡ (z1, z2) and y′ ≡ (z′1, z
′
2) are 2-dimensional vectors,

α is a constant and λ ∈ (0, 1].

If in the closed domain Ω̄ ∈ A(1,λ) the coefficients of the operator M

satisfy the conditions bj , c(x) ∈ Hλ(α; Ω̄), c(x) ≤ 0 and φ ∈ Hλ(α; Ω)∩
C(Ω̄), ψ ∈ C(∂Ω), the problem (6.8, 6.9) has a unique solution u(x) in
C2(Ω)∩C(Ω̄). The conditions for uniqueness of a solution can be found in
([Jost (2002)], p. 179 and [Bitzadze (1982)], p. 79).

We obtain an integral representation of the solution u(x). This rep-
resentation allows for the use of the random variable for calculating the
functional (6.3).

6.3.1 Local Integral Representation

We use the grid-free Monte Carlo approach to estimate the functional (6.3).
This approach is based on the use of a local integral representation of the
solution u(x) in the problem (6.8, 6.9). The representation uses the Green’s
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function approach for standard domains, lying inside the domain Ω. The
initial step in studying the grid-free Monte Carlo approach is to obtain an
integral representation of the solution in the form:

u(x) =
∫

B(x)

k(x, y)u(y)dy + f(x) (6.10)

assuming that such a representation exists.
The iterative Monte Carlo process converges when the condition

‖ K(u) ‖L1= max
x∈Ω

∫

Ω

| k(x, y) | dy ≤ q < 1 (6.11)

holds.
For the existence of the integral representation, (6.10) might be obtained

using the result of C. Miranda [Miranda (1955)] taking into consideration
that the domain B(x) belongs to the space A(1,λ) and that the operator M

is of elliptic type. We seek a representation of the integral kernel k(x, y)
using Levy’s function and the adjoint operator M∗ for the initial differential
operator M . The following Lemma holds:

Lemma 6.1. Let the components of the vector-function b(x) satisfy
the conditions bj(x) ∈ C(1)(Ω), (j = 1, 2, 3) and divb(x) = 0.

Then the adjoint operator M∗ applied on functions v(x), where v ∈
C2(Ω) and

∂v(x)
∂x(i)

= v(x) = 0 for any x ∈ ∂Ω, i = 1, 2, 3

has the following form:

M∗ =
3∑

i=1

(
∂2

∂x2
(i)

− bi(x)
∂

∂x(i)

)
+ c(x).

Proof. Let us show that M∗ is an adjoint operator to M , i.e. we have
to prove that

∫

Ω

v(x)Mu(x)dx =
∫

Ω

u(x)M∗v(x)dx. (6.12)

To prove (6.12) we use Green’s formulas:
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∫

Ω

u(x)
3∑

i=1

∂v(x)
∂x(i)

dx = −
∫

Ω

v(x)
3∑

i=1

∂u(x)
∂x(i)

dx

+
∫

∂Ω

3∑

i=1

u(x)v(x)nidxS (6.13)

and

∫

Ω

u(x)∆v(x)dx = −
∫

Ω

grad u(x)grad v(x)dx +
∫

∂Ω

u(x)
3∑

i=1

ni
∂v(x)
∂x(i)

dxS,

where

∆ =
3∑

i=1

∂2

∂x2
(i)

, divb(x) =
3∑

i=1

∂bi(x)
∂x(i)

,

gradu(x) ≡
(

∂u(x)
∂x(1)

,
∂u(x)
∂x(2)

,
∂u(x)
∂x(3)

)
,

and n ≡ (n1, n2, n3) is the exterior normal for the boundary ∂Ω.
Taking into consideration that

divb(x) = 0 and
∂v(x)
∂x(i)

= v(x) = 0 for any x ∈ ∂Ω, i = 1, 2, 3,

we have

∫

Ω

v(x)Mu(x)dx =
∫

Ω

v(x) (∆u(x) + b(x)grad u(x) + c(x)u(x)) dx

= −
∫

Ω

grad v(x)grad u(x)dx +
∫

∂Ω

v(x)
3∑

i=1

ni
∂u(x)
∂x(i)

dxS

+
∫

Ω

v(x)b(x)grad u(x)dx +
∫

Ω

v(x)c(x)u(x)dx

= −
∫

Ω

grad v(x)grad u(x)dx +
∫

Ω

v(x)
3∑

i=1

bi(x)
∂u(x)
∂x(i)

dx +
∫

Ω

v(x)c(x)u(x)dx.
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On the other hand∫

Ω

u(x)M∗v(x)dx =
∫

Ω

u(x) [∆v(x)− b(x)grad v(x) + c(x)v(x)] dx

= −
∫

Ω

grad u(x)grad v(x)dx +
∫

∂Ω

u(x)
3∑

i=1

ni
∂v(x)
∂x(i)

dxS

−
∫

Ω

u(x)b(x)grad v(x)dx +
∫

Ω

u(x)c(x)v(x)dx

= −
∫

Ω

grad u(x)grad v(x)dx−
∫

Ω

u(x)
3∑

i=1

bi(x)
∂v(x)
∂x(i)

dx

+
∫

Ω

u(x)c(x)v(x)dx

= −
∫

Ω

grad u(x)grad v(x)dx +
∫

Ω

v(x)
3∑

i=1

∂(u(x)bi(x))
∂x(i)

dx

−
∫

∂Ω

3∑

i=1

nibi(x)u(x)v(x)dx +
∫

Ω

v(x)c(x)u(x)dx

= −
∫

Ω

grad u(x)grad v(x)dx +
∫

Ω

v(x)
3∑

i=1

bi(x)
∂u(x)
∂x(i)

dx

+
∫

Ω

v(x)c(x)u(x)dx.

From the last result there follows the proof of the lemma. ¤

The Levy’s function for the problem (6.8, 6.9) is

Lp(y, x) = µp(R)
∫ R

r

(1/r − 1/ρ)p(ρ)dρ, r ≤ R, (6.14)

where the following notations are used:

p(ρ) is a density function;

r = |x− y| =
(

3∑

i=1

(x(i) − y(i))2
)1/2

;

µp(R) = [4πqp(R)]−1 ;

qp(R) =
∫ R

0

p(ρ)dρ.
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It is clear that the Levy’s function Lp(y, x), and the parameters qp(R)
and µp(R) depend on the choice of the density function p(ρ). In fact, the
equality (6.14) defines a family of functions.

We seek a choice of p(ρ) which leads to a representation of type (6.10).
Moreover, the kernel of the integral transform should be a transition density
function, i.e. k(x, y) ≥ 0.

From an algorithmic point of view the domain B(x) must be chosen in
such a way that the coordinates of the boundary points y ∈ ∂B(x) can be
easily calculated.

Denote by B(x) the ball:

B(x) = BR(x) = {y : r =| y − x |≤ R(x)}, (6.15)

where R(x) is the radius of the ball.
For the Levy’s function Lp(y, x) the following representation holds (see,

[Miranda (1955)] ):

u(x) =
∫

B(x)

(
u(y)M∗

y Lp(y, x) + Lp(y, x)φ(y)
)
dy

+
∫

∂B(x)

3∑

i=1

ni

[(
Lp(y, x)∂u(y)

∂y(i)
− u(y)∂Lp(y, x)

∂y(i)

)

− bi(y)u(y)Lp(y, x)] dyS, (6.16)

where n ≡ (n1, n2, n3) is the exterior normal to the boundary ∂T (x).
Formula (6.16) holds for any domain T (x) ∈ A(1,λ) contained in Ω.
Obviously, B(x) ∈ A(1,λ) and therefore for every ball lying inside the

domain Ω the representation (6.16) holds.
Now we express the solution u(x) by the Green’s function G(x, y). It is

known, that the Green’s function is a solution of the problem:

M∗
y G(x, y) = −δ(x− y), y ∈ Ω \ ∂Ω \ {x},
G(x, y) = 0, y ∈ ∂Ω, x ∈ Ω \ ∂Ω.

The Green’s function is the Levy’s function, Lp(y, x), for which (6.8,
6.9) hold.

Under the condition Lp(y, x) = G(x, y) from (6.16) it is possible to get
the integral representation:

u(x) =
∫

B(x)

G(x, y)f(y)dy −
∫

∂B(x)

3∑

i=1

ni
∂G(x, y)

∂y(i)
u(y)dyS. (6.17)

Representation (6.17) is the basis for the Monte Carlo method.



September 17, 2007 10:48 World Scientific Book - 9in x 6in book

Monte Carlo Methods for Boundary-Value Problems (BVP) 141

For achieving this aim it is necessary to have a non-negative integral
kernel. Next we show that it is possible to construct the Levy’s function
choosing the density p(ρ) such that M∗

y Lp(y, x) is non-negative in B(x) and
such that Lp(y, x) and its derivatives vanish on ∂B(x), i.e.

Lp(y, x) = ∂Lp(y, x)/∂yi = 0 for y ∈ ∂B(x), i = 1, 2, 3.

Lemma 6.2. The conditions

M∗
y Lp(y, x) ≥ 0 for any y ∈ B(x)

and

Lp(y, x) = ∂Lp(y, x)/∂y(i) = 0, for any y ∈ ∂B(x), i = 1, 2, 3

are satisfied for

p(r) = e−kr,

where

k ≥ max
x∈Ω

| b(x) | +R max
x∈Ω

| c(x) | (6.18)

and R is the radius of the maximal ball B(x) ⊂ Ω̄.

Proof. The condition

Lp(y, x) = 0, for any y ∈ ∂B(x)

obviously holds. It follows from (6.14), (6.15), since if y ∈ ∂B(x), then
r = R and Lp(y, x) = 0.

The condition

∂Lp(y, x)/∂y(i) = 0, for any y ∈ ∂B(x), i = 1, 2, 3

can be checked immediately. Indeed,

∂Lp(y, x)
∂y(i)

=
∂Lp

∂r

∂r

∂y(i)
= µp(R)

∂

∂r

(∫ R

r

(1/r − 1/ρ)p(ρ)dρ

)
∂r

∂y(i)

= µp(R)
∂

∂r

(
1
r

∫ R

r

p(ρ)dρ−
∫ R

r

1
ρ
p(ρ)dρ

)
∂r

∂y(i)

= µp(R)

[
− 1

r2

∫ R

r

p(ρ)dρ +
1
r

(−p(r))−
(
−1

r
p(r)

)]
∂r

∂y(i)

= µp(R)

(
− 1

r2

∫ R

r

p(ρ)dρ

)
∂r

∂y(i)
.
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Taking into consideration that ∂r
∂y(i)

= −(x(i)−y(i))

r one can get

∂Lp(y, x)
∂y(i)

= µp(R)
(x(i) − y(i))

r3

∫ R

r

p(ρ)dρ. (6.19)

The last expression vanishes when r = R, i.e. for every boundary point
y ∈ ∂B(x). Thus we obtain

∂Lp(y, x)/∂y(i) = 0, for any y ∈ ∂B(x), i = 1, 2, 3.

Now calculate M∗
y Lp(y, x). The operator M∗

y has the following form:

M∗
y =

3∑

i=1

(
∂2

∂y2
(i)

)
−

3∑

i=1

(
bi(y)

∂

∂y(i)

)
+ c(y)

and M∗
y Lp(y, x) has the form:

M∗
y Lp(y, x) =

3∑

i=1

(
∂2Lp(y, x)

∂y2
(i)

)

−
3∑

i=1

(
bi(y)

∂Lp(y, x)
∂y(i)

)
+ c(y)Lp(y, x). (6.20)

The second term of (6.20) is calculated using (6.19), i.e.

3∑

i=1

bi(y)
∂Lp(y, x)

∂y(i)
= µp(R)

3∑

i=1

bi(y)
(x(i) − y(i))

r3

∫ R

r

p(ρ)dρ. (6.21)

Calculate the first term in (6.20). That can be done easily when we use
spherical coordinates:

y(1) − x(1) = r sin θ cos ϕ, y(2) − x(2) = r sin θ sinϕ, y(3) − x(3) = r cos θ,

where 0 < r < R(x), θ ∈ [0, π) and ϕ ∈ [0, 2π).
Thus the Laplacian

∆y =
3∑

i=1

(
∂2

∂y2
(i)

)

written in spherical coordinates has the following form ([Tikchonov and
Samarskii (1977)], p. 282):

∆r,θ,ϕ =
1
r2

∂

∂r

(
r2 ∂

∂r

)
+

1
r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1
r sin2 θ

∂2

∂ϕ2
.
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The Levy’s function in spherical coordinates depends on the radius r,
(see, (6.14)). Thus,

∆yLp(y, x) = ∆r,θ,ϕLp(r) =
1
r2

∂

∂r

(
r2 ∂Lp(r)

∂r

)

= µp(R)
1
r2

∂

∂r
r2 ∂

∂r

(∫ R

r

(1/r − 1/ρ)p(ρ)dρ

)

= µp(R)
1
r2

∂

∂r

(
r2

(
− 1

r2

) ∫ R

r

p(ρ)dρ

)

= µp(R)
(
− 1

r2

)
∂

∂r

∫ R

r

p(ρ)dρ = µp(R)
p(r)
r2

. (6.22)

Taking into consideration (6.20), (6.21) we obtain:

M∗
y Lp(y, x) = µp(R)

p(r)
r2

− µp(R)c(y)
∫ R

r

p(ρ)
ρ

dρ

+
µp(R)

r2

[
c(y)r +

3∑

i=1

bi(y)
y(i) − x(i)

r

] ∫ R

r

p(ρ)dρ.

Next we prove that M∗
y Lp(y, x) is non-negative for every point of the

ball B(x). Write M∗
y Lp(y, x) in the following form:

M∗
y Lp(y, x) =

µp(R)
r2

Γp(y, x),

where

Γp(y, x) = p(r) + c(y)r

(∫ R

r

p(ρ)dρ−
∫ R

r

p(ρ)r
ρ

dρ

)

+
3∑

i=1

bi(y)
y(i) − x(i)

r

∫ R

r

p(ρ)dρ.

It is necessary to show that for all y ∈ B(x) the function Γp(y, x) is
non-negative. From the condition c(y) ≤ 0 it follows that

Γp(y, x) = p(r)−
∣∣∣∣∣c(y)r

(∫ R

r

p(ρ)dρ−
∫ R

r

p(ρ)r
ρ

dρ

)∣∣∣∣∣

+
3∑

i=1

bi(y)
y(i) − x(i)

r

∫ R

r

p(ρ)dρ ≥ 0. (6.23)

So, it is necessary to prove (6.23). For p(r) = e−kr we have

p(r) ≥ e−kr − e−kR = k

∫ R

r

p(ρ)dρ.
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Choosing

k ≥ max
x∈Ω

| b(x) | +Rmax
x∈Ω

| c(x) |
one can obtain

p(r) ≥
(

max
x∈Ω

| b(x) | +Rmax
x∈Ω

| c(x) |
)∫ R

r

p(ρ)dρ

≥ | c(y) | r
∫ R

r

p(ρ)dρ+ | b(y) |
∫ R

r

p(ρ)dρ

≥ | c(y) | r
(
∫ R

r

p(ρ)dρ−
∫ R

r

p(ρ)r

ρ
dρ

)

+

∣
∣
∣
∣
∣

3∑

i=1

bi(y)
y(i) − x(i)

r

∣
∣
∣
∣
∣

∫ R

r

p(ρ)dρ. (6.24)

One can see that (6.23) follows from (6.24). �

Now the representation (6.10) can be written in the form:

u(x) =

∫

B(x)

M∗
yLp(y, x)u(y)dy +

∫

B(x)

Lp(y, x)φ(y)dy. (6.25)

The last representation enables the formulation of a unbiased estimate

for the solution of the problem under consideration.

6.3.2 Monte Carlo Algorithms

Some simple numerical examples for performing grid and grid-free Monte

Carlo algorithms will now be considered.

Let the operator L in the equation (6.1) be the Laplacian:

L = ∆.

Using a regular discretisation with a step–size h equation (6.1) is approxi-

mated by the following difference equation

∆
(d)
h u = −fh. (6.26)

Assume that (6.26) is solved for the ith point i = (i1, . . . , id):

ui = Lhu+
h2

2d
fi,

where ∆
(d)
h is the Laplace difference operator, and Lh is an averaging op-

erator. For example, the operator Lh in IR2 is

Lhu =
1

4
[ui−1,j + ui+1,j + ui,j−1 + ui,j+1] =

1

4
Λ1(i, j)
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and then (6.26) becomes

uij =
1
4
Λ1(i, j) +

h2

4
fi,j . (6.27)

The matrix form of equation (6.27) has only 2d non-zero elements in
each row and they all are equal to 1

2d .
The grid Monte Carlo algorithm for solving (6.27) consists in simulating

a Markov chain with initial density p0 which is permissible to the vector
h (see, Definition 4.1 given in Section 4 and formulas (4.20) and (4.21)).
The probability pαβ for the transition from the point α to the next point
β in our case is equal to 1

2d if the point is inside of the domain, that is
((x(1))α, (x(2))β) ∈ Ωh, and pαβ = 0 for boundary points (the boundary
is an absorbing barrier for the process). Then the random variable whose
mathematical expectation coincides with the solution of the problem is:

θ =
h2

2d

i∗−1∑

i=1

fi + ϕi∗ ,

where fi are values of the function f in the points of the Markov chain,
and i∗ is the point where Markov chain reaches the boundary ∂Ωh

0 10

1

θ2 := u(x∗12, x
∗
22)

θ3 := u(x∗13, x
∗
23)

θ1 := u(x∗11, x
∗
21)

(x10, x20)

Fig. 6.1 Grid Monte Carlo algorithm (N trajectories from the initial point (x10, x20)
to the boundary are constructed and the mean value of the encountered boundary values
is computed).

The well known grid algorithm (see, for example, [Shreider (1964)]) can
be described in pseudo-code notation (see Figure 6.1):
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Algorithm 6.1.

Start at the grid point (x10, x20), i.e. (x(1), x(2)) := (x10, x20)
While (x(1), x(2)) is not at the boundary

Move to a neighboring point (x′(1), x
′
(2)) ∈ {(x(1) − h, x(2)),

(x(1) + h, x(2)), (x(1), x(2) − h), (x(1), x(2) + h)}
(i.e. (x(1), x(2)) := (x′(1), x

′
(2)))

such that each neighboring is selected with
the same probability p = 1/4

Let (x∗(1), x
∗
(2)) be the final point at the boundary. Then, the searched

random variable is:

θ := u(x∗(1), x
∗
(2)).

In order to compute Eθ, we start N Markov processes of the above
kind, delivering N realizations θ1, . . . , θN of the random variable θ and
approximate the solution by their mean as described above.

Now consider the grid-free Monte Carlo algorithm based on the local
integral representation of the problem.

First, let us describe the selection algorithm (due to John von Neumann
[von Neumann (1951)]) in general case. This approach is also commonly
called the acceptance-rejection method or accept-reject algorithm [Robert
and Casella (2004); von Neumann (1951)]. Suppose v1(x) and v2(x) are
given functions, 0 ≤ v1(x) ≤ v2(x) and

∫

Ω

v1(x)dx = V1 < ∞,

∫

Ω

v2(x)dx = V2 < ∞,

where Ω ⊂ IR3.
Consider an algorithm for simulation of the random variable with den-

sity function v2(x)/V2 and simulate other random variable with the density
function v1(x)/V1. It is necessary to give a realization ξ of the random vari-
able with density v2(x)/V2 and an independent realization γ of the random
variable uniformly distributed in (0, 1), as well as to check the inequality
γv2(x) ≤ v1(x). If the last inequality holds, ξ is the needed realization.
Otherwise, the process have to be repeated. This means that, with enough
replicates, the algorithm generates a sample from the desired distribution
v2(x)/V2. There are a number of extensions to this algorithm, such as the
Metropolis (or Metropolis-Hastings) algorithm [Metropolis et al. (1953);
Berg (2004); Hastings (1970); Chib and Greenberg (1995)]. The efficiency
of the selection algorithm is measured by E = V1/V2.
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A local integral representation (6.25) for the boundary value problem
(6.8, 6.9) is obtained. Comparing (6.10) with (6.25) one can get

k(x, y) =
{

M∗
y Lp(y, x), when x ∈ Ω \ ∂Ω,

0, when x ∈ ∂Ω,

and

f(x) =

{∫
B(x)

Lp(y, x)φ(y)dy when x ∈ Ω \ ∂Ω,

ψ(x), when x ∈ ∂Ω.

The Monte Carlo procedure for solving this problem can be defined as
a ball process. To ensure the convergence of the process, we introduce the
ε-strip of the boundary, i.e.

∂Ωε = {x ∈ Ω : B(x) = Bε(x)}, where Bε(x) = {y : r =| y − x |≤ ε}.
Consider a transition density function

p(x, y) = k(x, y) = M∗
y Lp(y, x) ≥ 0. (6.28)

This transition density function defines a Markov chain ξ1, ξ2, . . . , ξi such
that every point ξj , j = 1, . . . , i−1 is chosen on the maximal ball B(xj−1),
lying in Ω in accordance with the density (6.28). The Markov chain stops
when it reaches ∂Ωε. So, ξi ∈ ∂Ωε.

Let us consider the random variable

θ[ξ0] =
i∑

j=0

Qj

∫

B(ξj)

Lp(y, ξj)f(y)dy + ϕ(ξi),

where

Q0 = 1 (6.29)

Qj = Qj−1M
∗
y Lp(ξj , ξj−1)/p(ξj−1, ξj), j = 1, 2, . . . , i, (6.30)

ϕ(ξi) is the value of the boundary function at the last point of the Markov
chain ξi.

It is easy to see that the solution of the problem at the point ξ0 can be
presented as

u(ξ0) = Eθ[ξ0]. (6.31)

To ensure the convergence of the process we consider the next estimate:∫ ∫
k(x, y)k(y, z)dydz <

∫
δ(y − z)

∫
δ(z − y)dzdy

=
∫

δ(y − x)dy < 1− ε2

4R2
m

,
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where k(x, y) ≥ 0 is defined by (6.28) and Rm is the supremum of all radii
of the spheres lying in Ω.

The above estimate ensures the convergence of the Neumann series and,
therefore of the process (6.30) as well.

Obviously, all non-zero values of Qj are equal to 1 and the problem
consists in simulating a Markov chain with a transition density function
p(x, y) in the form (6.28). Thus, the problem of calculating u(ξ0) is reduced
to estimating the expectation (6.31). As the approximate value of u(ξ0) is
set up

θN = 1/N
N∑

s=1

{θ[ξ0]}s,

where {θ[ξ0]}s is the sth realization of the random variable θ[ξ0] on a Markov
chain with initial point ξ0 and transition density function (6.28).

As it was shown in Section 4.1, the probable error for this type of
random processes is rN = cσ(θ[ξ0])N−1/2, where c ≈ 0.6745 and σ(θ[ξ0]) is
the standard deviation.

The direct simulation of a random variable with the stationary den-
sity function p(x, y) is unsuitable since the complexity of the expression for
M∗

y L(y, x) would sharply increase the algorithm’s computational complex-
ity. In this case it is advisable to use the rejection sampling algorithm.

Denote by p0(x, y) the transition density function of the Markov chain
M∗

y Lp with c(x) ≡ 0.
It is easy to see, that

p(x, y) ≤ p0(x, y).

The function p0(x, y) satisfies the condition for a transition density function
of the Markov chain.

∫

B(x)

p0(x, y)dy = 1. (6.32)

Indeed,

∫

B(x)

p0(x, y)dy =
∫

B(x)

M∗
y Lp(y, x)

∣∣∣∣∣
c(y)≡0

dy

=
∫

B(x)

3∑

i=1

∂2Lp(y, x)
∂y2

(i)

dy −
∫

B(x)

3∑

i=1

(
bi(y)

∂Lp(y, x)
∂y(i)

)
dy.



September 17, 2007 10:48 World Scientific Book - 9in x 6in book

Monte Carlo Methods for Boundary-Value Problems (BVP) 149

Apply Green’s formula (6.13) to the second integral:

∫

B(x)

3∑

i=1

(
bi(y)

∂Lp(y, x)
∂y(i)

)
dy

=
∫

∂B(x)

3∑

i=1

nibi(y)Lp(y, x)dyS −
∫

B(x)

Lp(y, x)div b(y)dy = 0,

because div b(y) = 0 and Lp(y, x)|y∈∂B(x) = 0, where n ≡ (n1, n2, n3) is
the exterior normal to the boundary ∂B(x).
Calculate the first integral using spherical coordinates:

∫

B(x)

3∑

i=1

∂2Lp(y, x)
∂y2

(i)

dy

=
∫ R

0

∫ π

0

∫ 2π

0

r2 sin θ

4πqp(R)
1
r2

∂

∂r
r2 ∂

∂r

(∫ R

r

(1/r − 1/ρ)p(ρ)dρ

)
drdθdϕ

=
1

qp(R)

∫ R

0

∂

∂r
r2 ∂

∂r

(∫ R

r

(1/r − 1/ρ)p(ρ)dρ

)
dr

=
1

qp(R)

(
r2 ∂

∂r

∫ R

r

(1/r − 1/ρ)p(ρ)dρ

)∣∣∣∣∣

r=R

r=0

=
1

qp(R)
(−1)

∫ R

r

p(ρ)dρ

∣∣∣∣∣

r=R

r=0

=
qp(R)
qp(R)

= 1.

Thus, we proved (6.32).
The function p0(x, y) can be expressed in Cartesian coordinates as

p0(x, y) =
µp(R)

r2

[
p(r) +

3∑

i=1

bi(y)
y(i) − x(i)

r

] ∫ R

r

p(ρ)dρ.

Taking into consideration that

dy1dy2dy3 = r2 sin θdrdθdϕ and y(i) − x(i) = rwi, i = 1, 2, 3

one can write:

p0(r,w) = µp(R) sin θ

[
p(r) +

3∑

i=1

bi(x + rw)wi

] ∫ R

r

p(ρ)dρ,

or

p0(r,w) =
sin θ

4πqp(R)

[
p(r) +

3∑

i=1

bi(x + rw)wi

] ∫ R

r

p(ρ)dρ.
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Here w≡ (w1, w2, w3) is an unique isotropic vector in IR3, where w1 =
sin θ cos ϕ, w2 = sin θ sin ϕ and w3 = cos θ.

Now one can write p0(r,w) in the following form:

p0(r,w) = p0(r)p0(w/r),

where

p0(r) =
p(r)

qp(R)
=

ke−kr

1− e−kR

is a density function and

p0(w/r) =
sin θ

4π

[
1 +

| b(x + rw) | cos(b,w)
p(r)

∫ R

r

p(ρ)dρ

]

is a conditional density function.
In [Ermakov et al. (1984)] it is proved that E ≥ 1

2 for the same density
function and for the boundary value problem in IRd(d ≥ 2).

In [Dimov (1989)] a majorant function hr(w) for p0(w/r) was found and
the following theoretical result for the algorithm efficiency of the rejection
sampling grid-free Monte Carlo algorithm was proved:

E ≥ 1 + α

2 + α
, (6.33)

where

α =
maxx∈Ω | c(x) | R
maxx∈Ω | b(x) | ,

and R is the radius of the maximal sphere lying inside Ω.
The following result holds:

Theorem 6.1. For the efficiency of the rejection sampling grid-free Monte
Carlo algorithm the inequality:

E ≥ 1 + α

2 + α− εR
, 0 < εR =

1
ekR

< 1,

holds, when the majorant function

hr(w) =
sin θ

4π

[
1 +

maxx∈Ω | b(x) |
p(r)

∫ R

r

p(ρ)dρ

]

is used.
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Proof. Estimate the conditional density function p0(w/r):

p0(w/r) =
sin θ

4π

[
1 +

| b(x + rw) | cos(b,w)
p(r)

∫ R

r

p(ρ)dρ

]

≤ sin θ

4π

[
1 +

B

p(r)

∫ R

r

p(ρ)dρ

]
= hr(w)

where B = maxx∈Ω | b(x) |.
On the other hand

hr(w) =
sin θ

4π

[
1 +

B

p(r)

∫ R

r

p(ρ)dρ

]
=

sin θ

4π

[
1 +

B

k

(
1− e−k(R−r)

)]

=
sin θ

4π

[
1 +

B

k

(
1− ekr

ekR

)]

≤ sin θ

4π

[
1 +

B

k

(
1− 1

ekR

)]
= H(w). (6.34)

The functions hr(w) and H(w) are majorants for the p0(w/r). For the
efficiency of the rejection sampling Monte Carlo algorithm in the case when
c(y) ≡ 0 one can obtain:

E =

∫ 2π

0

∫ π

0
p0(w/r)dθdϕ∫ 2π

0

∫ π

0
H(w)dθdϕ

=
1

1 + B
k

(
1− 1

ekR

)

=
k

k + B(1− 1
ekR )

=
B + R maxx∈Ω | c(x) |

2B + R maxx∈Ω | c(x) | − B
ekR

=
1 + α

2 + α− εR
,

where

k = B + R max
x∈Ω

| c(x) |, (see (6.18)),

α =
maxx∈Ω | c(x) | R

B
and εR =

1
ekR

.

Taking into consideration (6.34), one can get

E ≥ 1 + α

2 + α− εR
, (6.35)

when the majorant function hr(w) is used. This completes the proof.
It is clear that if εR → 0 then the result (6.33) follows.

¤
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Denote by p̄(x, y) the following function:

p̄(x, y) =
p(x, y)

V
, where

∫

B(x)

p(x, y)dy = V < 1,

This is a density function in the case when c(y) 6= 0.
The function p(x, y) can be expressed in spherical coordinates as:

p(r,w) =
sin θ

4πqp(R)

×
[
p(r) +

(
3∑

i=1

bi(x + rw)wi + c(x + rw)r

)

×
∫ R

r

p(ρ)dρ− c(x + rw)r2

∫ R

r

p(ρ)
ρ

dρ

]
.

The following inequalities hold:

p(r,w) ≤ p0(r,w) ≤ p(r)
qp(R)

hr(w) (6.36)

=
sin θ p(r)
4πqp(R)

[
1 +

maxx∈Ω | b(x) |
p(r)

∫ R

r

p(ρ)dρ

]
≡ h(r,w).

It is easy to prove that in case when h(r,w) is a majorant of the function
p(r,w) the efficiency of the rejection sampling algorithm is

E ≥ V
1 + α

2 + α− εR
.

This estimation follows from Theorem 6.1 and (6.36). Clearly, the ef-
ficiency E depends on the norm of the kernel k(x, y), because p(x, y) =
k(x, y).

In the rejection sampling algorithm it is necessary to simulate a random
variable η with a density

p̄r(w) = 1 +
[ | b(x + rw) | cos(b,w) + c(x + rw)r

p(r)

]
×

×
∫ R

r

p(ρ)dρ− c(x + rw)r2

p(r)

∫ R

r

p(ρ)
ρ

dρ.

Since

p̄r(w) ≤ 1 +
B

p(r)

∫ R

r

p(ρ)dρ = h(r)
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the function h(r) is a majorant for the rejection sampling algorithm.
Here a Monte Carlo algorithm for the selection algorithm is described:
Consider a point x ∈ Ω with the initial density p(x). Suppose that p(x)

is tolerant to g(x).

Algorithm 6.2.
Grid-free Monte Carlo Algorithm
1. Calculate the radius R(x) of the maximal sphere lying inside Ω and

having center x.
2. Calculate a realization r of the random variable τ with the density

p(r)
qp(R)

=
ke−kr

1− e−kR
. (6.37)

3. Calculate the function

h(r) = 1 +
B

p(r)

∫ R

r

p(ρ)dρ = 1 +
B

k

(
1− e−k(R−r)

)
.

4. Simulate independent realizations wj of a unique isotropic vector
in IR3.

5. Simulate independent realizations γj of a uniformly distributed
random variable in the interval [0, 1].

6. Calculate the parameter j0, given by

j0 = min{j : h(r)γj ≤ p̄r(wj)},
and stop the execution of the steps 4 and 5. The random vector wj0 has
the density p̄r(w).

7. Calculate the random point y, with a density p̄r(w), using the
following formula:

y = x + rwj0 .

The value r =| y− x | is the radius of the sphere lying inside Ω and having
center at x.

8. Stop the random trajectory when the random process reaches the
ε-strip ∂Ωε, i.e. y ∈ ∂Ωε. The random variable is calculated. If y∈̄∂Ωε

then the algorithm has to be repeated for x = y.
9. Perform N random trajectories repeating steps 2 to 8.

An illustration of the considered grid-free algorithm is given on Figure
6.2.

It is clear that the algorithmic efficiency depends on the expectation
of the position of the point y. The location of y depends of the random
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0 1
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(x10, x20)

ε-strip

θ1 := u(x∗11, x
∗
21)

θ2 := u(x∗12, x
∗
22)

Fig. 6.2 Illustration of the Grid-free Monte Carlo algorithm.

variable τ with a density (6.37). When the random point is near to the
boundary of the ball, the process goes to the boundary of the domain ∂Ωε

quickly. So, it will be important to have an estimate of the mathematical
expectation of τ .

One can calculate the value of Eτ :

Eτ =
∫ R

0

r
p(r)

qp(R)
dr =

∫ R

0

rke−kr

1− e−kR
dr =

1
k

+
R

1− ekR
.

Obviously, the sequential algorithmic efficiency depends of the product
(kR) (where R is the radius of the maximal ball, lying inside of the domain Ω
for the starting point of the random process). Therefore, the computational
results given in the next section are performed for different values of the
product (kR).

6.3.3 Parallel Implementation of the Grid-Free Algorithm

and Numerical Results

It is well known that Monte Carlo algorithms are well suited for paral-
lel architectures. In fact, if we consider the calculation of a trajectory as
a single computational process, it is straightforward to regard the Monte
Carlo algorithm as a collection of asynchronous processes evolving in par-
allel. Clearly, MIMD (multiple instruction, multiple data) - machines are
the natural hardware platform for implementing such algorithms; it seems
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to be interesting to investigate the feasibility of a parallel implementation
on such type of machines. There are two main reasons:

• Monte Carlo algorithms are frequently used, within or in conjunction
with more complex and large existing codes (usually written in FOR-
TRAN or C), the easiness in programming makes the use of these ma-
chines very attractive;

• the peak performance of each processor of these machines is usually not
very high, but when a large number of processors is efficiently used a
high general computational performance can be reached.

The MIMD computer used for our tests is a IBM SP1 with 32 proces-
sors. The aim of our implementation was to demonstrate a high efficiency
of a MIMD system in which each processing element is relatively slow. The
algorithm has a very good scalability so that it can be easily implemented
on modern and future MIMD systems. The environment for parallel pro-
gramming is ATHAPASCAN which is developed by the research group
on Parallel algorithms in LMC/IMAG, Grenoble. ATHAPASCAN envi-
ronment is developed using C-language and a special library for message
passing which is similar to well-known MPI-Message Passing Interface and
PVM-Parallel Virtual Machine. ATHAPASCAN allows to distribute the
computational problem on different type of processors or/and computers.
This environment provides use of dynamic distribution of common resources
and has a high level of parallel efficiency if the numerical algorithm is well
parallelized. For more information see [Plateau (1994)].

In the previous section a general description of the Monte Carlo algo-
rithm for the selection algorithm has been provided. Note that, in the case
of an implementation on a sequential computer, all the steps of the algo-
rithm and all the trajectories are executed iteratively, whereas on a parallel
computer the trajectories can be carried concurrently.

Example. A numerical example is considered. The example deals with
the following problem

3∑

i=1

(
∂2u

∂x2
(i)

+ bi(x)
∂u

∂x(i)

)
+ c(x)u = 0, in Ω = E3 ≡ [0, 1]3.

Note that the cube E3 does not belong to the A(1,λ), but this restriction
is not important for our algorithm since an ε-strip of the domain Ω is
considered. In fact now we consider another domain Ωε which belongs to
the class A(1,λ).
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The boundary conditions for the example are:

u(x(1), x(2), x(3)) = ea1x(1)+a2x(2)+a3x(3) , (x(1), x(2), x(3)) ∈ ∂Ω.

In our tests

b1(x) = a2a3(x(2)−x(3)), b2(x) = a3a1(x(3)−x(1)), b3(x) = a(1)a2(x(1)−x(2))

(thus, the condition div b(x) = 0 is valid) and

c(x) = −(a2
1 + a2

2 + a2
3),

where a1, a2, a3 are parameters.
The problem is solved using selection grid-free Monte Carlo algorithm.
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 Fig.1. Monte Carlo solution in the first case 

 Exact solution=1.45499 
M.C. sol. for eps-strip=0.01
M.C. sol. for eps-strip=0.05
M.C. sol. for eps-strip=0.1
M.C. sol. for eps-strip=0.3

Fig. 6.3 Monte Carlo solution for the first case.

We consider three cases for the coefficients:

• the first case when

a1 = 0.25 , a2 = 0.25 , a3 = 0.25 and k ∗R = 0.101;

• the second case when

a1 = 0.5 , a2 = 0.5 , a3 = 0.5 and k ∗R = 0.40401;

• the third case

a1 = −1 , a2 = −1 , a3 = −1 and k ∗R = 1.61603.
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Fig. 6.4 Monte Carlo solution for the second case.
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 Fig.3. Monte Carlo solution in the third case 

Exact solution =0.22313
M.C. sol. for eps-strip=0.01
M.C. sol. for eps-strip=0.05
M.C. sol. for eps-strip=0.1
M.C. sol. for eps-strip=0.3

Fig. 6.5 Monte Carlo solution in the third case.

Four different ε-strip are used:

ε = 0.01, 0.05, 0.1, 0.3.

The results of evaluating the linear functional (4.7) for the above men-
tioned parameters and functions are presented in Figures 6.3 - 6.5, the case
when

h(x) = δ[(x(1) − 1/2), (x(2) − 1/2), (x(3) − 1/2)].
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Table 6.1 Selection efficiency and number of the steps to the bound-
ary domain. The number of realizations of the random ball process
is 600.

Epsilon strip k * R No of steps Selection efficiency

0.01 0.101 36 - 37 0.99
0.01 0.40401 35 - 36 0.97123
0.01 1.61603 43 - 44 0.91071

0.05 0.101 17 - 18 0.99
0.05 0.40401 17 - 18 0.9596
0.05 1.61603 20 - 21 0.85829

0.10 0.101 8 - 9 0.9887
0.10 0.40401 9 - 10 0.95371
0.10 1.61603 12 - 13 0.83596

0.30 0.101 1 - 2 0.97
0.30 0.40401 2 - 3 0.92583
0.30 1.61603 2 - 3 0.75561

The efficiency of the selection grid-free Monte Carlo does not depend on
the number of trajectories (see, Table 6.1). The result of selection efficiency
confirms our corresponding theoretical result.

The efficiency of the presented grid-free algorithm is studied in the case
when

h(x) = δ[(x(1) − 1/4), (x(2) − 1/4), (x(3) − 1/4)],

h(x) = δ[(x(1) − 1/2), (x(2) − 1/2), (x(3) − 1/2)],

respectively.
We investigate the parallel efficiency for the following values of the coeffi-
cients:

a1 = 1 , a2 = −0.5 , a3 = −0.5 and ε− strip = 0.01 , 0.05 , 0.15.

For the definition of parallel efficiency and other parallel properties we refer
to Chapter 9. The results of parallel implementation showed a very high
scalability of the algorithm with increasing the size of the computational job
(by increasing the number of random trajectories). The measured parallel
efficiency increases with increasing the number of random trajectories and
is close to 1.
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6.3.4 Concluding Remarks

• An iterative Monte Carlo algorithm using Green’s function is presented
and studied. It is proved that the integral transformation kernel in local
integral presentation can be used as transition density function in the
Markov chain. An algorithm called ball process is presented. This
algorithm is a grid-free Monte Carlo algorithm and uses the so-called
selection.

• One of the advantages of the grid-free Monte Carlo algorithm is that it
has the rate of convergence (|log rN |/r2

N ) (where rN is the statistical
error) which is better than the rate r−3

N of the grid algorithm. This
means that the same error can be reached with a smaller number of
trajectories.

• It is preferable to use the selection algorithm when it is difficult to
calculate the realizations of the random variable directly.

• The studied algorithm has high parallel efficiency. It is easily pro-
grammable and parallelizable.

• The tests performed show that Monte Carlo algorithms under consid-
eration can be efficiently implemented on MIMD-machines. The algo-
rithms under consideration are highly scalable.
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Chapter 7

Superconvergent Monte Carlo for
Density Function Simulation by

B-Splines

In this chapter we consider the possibility of applying spline-functions to
create superconvergent Monte Carlo algorithms. The density-function sim-
ulation is a very important approach for solving many problems in envi-
ronmental mathematics, probabilistic theory and physics. For example, the
problem of creating efficient algorithms for modeling random variables with
a given density-function is of significant interest in air-pollution transport as
the parameters of the transport like diffusion coefficient, deposition, drift-
coefficients are all random variables [Dimov (1994); Dimov and Karaivanova
(1994); Zletev and Dimov (2006)]. Problems of this type arise when it is
necessary to estimate a unknown density of a random variable using a given
number of its realizations.

The aim of this chapter is to solve this problem using a specially created
superconvergent Monte Carlo algorithm for estimating the coefficients in
the B-spline approximation of the unknown density.

It might be anticipated that B-splines could be a good tool for densities
modeling because they are non-negative in finite intervals and vanish at
the beginning and at the end of the intervals. Moreover, the system of
B-splines of a given degree for different nodes of the mesh define a linear
basis [de Boor (2001); Mahotkin and Pirimkulov (1984)]. The idea of the
algorithm is to express the density of the random variable defined in the
interval [a, b] as a linear form of B-splines of degree k with defects 1. Error
analysis will be carried out.

161
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7.1 Problem Formulation

Consider a set of points

wm = {a = x1 < x2 < · · · < xm = b}, (7.1)

in the interval [a, b].
Let k ≥ 0 be an integer and {li}, 1 ≤ li ≤ k, i = 2, 3, . . . ,m be a

sequence of integers.
Let the set Tn be introduced in the following way:
(i) 2(k + 1) new nodes are added to the set wm:

Tν = {t1 ≤ t2 ≤ · · · ≤ tk+1 = x1 < x2 < · · · < xm

= tν−k ≤ tν−k+1 ≤ · · · ≤ tν};
(ii) for i = 2, 3, . . . , m xi is repeated li times in the sequence Tν such

that

ν = 2(k + 1) +
m∑

i=2

li.

Denote by k and li the degree and defects of the spline Bi,k(x). Define
the ith B-spline of kth degree as

Bi,k(x) = (ti+k+1 − ti)[ti, . . . , ti+k+1](.− x)k
+, i = 1, 2, . . . , ν − k − 1,

where [ti, . . . , ti+k](.− x)k
+ is the kth divided difference with respect to t of

the function

(t− x)k
+ = [max{0, (t− x)}]k,

where x is a fixed point.
Consider a density-function f(x), defined on the interval [a, b]. Suppose

f(x) ∈ Ck+1[a, b].

Then, an approximation gL of f can be represented as [de Boor (2001)]:

gL(x) =
L∑

i=1

ciBi,k(x), x ∈ [a, b], L = ν − k − 1 (7.2)

with an error of O(hk+1) (ci are constants). Denote by Bk(x) the B-spline
of kth degree with defects li = 1 at the point t = 0 with integer nodes
tj = j − 1, j = 1, 2, . . . , k + 1. In this case the set Tν has

ν = 2k + m + 1
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nodes.
Let γj ∈ [0, 1] be a random number (continuous uniformly distributed

random variable with mathematical expectation Eγj = 1/2 and variance
Dγj = σ2γj = 1/12).

Let pk(x) be a density-function of the random variable

ξk =
k∑

j=1

γj .

Then, following [Mahotkin and Pirimkulov (1984)] pk(x) = Bk(x), x ∈
[0, k].

Denote by θk the following random variable:

θk =
√

12/k(ξk − k/2).

One can obtain an algorithm for simulation of random variables with
densities Bi,k(x) on a regular grid with step–size h:

θi,k = [(i− 1) + θk]h.

7.2 The Methods

Consider the problem of estimating the error of the density-function f(x)
using N realizations {ξi}N

i=1 of the r.v.
Consider the approximation gL(x) of f(x) given by equation (7.2).
The coefficients cj are obtained using the following representation:

L∑

j=1

(Bi,k(x), Bj,k(x))cj = (f,Bi,k(x)), (7.3)

where

(f, g) =
∫ b

a

f(x)g(x) dx

is the inner product. Obviously, the functional (f,Bi,k(x)) is the mathe-
matical expectation of Bi,k(x) with a density-function f(x):

(f, Bi,k(x)) =
∫ b

a

Bi,k(x)f(x) dx = EξBi,k(x), (7.4)

where the random point ξ has a density f(x). The inner product (f,Bi,k(x))
is estimated by the Monte Carlo method:

(f, Bi,k(x)) ≈ 1
N

N∑

j=1

Bi,k(ξj) = θ̂N . (7.5)
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The constants cj are calculated and an estimate of the unknown density

qf (x) =
L∑

j=1

ĉjBj,k(x)

is obtained. The error of the algorithm consists of two components:

‖qf − f‖2 ≤ ‖f − gL‖2 + ‖gL − qf‖2 = r2
s + r2

N (L),

where

‖f‖ = ‖f‖L2
=

(∫ b

a

f2(x) dx

)1/2

.

The first component r2
s is the systematic error while the second one

r2
N (L) is the stochastic error. An algorithm is considered good when rN (L)

is approximately equal to rs.
Estimate the stochastic error:

r2
N (L) = E





∫ b

a




L∑

j=1

(ĉj − cj)Bj,k(x)




2

dx





= E





∫ b

a




L∑

i=1

L∑

j=1

(ĉi − ci)(ĉj − cj)Bi,k(x)Bj,k(x)


 dx





= E





L∑

i=1

L∑

j=1

(ĉi − ci)(ĉj − cj)ai,j



 ,

where

ai,j =
∫ b

a

Bi,k(x)Bj,k(x) dx.

Let r = (r(1), r(2), . . . , r(L)), r(i) = ĉi − ci, i = 1, . . . , L

and

A = {ai,j}L
i,j=1

Obviously , the matrix A is positive definite.
Consider the product

Ar =




∑m
j=1(ĉj − cj)

∫ b

a
B1,k(x)Bj,k(x) dx∑m

j=1(ĉj − cj)
∫ b

a
B2,k(x)Bj,k(x) dx
...∑m

j=1(ĉj − cj)
∫ b

a
BL,k(x)Bj,k(x) dx




=




ε1

ε2

...
εL


 = ε.
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The stochastic error rN (L) depends on the given sampling of realizations
{ξi}n

i=1. Consider the estimate for the mathematical expectation of this
error. Since the matrix A is positive definite, it is possible to express the
expectation of the stochastic error as follows:

E(Ar, r) = E(ε,A−1ε) ≤ ‖A−1‖ × E
(‖ε‖2) .

The errors εi, i = 1, . . . , L depend on the error of the Monte Carlo
algorithm for evaluation of integrals (7.4). This is, because the system
(7.3) for finding coefficients cj can be solved using direct algorithms. (The
matrix A is positive definite and diagonally dominant.)

Thus, the problem of increasing the accuracy of the algorithm is reduced
to the problem of obtaining a good Monte Carlo algorithm for evaluation
of integrals (7.4).

The error is studied for two special cases. The first one is when splines
of degree k ≥ 2 are used for modeling densities.

The second one is when splines of degree k ≥ 3 are used.
Case 1. When B-spline of degree 2 or more with defects 1 are used it is

useful to take into account the fact that the splines Bi,2(x) have continuous
derivatives. In fact, any spline of degree k with defects li has continuous
derivatives of degree r = k − li. In our case r ≥ 1.

Since the first derivative of Bi,k(x) is continuous there exist constants
αi,k such that ∣∣∣∣

dBi,k(x)
dx

∣∣∣∣ ≤ αi,k, x ∈ [a, b].

In order to create a Monte Carlo algorithm with a high rate of conver-
gence consider a sequence of random points {ξj}N

j=1, (ξ1 < ξ2 < · · · < ξN ).
Define a set of points {yj}N

j=0 such that

yj =
1
2
(ξj + ξj+1), j = 1, 2, . . . , N − 1 and y0 = a; yN = b.

The integral (7.5) can be represented as

Ji,k =
∫ b

a

Bi,k(x)f(x) dx =
N∑

j=1

∫ yj

yj−1

Bi,k(x)f(x) dx.

Let

Jj
i,k =

∫ yj

yj−1

Bi,k(x)f(x) dx

and

f (j) =
∫ yj

yj−1

f(x) dx. (7.6)
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One possible choice of f (j) as a measure of the integral (7.6) is the
following:

f (j) =
yj − yj−1

b− a
.

Obviously

N∑

j=1

Jj
i,k = Ji,k, for k ≥ 2. (7.7)

and

N∑

j=1

f (j) = 1, for k ≥ 2.

Moreover, there exist constants c1 and c2 such that

f (j) ≤ c1/N and ∆xj = yj − yj−1 ≤ c2/N.

For example, one can see that when f(x) = const and ∆xj = ∆xj+1

for j = 1, 2, . . . , N − 1 both constants c1 and c2 are equal to 1. Thus, the
r.v. that defines the algorithm is

θN =
N∑

j=1

f (j)Bi,k(ξ(j)).

The probable error in evaluating integrals is defined in Introduction
as the value rN for which the following equalities hold: Pr{|Ji,k − θN | ≤
rN} = Pr{|Ji,k − θN | > rN} = 1

2 . For the crude Monte Carlo algorithm
rN = c0.5σ(θ)N−1/2, where c0.5 ≈ 0.6745 and σ(θ) is the standard deviation
(see Subsection 2.2.1). A superconvergent Monte Carlo algorithm is an
algorithm for which (eg, see, Section 2.4)

rN = cN−1/2−ψ,

where c is a constant and ψ > 0 .

Theorem 7.1. Let Bi,k(x) be a B-spline of degree k ≥ 2 with defects
li = 1. Then the probable error rN of the Monte Carlo algorithm (7.7) in
evaluating integrals (7.5) is

rN ≤
√

2c1c2αi,kN−3/2.
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Proof. Consider B-splines Bi,k(x), where k ≥ 2. For a fixed point
s(j) ∈ ∆xj = [yj−1, yj ] we have

Bi,k(x) = Bi,k

(
s(j)

)
+ B′

i,k

(
η(j)

)(
x− s(j)

)
,

where η(j) ∈ ∆xj .
Since |B′

i,k(η(j))| ≤ αi,k we have:

DBi,k

(
ξ(j)

)
≤ EB2

i,k

(
ξ(j)

)
≤ α2

i,kE(ξ(j) − s(j))2

≤ α2
i,k


 sup

x
(j)
1 ,x

(j)
2 ∈∆xj

∣∣∣x(j)
1 − x

(j)
2

∣∣∣



2

≤ α2
i,kc2

2/N
2.

Now we can estimate Dθ∗N . Since in our case θN =
∑N

j=1 f (j)Bi,k(ξ(j))
we have

DθN =
N∑

j=1

f2
j DBi,k(ξ(j)) =

N∑

j=1

c2
1N

−2α2
i,kc2

2N
−2

= (c1c2αi,k)2N−3.

To estimate the probable error one can apply the Tchebychev’s inequal-
ity:

Pr{|θN − EθN | < h} ≥ 1− (DθN/h2),

where h > 0.
Let us choose h such that h = 1/ε(DθN )1/2, where ε is a positive num-

ber. Then

Pr
{
|θN − Ji,k| < 1

ε
c1c2αi,kN−3/2

}
≥ 1− ε2.

For ε = 1/
√

2 one can obtain:

Pr{|θN − Ji,k| <
√

2c1c2αi,kN−3/2} ≥ 1/2.

The last inequality proves the theorem. ¤

This result defines a superconvergent Monte Carlo algorithm, because
in this case the rate of convergence is 3/2, i.e., ψ = 1.

Case 2. Consider the case when B-splines Bi,k are splines of degree
k ≥ 3 with defects 1. In this case Bi,k(x) have continuous and bounded
second derivatives (since Bi,k(x) are defined on a finite interval). In fact,
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r = k− li ≥ 2. Since the second derivative of Bi,k(x) is bounded there exist
constants µi,k such that∣∣∣∣

d2Bi,k(x)
dx2

∣∣∣∣ ≤ µi,k, x ∈ [a, b].

Consider a sequence of random points {ξj}N
j=1, (ξ1 < ξ2 < · · · < ξN ).

Define a set of points {yj}N
j=0 such that yj = 1/2(ξj + ξj+1), j =

1, 2, . . . , N − 1 with y0 = a and yL = b.

Now consider the following Monte Carlo algorithm for evaluating inte-
grals (7.5) (it is assumed that ξ0 = a and ξn+1 = b):

θ̂N = − 1
2

[Bi,k(ξ0) + Bi,k(ξ1)] ξ0

+
1
2

N∑

j=1

[Bi,k(ξj−1)−Bi,k(ξj+1)] ξj (7.8)

+
1
2

[Bi,k(ξN ) + Bi,k(ξN+1)] ξN+1.

Obviously, there exist constants c1 and c2, such that

f j =
∫ yj

yj−1

f(x) dx ≤ c1/N and ∆xj = yj − yj−1 ≤ c2/N.

In this case the following theorem holds:

Theorem 7.2. Let Bi,k(x) be a B-spline of degree k ≥ 3 with defects
li = 1. Then the probable error rN for the Monte Carlo algorithm (7.8) for
evaluating the integrals (7.5) is

rN ≤
√

2
4

c1c
2
2µi,kN−5/2.

Proof. For B-splines Bi,k(x), where k ≥ 3 and for a fixed point s(j) ∈
∆xj = [yj−1, yj ] we have

Bi,k(x) = Bi,k(s(j)) + B′
i,k(s(j))(x− s(j)) +

1
2
B′′

i,k(η(j))(x− s(j))2,

where η(j) ∈ ∆xj .
Since B′′

i,k(η(j)) ≤ µi,k it is easy to get

DθN =
(

1
2
c1c

2
2µi,k

)2

N−5.

Using the Tchebychev’s inequality: Pr{|θN − Ji,k| < h} ≥ 1 −
(DθN/h2), for h = 1/ε(DθN )1/2, we get rN ≤

√
2

4 c1c
2
2µi,kN−5/2.

¤
In this case we have a superconvergent Monte Carlo algorithm, because

the convergence is N−5/2, i.e., ψ = 2.
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7.3 Error Balancing

Here we consider the problem of balancing both systematic and stochastic
errors. This problem is closely connected with the problem of obtaining an
optimal ratio between the number of realizations of the random variable
and the mesh–size on which B-splines are defined.

The systematic error is

rs ≤ Chk,

where h is the mesh–size of wm (see formula (7.1)) and C is a constant.
For the first Monte Carlo algorithm (case 1) we have:

E
(‖ε‖2) = C2

1N−3,

where C1 is a constant.
Thus, r2

N (L) ≤ ‖A−1‖C2
1N−3.

Since for the balancing of errors it is necessary to have

C2h2k = C2
1‖A−1‖N−3

one can get the optimal relation between the number of realizations N and
the mesh–size h:

N = C(1)h−
2
3 k,

where

C(1) =

[(
C1

C

)2

‖A−1‖
] 1

3

.

It is easy to find the corresponding ratio for the second algorithm (case
2):

N = C(2)h−
2
5 k.

Let us note that these results are better than the result obtained in
[Mahotkin and Pirimkulov (1984)] for the crude Monte Carlo algorithm,
because for the crude algorithm E

(‖ε‖2) = C0N
−1 and

N = C(0)h−2k.
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7.4 Concluding Remarks

In this chapter we have shown that when B-splines, with defects 1 of degree
k ≥ 2, are used in density simulations the algorithms are superconvergent.
For k = 2 the convergence is N−3/2 while for k ≥ 3 the convergence is
N−5/2.

The idea of balancing of both systematic and stochastic errors is used
to obtain an optimal ratio between the number of realizations N and the
size of the mesh h on which B-splines are defined.
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Chapter 8

Solving Non-Linear Equations

In this chapter algorithms for solving non-linear equations with a polyno-
mial non-linearity are considered. Monte Carlo iterations corresponding to
branching stochastic process are used to calculate linear functionals of the
solution of non-linear integral equations of Fredholm type. In probability
theory, a branching stochastic process is a Markov process that models a
population in which each individual in generation n produces some random
number of individuals in generation n + 1, according to a fixed probabil-
ity distribution that does not vary from individual to individual [Harris
(1963); Grimmett and Stirzaker (1992)]. The branching stochastic process
have very important applications in biology (see, [Kimmel and Axelrod
(2002)]), as well as in other sciences. At the same time they are powerful
tool for solving non-linear integral equations.

8.1 Formulation of the Problems

Consider the problem of evaluation the inner product:

J(u) ≡ (g, u) =
∫

Ω

g(x)u(x)dx, (8.1)

on a domain Ω ⊂ IRd, x ≡ (x(1), x(2), . . . , x(d)) ∈ Ω is a point in the
Euclidean space IRd, g(x) ∈ X (where X is any Banach space), and u(x) ∈
X∗ (X∗ is the dual Banach space adjoint to the Banach space X∗) is a
unique solution of the following Fredholm integral equation in an operator
form:

u = K(u) + f. (8.2)

The problem under consideration can be formulated as follows: Given
an integral operator K ∈ (X∗ ×X∗), a function f(x) ∈ X∗ and a function

171
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g(x) ∈ X, compute the functional J(u) (8.1). Of special interest is the case
g = δx0 . In such a case we seek the value of u at the point x0, (x0 ∈ Ω is
fixed).

Consider the space X∗ = L1(Ω). Then, obviously, X = L∞(Ω). In the
problem under consideration K is an integral transform with polynomial
non-linearity

K
(
u(m)

)
=

∫

Ω

. . .

∫

Ω

k(x, y1, y2, . . . , ym)
m∏

i=1

u(yi)
m∏

i=1

dyi. (8.3)

and the equation (8.2) becomes:

u(x) =
∫

Ω

. . .

∫

Ω

k(x, y1, y2, . . . , ym)
m∏

i=1

u(yi)
m∏

i=1

dyi + f(x), m ≥ 2. (8.4)

In this case the problem under consideration can be formulated in the
following way:

Knowing k(x, y1, y2, . . . , ym) ∈ L1 (Ω× . . .× Ω)︸ ︷︷ ︸
m+1

and f(x) ∈ L1(Ω),

compute the functional (8.1), where the function u(x) is a solution of an
integral equation with polynomial non-linearity.

Suppose, the following iteration process converges:

ul+1(x) =
∫

Ω

. . .

∫

Ω

k(x, y1, y2, . . . , ym)
m∏

i=1

ul(yi)
m∏

i=1

dyi + f(x), l = 1, 2, . . .

(8.5)

u0(x) = f(x),

or

ul+1 = Ku
(m)
l + f, u

(m)
l =

m∏

i=1

ul(yi), u0 = f.

The process (8.5) converges when, for example, the following condition
holds:

∥∥∥K
(
u(m)

)∥∥∥ = max
x∈Ω

∫

Ω

. . .

∫

Ω

| k(x, y1, y2, . . . , ym) |
m∏

i=1

dyi <
1
m

. (8.6)

In the next section (Section 8.2) a r.v. with mathematical expectation
equal to the functional (8.1) is considered. Branching stochastic processes
corresponding to the above iterative non-stationary process are used.
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8.2 A Monte Carlo Method for Solving Non-linear Integral
Equations of Fredholm Type

In this section we describe a Monte Carlo method, which is applied to the
integral equation (8.3).

Consider the following branching stochastic process: Suppose that
any particle distributed according to an initial density function p0(x) ≥
0, (

∫
p0(x)dx = 1 ) is born in the domain Ω ⊂ IRd in the random point

x0. In the next time-moment this particle either dies out with a proba-
bility h(x), (0 ≤ h(x) < 1) or generates a posterity of m analogical par-
ticles in the next random points x00, x01, . . . , x0m−1 with a probability
pm(x) = 1− h(x) and a transition density function

p(x0, x00, . . . , x0m−1) ≥ 0,

where ∫
. . .

∫
p(x0, x00, x01, . . . , x0m−1)

m−1∏

i=0

dx0i = 1

for any x0.
The generated particles behave in the next moment as the initial and

the process continues. The traces of such a process is a tree of the type
sketched in Figure 8.1.

x0

ª ? j. . .
x00 x01

x0m−1

ª ? j. . .
x0m−10 x0m−11 x0m−1m−1

...
...

...

Fig. 8.1 A branching stochastic process used for non-linear integral equations (to the
definition of multi-indexes)

The used index numbers in Figure 8.1 are called multi-indices. The
particle from the zero generation is enumerated with zero index, i.e. x0.
Its direct inheritors are enumerated with indices 00, 01, . . . , 0m − 1, i.e.
next points x00, x01, . . . , x0m−1 are from the first generation. If a particle
from the qth generation of the tree γ has the multi-index γ[q], then the
multi-index of the 1th inheritor of this particle has the following form:

γ[q + 1] = γ[q]j,
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where the multi-index is a number written in mth numerical system.
Consider a simple case m = 2 and the first two iterations of the iterative

process (8.5), ([Ermakov and Mikhailov (1982); Dimov (1991)]).

u0(x0) = f(x0),

u1(x0) = f(x0) +
∫ ∫

k(x0, x00, x01)f(x00)f(x01)dx00dx01,

u2(x0) = f(x0) +
∫ ∫

k(x0, x00, x01)f(x00)f(x01)dx00dx01

+
∫ ∫

k(x0, x00, x01)f(x01)

×
(∫ ∫

k(x00, x000, x001)f(x000)f(x001)dx000dx001

)
dx00dx01 (8.7)

+
∫ ∫

k(x0, x00, x01)f(x00)

×
(∫ ∫

k(x01, x010, x011)f(x010)f(x011)dx010dx011

)
dx00dx01

+
∫ ∫

k(x0, x00, x01)
(∫ ∫

k(x01, x010, x011)f(x010)f(x011)dx010dx011

)

×
(∫ ∫

k(x00, x000, x001)f(x000)f(x001)dx000dx001

)
dx00dx01.

The branching stochastic process which corresponds to these two Monte
Carlo iterations is presented on Figure 8.2.

Obviously the structure of u1 is linked with all trees which appear after
the first generation, (see, Figure 8.2 a Figure 8.2 b).

The structure of u2 is linked with all trees which appear after the second
generation (Figure 8.2).

This similarity allows to define a procedure of a random choice of sub-
trees of a full tree and to calculate the values of some r.v. This r.v. corre-
sponds to the random choice of the subtree. Thus the arithmetic mean over
N independent samples (N is a “large” number) of such r.v. is an estimate
of the functional (8.1).

Definition 8.1. A full tree with l generations is called the tree Γl where
the dying out of particles is not visible from zero to the {l−1}st generation
but all the generated particles of the lth generation die out.
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x0

a)

x0

¼ j
x00 x01

b)

x0

¼ j
x00 x01

ª R
x000 x001

c)

x0

¼ j
x00 x01

ª R
x000 x001

d)

x0

¼ jx00

ª R
x000 x001

x01

ª R
x010 x011

e)

Fig. 8.2 Structure of the branching stochastic process used for non-linear integral equa-
tions (m = 2). The first two iterations are considered.

Example 8.1. In fact Γ2 is the tree γ0 shown on Figure 8.2 a and Γ1 is
the tree 8.2 b. The next density function corresponds to the tree γ0 shown
on 8.2 e:

pγ0 = p0(x0)p2(x0)p(x0, x00, x01)p2(x00)

× p(x00, x000, x001)p2(x01)p(x01, x010, x011)

× h(x000)h(x001)h(x010)h(x011) (8.8)

Then the r.v. which corresponds to γ0 is:

Θ[g](γ0) =
g(x0)
p0(x0)

k(x0, x00, x01)
p2(x0)p(x0, x00, x01)

k(x00, x000, x001)
p2(x00)p(x00, x000, x001)

(8.9)

× k(x01, x010, x011)
p2(x01)p(x01, x010, x011)

f(x000)f(x001)f(x010)f(x011)
h(x000)h(x000)h(x000)h(x000)

.

This r.v. estimates the last of the terms in (8.7) if the condition is that
the realization of the random process appears to be a tree of kind γ0. Thus,
r.v. are defined that correspond to trees of another type.

Consider the branching stochastic process in the general case when m ≥
2. Denote by A the set of points that generate new points and denote by
B the set of points that die out [Dimov (1991); Dimov and Gurov (2000);
Gurov (1994)].
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The above connection between the branching stochastic process and
the iterative process (8.5) allows to define a procedure of a random choice
of tree and to calculate the values of some r.v. that corresponds to this
tree. When a branching stochastic process is defined we receive arbitrary
trees γ and we correspond to each of them the r.v. Θ[g](γ/Γl) (sometimes
abbreviated to Θ[g](γ)) in the following way:

Θ[g](γ) =
g(x0)
p0(x0)

f(x0)
h(x0)

, (8.10)

if the tree consists of the initial point only. If the tree contains other
points then Θ[g](γ) is determined simultaneously with the construction
of γ. If there is a transition from the random point xγ[q] to points
xγ[q]0, xγ[q]1, . . . , xγ[q]m−1 then r.v. (8.10) should be multiplied by,

k(xγ[q], xγ[q]0, . . . , xγ[q]m−1)
pm(xγ[q])p(xγ[q], xγ[q]0, . . . , xγ[q]m−1)

,

and when the point xγ[r] dies out r.v. (8.10) should be multiplied by
f(xγ[r])
h(xγ[r])

.

Thus the r. v. Θ[g](γ) which corresponds to γ is equal to the following
expression:

Θ[g](γ) =
g(x0)
p0(x0)

∏

xγ[q]∈A

K(xγ[q])
P (xγ[q])

∏

xγ[r]∈B

f(xγ[r])
h(xγ[r])

(8.11)

with the density function

pγ = p0(x0)
∏

xγ[q]∈A

P (xγ[q])
∏

xγ[r]∈B

h(xγ[r]), (8.12)

1 ≤ q ≤ l − 1, 1 < r ≤ l,

where

K(xγ[q]) = k(xγ[q], xγ[q]0, . . . , xγ[q]m−1)

and

P (xγ[q]) = pm(xγ[q])p(xγ[q], xγ[q]0, . . . , xγ[q]m−1).

Thus, we obtain r.v. for arbitrary trees Γl which estimate lth iteration, ul,
of the iterative process (8.5).

Theorem 8.1. The mathematical expectation of the r.v. Θ[g](γ/Γl) is equal
to the functional J(ul), i.e.

EΘ[g](γ/Γl) = J(ul) = (g, ul).
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Proof. Suppose that the subtree γi is fixed and it has s1 +s2 +1 points,
such that x0, x1, . . . , xs1 ∈ A and xs1+1, xs1+2, . . . , xs1+s2 ∈ B. It is clear
that this can not be considered as a restriction of generality.

Consider the following density function

pγi = pγi(x0, x1, . . . , xs1 , xs1+1, . . . , xs1+s2) = p0(x0)
s1∏

i=0

P (xi)
s2∏

x=1

h(xs1+i)

and the probability to obtain the subtree γ = γi

Pr{γ = γi} =
∫

G

. . .

∫

G

pγidx0 . . . dxs1+s2 .

The r.v.

Θ[g](γi) =
g(x0)
p0(x0)

s1∏

j=0

K(xj)
P (xj)

s2∏

j=1

f(xs1+j)
h(xs1+j)

has the following condition density function

pγ(x0, . . . , xs1+s2 |γ = γi) =
pγi(x0, x1, . . . , xs1 , xs1+1, . . . , xs1+s2)

Pr{γ = γi} ,

where

K(xj) = k(xj , xj0, . . . , xjm−1) and P (xj) = pm(xj , xj0, . . . , xjm−1).

Let us calculate the mathematical expectation:

EΘ[g](γi) = E{Θ[g](γ/Γl)|γ = γi}
=

∫

G

. . .

∫

G

Θ[g](γi)pγ(x0, . . . , xs1+s2 |γ = γi)dx0 . . . dxs1+s2

=
∫

G

. . .

∫

G

g(x0)
s1∏

j=0

K(xj)
s2∏

j=1

f(xs1+j)
dx0 . . . dxs1+s2

Pr{γ = γi}

=
(g, ui

l)
Pr{γ = γi} , (8.13)

where

ui
l = ui

l(x0) =
∫

G

. . .

∫

G

s1∏

j=0

K(xj)
s2∏

j=1

f(xs1+j)dx1 . . . dxs1+s2 .

One can choose N subtrees of the full tree Γl. (Note that some of the
subtrees may be chosen many times, since N is a large number.) The value
of nγi

is equal to the number of trees that correspond to γi. The following
expression holds:

nγi

N
≈ Pr{γ = γi}.
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On the other hand

J(ui
l) = (g, ui

l) ≈
Pr{γ = γi}

nγi

nγi∑

j=1

(Θ[g](γi))j ≈ 1
N

nγi∑

j=1

(Θ[g](γi))j . (8.14)

Clearly

EΘ[g](γ/Γl) =
Ñ∑

i=0

E{Θ[g](γ/Γl)|γ = γi}Pr{γ = γi},

where Ñ is the number of all subtrees of Γl.
Using (8.13) one can get

EΘ[g](γ/Γl) =
Ñ∑

i=0

(g, ui
l) = (g, ul) = J(ul).

This completes the proof of the theorem.
¤

Note, that if l →∞, then the mathematical expectation of the r.v. is:

lim
l→∞

EΘ[g](γ/Γl) = EΘ[g](γ/Γl) = J(u) =
∫

G

g(x)u(x)dx, (8.15)

where u(x) is the solution of (8.5).
It is supposed that all trees have a finite number of generations and

the averaged value of the particles which are born in any generation is also
finite, i.e. the next inequality for the probability pm(x) holds:

pm(x) <
1
m

, where x ∈ Ω.

Consider a set of independent values
Θ[g](γ/Γl)1, Θ[g](γ/Γl)2, . . . , Θ[g](γ/Γl)N .

From (8.14) we obtain the following Monte Carlo method:

J(ul) =
Ñ∑

i=0

(g, ui
l) ≈

1
N

Ñ∑

i=0

nγi∑

j=1

(Θ[g](γi))j =
1
N

N∑

j=1

(Θ[g](γ/Γl))j . (8.16)

Suppose the initial density function and the transition density function
are permissible to g(x) and k(xγ[q], xγ[q]0, . . . , xγ[q]m−1), respectively (see
Definition 4.1 of permissible density functions in Section 4.2).

In this case the probable error is
rN ≈ 0.6745σ(Θ[g](γ/Γl))N−1/2,

where σ(Θ[g](γ/Γl)) is the standard deviation of the r.v. Θ[g](γ/Γl).
The problem of optimization of Monte Carlo algorithms consists in min-

imization of the standard deviation, i.e. minimization of the second moment
EΘ2

[g](γ/Γl) of the r.v. Θ[g](γ/Γl). This is done by a suitable choice of the
density function pγ . In the next subsection (Subsection 8.3) such a mini-
mization is considered.
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8.3 An Efficient Algorithm

To formulate an efficient algorithm one has to optimize the method de-
scribed in Section 8.2. The problem of optimization of the Monte Carlo
algorithms consists in minimization of the standard deviation, i.e. mini-
mization of the second moment EΘ2

[g](γ) of the r.v. Θ[g](γ/Γl). This can
be done by a suitable choice of the density function pγ .

There are various techniques for variance reduction of the standard de-
viation. We consider one of them.

Let us introduce the functions

Φ(x) =

(∫
. . .

∫
k2(x, y1, y2, . . . , ym)
p(x, y1, y2, . . . , ym)

m∏

i=1

Φ2(yi)
m∏

i=1

dyi

) 1
2

; (8.17)

Φ̂(x) =
∫

. . .

∫ ∣∣∣∣∣k(x, y1, y2, . . . , ym)
m∏

i=1

Φ(yi)

∣∣∣∣∣
m∏

i=1

dyi. (8.18)

Suppose that the r.v. has finite variance. The following statements hold:

Lemma 8.1. The transition density function

p(x, y1, y2, . . . , ym) =
|k(x, y1, y2, . . . , ym)

∏m
i=1 Φ(yi)|∫

. . .
∫ |k(x, y1, y2, . . . , ym)

∏m
i=1 Φ(yi)|

∏m
i=1 dyi

minimizes Φ(x) for any x ∈ Ω and

min
p

Φ(x) = Φ̂(x).

Proof. Substitute p(x, y1, y2, . . . , ym) in the expression for Φ(x):

Φ(x) =
[∫

. . .

∫
k2(x, y1, y2, . . . , ym)

∏m
i=1 Φ2(yi)

|k(x, y1, y2, . . . , ym)
∏m

i=1 Φ(yi)| ×

×
(∫

. . .

∫
|k(x, y1, y2, . . . , ym)

m∏

i=1

Φ(yi)|
m∏

i=1

dyi

)
m∏

i=1

dyi

] 1
2

=
∫

. . .

∫
|k(x, y1, y2, . . . , ym)

m∏

i=1

Φ(yi)|
m∏

i=1

dyi = Φ̂(x).

Now we must show that for any other transition density function per-
missible to the kernel k(x, y1, y2, . . . , ym) it holds that:

Φ̂(x) ≤ Φ(x).
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One can multiply and divide the integrand by p
1
2 (x, y1, y2, . . . , ym) > 0

and apply the Cauchy-Schwartz inequality. Then we have

Φ̂2(x) =
(∫

. . .

∫
|k(x, y1, y2, . . . , ym)

×
m∏

i=1

Φ(yi)|p− 1
2 (x, y1, . . . , ym)p

1
2 (x, y1, . . . , ym)

m∏

i=1

dyi

)2

≤
∫

. . .

∫
k2(x, y1, y2, . . . , ym)

m∏

i=1

Φ2(yi)p−1(x, y1, y2, . . . , ym)
m∏

i=1

dyi

×
∫

. . .

∫
p(x, y1, y2, . . . , ym)

m∏

i=1

dyi

≤
∫

. . .

∫
k2(x, y1, y2, . . . , ym)

m∏

i=1

Φ2(yi)p−1(x, y1, y2, . . . , ym)
m∏

i=1

dyi

= Φ2(x), (8.19)

because
∫

. . .

∫
p(x, y1, y2, . . . , ym)

m∏

i=1

dyi = 1− h(x) = pm(x) < 1

for any x ∈ Ω. ¤

Lemma 8.2. The initial density function

p0(x0) = |g(x0)Φ(x0)| /
(∫

|g(x0)Φ(x0)|dx0

)

minimizes the functional
∫

g2(x0)Φ2(x0)p−1
0 (x0)dx0.

The minimum of this functional is equal to
(∫

|g(x0)Φ(x0)|dx0

)2

.

Proof. The proof is similar to the proof of Lemma 8.1:
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∫
g2(x0)Φ2(x0)p−1

0 (x0)dx0

=
∫

g2(x0)Φ2(x0)|g(x0)Φ(x0)|−1

(∫
|g(x0)Φ(x0)|dx0

)
dx0

=
(∫

|g(x0)Φ(x0)|dx0

)2

.

It remains to establish that for any another density function the follow-
ing inequality holds

(∫
|g(x0)Φ(x0)|dx0

)2

≤
∫

g2(x0)Φ2(x0)p−1
0 (x0)dx0.

In fact,
(∫

|g(x0)Φ(x0)|dx0

)2

=
(∫

|g(x0)Φ(x0)|p−
1
2

0 (x0)p
1
2
0 (x0)dx0

)2

≤
∫

g2(x0)Φ2(x0)p−1
0 (x0)dx0

∫
p0(x0)dx0 =

∫
g2(x0)Φ2(x0)p−1

0 (x0)dx0,

because
∫

p0(x0)dx0 = 1 for any x ∈ Ω. ¤

Consider the r.v. Θ[g](γ0) which estimates the last of the terms in (8.11)
in private case when m = 2. The following theorem can be proven.

Theorem 8.2. Introduce a constant

c0 =
(∫

|g(x0)Φ̂(x0)|dx0

)−1

,

where Φ̂(x0) is a function (8.18) for m = 2 and the following function

Φ(x) =
|f(x)|

(h(x))
1
2
.

Then the density function

p̂γ0 = c0|g(x0)| |k(x0, x00, x01)| |k(x00, x000, x001)|
× |k(x01, x010, x011)| (8.20)

× Φ(x000)Φ(x001)Φ(x010)Φ(x011)h(x000)h(x001)h(x010)h(x011)

minimizes the second moment EΘ2
[g](γ0) of the r.v. Θ[g](γ0) which corre-

sponds to the tree γ0, i.e.

min
pγ0

(
EΘ2

[g](γ0)
)

= EΘ̂2
[g](γ0),

where pγ0 = p̂γ0 .
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Proof. Estimate the second moment EΘ2
[g](γ0) of the r.v. Θ[g](γ0) with

the density function

pγ0 = p0(x0)p(x0, x00, x01)p(x00, x000, x001)p(x01, x010, x011)

h(x000)h(x001)h(x010)h(x011).

We have

EΘ2
[g](γ0) =

∫
. . .

∫
Θ2

[g](γ0)pγ0dx0dx00dx01 . . . dx011 (8.21)

=
∫

. . .

∫
g2(x0)k2(x0, x00, x01)k2(x00, x000, x001)k2(x01, x010, x011)
p2
0(x0)p2(x0, x00, x01)p2(x00, x000, x001)p2(x01, x010, x011)

× f2(x000)f2(x001)f2(x010)f2(x011)
h2(x000)h2(x001)h2(x010)h2(x011)

p0(x0)p(x0, x00, x01)

× p(x00, x000, x001)p(x01, x010, x011)f(x000)f(x001)f(x010)f(x011)

× h(x000)h(x001)h(x010)h(x011)dx0dx00 . . . dx011

=
∫

. . .

∫
g2(x0)k2(x0, x00, x01)k2(x00, x000, x001)k2(x01, x010, x011)

p0(x0)p(x0, x00, x01)p(x00, x000, x001)p(x01, x010, x011)
× Φ2(x000)Φ2(x001)Φ2(x010)Φ2(x011)dx0dx00 . . . dx011

=
∫

g2(x0)
p0(x0)

{∫ ∫
k2(x0, x00, x01)
p(x0, x00, x01)

×

×
[∫ ∫

k2(x00, x000, x001)
p(x00, x000, x001)

Φ2(x000)Φ2(x001)dx000dx001

]

×
[∫ ∫

k2(x01, x010, x011)
p(x01, x010, x011)

Φ2(x010)Φ2(x011)dx010dx011

]
dx00dx01

}
dx0.
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Let Θ̂[g](γ0) be the r.v. Θ[g](γ0) for which pγ0 = p̂γ0 . Then

EΘ̂2
[g](γ0) =

∫

. . .

∫

Θ̂2
[g](γ0)p̂γ0dx0dx00dx01 . . . dx011

=

∫

. . .

∫ [
g(x0)k(x0, x00, x01)k(x00, x000, x001)k(x01, x010, x011)

c0 |g(x0)| |k(x0, x00, x01)| |k(x00, x000, x001)| |k(x01, x010, x011)|

× f(x000) f(x001) f(x010) f(x011)

Φ(x000)Φ(x001)Φ(x010)Φ(x011)h(x000)h(x001)h(x010)h(x011)

]2

× c0 |g(x0)| |k(x0, x00, x01)| |k(x00, x000, x001)| |k(x01, x010, x011)|

× Φ(x000)Φ(x001)Φ(x010)Φ(x011)h(x000)h(x001)h(x010)h(x011)dx0 . . . dx011

= c−1
0

∫

. . .

∫

|g(x0)| |k(x0, x00, x01)| |k(x00, x000, x001)| |k(x01, x010, x011)|

× Φ(x000)Φ(x001)Φ(x010)Φ(x011)dx0dx00dx01dx000dx001dx010dx011

= c−1
0

∫

|g(x0)|

×
{∫∫

|k(x0, x00, x01)|
[∫∫

|k(x00, x000, x001)Φ(x000)Φ(x001)|dx000dx001

]

×
[∫∫

|k(x01, x010, x011)Φ(x010)Φ(x011)|dx010dx011

]

dx00dx01

}

dx0.

(8.22)

The functions Φ(x) and Φ̂(x) are non-negative for any x ∈ Ω and the density

function p̂γ0 may be written in the form:
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p̂γ0 = c0|g(x0)| |k(x0, x00, x01)| |k(x00, x000, x001)| |k(x01, x010, x011)|
× Φ(x000)Φ(x001)Φ(x010)Φ(x011)h(x000)h(x001)h(x010)h(x011)

=
|g(x0)Φ̂(x0)|

c−1
0

|k(x0, x00, x01)Φ̂(x00)Φ̂(x01)|
Φ̂(x0)

× |k(x00, x000, x001)Φ(x000)Φ(x001)|
Φ̂(x00)

|k(x01, x010, x011)Φ(x010)Φ(x011)|
Φ̂(x01)

× h(x000)h(x001)h(x010)h(x011)

=
|g(x0)Φ̂(x0)|

c−1
0

|k(x0, x00, x01)Φ̂(x00)Φ̂(x01)|∫ ∫ |k(x0, x00, x01)Φ̂(x00)Φ̂(x01)|dx00dx01

× |k(x00, x000, x001)Φ(x000)Φ(x001)|∫ ∫ |k(x00, x000, x001)Φ(x000)Φ(x001)|dx000dx001

× |k(x01, x010, x011)Φ(x010)Φ(x011)|∫ ∫ |k(x01, x010, x011)Φ(x010)Φ(x011)|dx010dx011

× h(x000)h(x001)h(x010)h(x011)

= p̂0(x0)p̂(x0, x00, x01)p̂(x00, x000, x001)p̂(x01, x010, x011)

×h(x000)h(x001)h(x010)h(x011).
Now Lemma 8.1 (when m = 2) should be applied to the transition density
functions p̂(x0, x00, x01), p̂(x00, x000, x001) and p̂(x01, x010, x011):

∫ ∫
k2(x, y1, y2)Φ2(y1)Φ2(y2)

p(x, y1, y2)
dy1dy2

=
∫ ∫

k2(x, y1, y2)Φ2(y1)Φ2(y2)
p̂(x, y1, y2)

dy1dy2

=
∫ ∫

k2(x, y1, y2)Φ2(y1)Φ2(y2)
|k(x, y1, y2)Φ(y1)Φ(y2)|

[∫ ∫
|k(x, y1, y2)Φ(y1)Φ(y2)|dy1dy2

]
dy1dy2

=
∫ ∫

|k(x, y1, y2)Φ(y1)Φ(y2)|dy1dy2

∫ ∫
|k(x, y1, y2)Φ(y1)Φ(y2)|dy1dy2.

It should be taken into account that for

p(x, y1, y2) = p̂(x, y1, y2) =
|k(x, y1, y2)Φ(y1)Φ(y2)|∫ ∫ |k(x, y1, y2)Φ(y1)Φ(y2)|dy1dy2

the corresponding functions Φ(x) and Φ̂(x) are equal to each generation
point x in the branching process, i.e.

Φ(x) = Φ̂(x),



September 17, 2007 10:48 World Scientific Book - 9in x 6in book

Solving Non-Linear Equations 185

because the corresponding density functions minimize Φ(x) and their min-
ima are equal to the functions Φ̂(x) for any x ∈ Ω.

So, for any density function p0(x0) which is permissible to the function
g(x0)

min
Φ

(∫
g2(x0)Φ2(x0)p−1

0 (x0)dx0

)
=

∫
g2(x0)Φ̂2(x0)p−1

0 (x0)dx0

holds and in this case

p̂γ0 = p0(x0) |k(x0, x00, x01)| |k(x00, x000, x001)| |k(x01, x010, x011)|
× Φ(x000)Φ(x001)Φ(x010)Φ(x011)h(x000)h(x001)h(x010)h(x011). (8.23)

According to Lemma 8.2, the last functional is minimized by the density
function (8.4) if

p0(x0) = p̂0(x0) =
|g(x0)Φ̂(x0)|∫ |g(x0)Φ̂(x0)|dx0

,

since

Φ(x0) = Φ̂(x0)

under the expression (8.4). This completes the proof.
¤

Consider the branching process in the general case (m > 2). The fol-
lowing theorem holds.

Theorem 8.3. The density function

p̂γ = c|g(x0)|
∏

xγ[q]∈A

|K(xγ[q])|
∏

xγ[r]∈B

Φ(xγ[r])h(xγ[r]) (8.24)

minimizes the second moment EΘ2
[g](γ) of the r.v. Θ[g](γ/Γl) for any tree

γ ∈ Γn, i.e.

min
pγ

EΘ2
[g](γ) = EΘ̂2

[g](γ),

where pγ = p̂γ and c =
(∫ |g(x0)Φ̂(x0)|dx0

)−1

.

Proof. Introduce the following function

F (xγ[q]) =
{

Φ̂(xγ[q]), if xγ[q] ∈ A
Φ(xγ[q]), if xγ[q] ∈ B.
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Let Θ̂[g](γ) be the r.v. Θ[g](γ/Γl) for which pγ = p̂γ . Then

EΘ2
[g](γ) =

∫
. . .

∫
EΘ2

[g](γ)pγ

∏

xγ[q]∈A
S

B

dxγ[q] (8.25)

=
∫

. . .

∫
g2(x0)
p0(x0)

∏

xγ[q]∈A

K2(xγ[q])
P (xγ[q])

×
∏

xγ[r]∈B

F 2(xγ[r])
∏

xγ[q]∈A

dxγ[q]

∏

xγ[r]∈B

dxγ[r].

EΘ̂2
[g](γ) =

∫
. . .

∫
EΘ̂2

[g](γ)p̂γ

∏

xγ[q]∈A
S

B

dxγ[q] (8.26)

=




∫
. . .

∫
|g(x0)|

∏

xγ[q]∈A

|K(xγ[q])|

×
∏

xγ[r]∈B

F (xγ[r])
∏

xγ[q]∈A

dxγ[q]

∏

xγ[r]∈B

dxγ[r]




2

.

The functions Φ(x) and Φ̂(x) are non-negative for any x ∈ Ω and the density
function pγ may be written in the following form:

p̂γ = c|g(x0)|
∏

xγ[q]∈A

|K(xγ[q])|
∏

xγ[r]∈B

Φ(xγ[r])h(xγ[r])

=
|g(x0)F (x0)|

c−1

×
∏

xγ[q]∈A

|K(xγ[q])F (xγ[q]0)F (xγ[q]1) . . . F (xγ[q]m−1)|
F (xγ[q])

∏

xγ[r]∈B

h(xγ[r])

=
|g(x0)F (x0)|

c−1

×
∏

xγ[q]∈A

|K(xγ[q])F (xγ[q]0)F (xγ[q]1) . . . F (xγ[q]m−1)|∫
. . .

∫ |K(xγ[q])F (xγ[q]0) . . . F (xγ[q]m−1)|dxγ[q]0 . . . dxγ[q]m−1

×
∏

xγ[r]∈B

h(xγ[r]) = p̂0(x0)
∏

xγ[q]∈A

P̂ (xγ[q])
∏

xγ[r]∈B

h(xγ[r]),

since F (x) ≥ 0.
Let the total number in the set A be M . Then 8.1 should be applied

“M” times to the density function p̂(xγ[q]) in (8.29) and (8.18) as we begin
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with the density functions, which describe the last term and we go to the
first generation. The terms in (8.29) are of the following form

∫
. . .

∫
k2(x, y1, y2, . . . , ym

p(x, y1, y2, . . . , ym)

m∏

i=1

F (yi)
m∏

i=1

dyi,

and can be separated depending on the generation for which we consider
the corresponding density function P̂ (xγ[q]).

Thus, Lemma 8.1 should be applied “M” times to the density function
p(x, y1, y2, . . . , ym) in (8.29), because:

∫
. . .

∫
k2(x, y1, . . . , ym)
p(x, y1, . . . , ym)

m∏

i=1

F (yi)
m∏

i=1

dyi

=
∫

. . .

∫
k2(x, y1, . . . , ym)
p̂(x, y1, . . . , ym)

m∏

i=1

F (yi)
m∏

i=1

dyi

=
∫

. . .

∫
k2(x, y1, . . . , ym)

∏m
i=1 F 2(yi)

|k(x, y1, . . . , ym)
∏m

i=1 F (yi)|(∫
. . .

∫
|k(x, y1, . . . , ym)

m∏

i=1

F (yi)|
m∏

i=1

dyi

)
m∏

i=1

dyi

=

(∫
. . .

∫
|k(x, y1, . . . , ym)

m∏

i=1

F (yi)|
m∏

i=1

dyi

)2

.

It should be taken into account that for

p(x, y1, . . . , ym) = p̂(x, y1, . . . , ym)

=
|k(x, y1, . . . , ym)

∏m
i=1 F (yi)|∫

. . .
∫ |k(x, y1, . . . , ym)

∏m
i=1 F (yi)|

∏m
i=1 dyi

the corresponding functions Φ(x) and Φ̂(x) are equal to each generation
point x in the branching process, i.e.

Φ(x) = Φ̂(x) = F (x),

because the corresponding density functions minimize Φ(x) and their min-
ima is equal to the function Φ̂(x) for any x ∈ Ω.
At the end, it holds for any initial density function p0(x0) which is permis-
sible to the function g(x0):

min
Φ

(∫
g2(x0)Φ2(x0)p−1

0 (x0)dx0

)
=

∫
g2(x0)Φ̂2(x0)p−1

0 (x0)dx0.

In this case

pγ = p0(x0)
∏

xγ[q]∈A

|K(xγ[q])|
∏

xγ[r]∈B

Φ(xγ[r])h(xγ[r]). (8.27)
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According to 8.2 the last functional is minimized by the density function
(8.30) if

p0(x0) = p̂0(x0) =
|g(x0)Φ̂(x0)|∫ |g(x0)Φ̂(x0)|dx0

.

This completes the proof.
¤

Since

σ2(Θ[g](γ/Γl)) = EΘ2
[g](γ)− (EΘ[g](γ/Γl)2

it is easy to show that the density function p̂γ minimizes the standard devi-
ation σ(Θ[g](γ/Γl)), because EΘ[g](γ/Γl) is a constant for any permissible
density function.

It is possible to show that

pγ = c|g(x0)|
∏

xγ[q]∈A

|K(xγ[q])|
∏

xγ[r]∈B

h(xγ[r]) (8.28)

is almost optimal . It is easy to show this in the case when the branch-
ing stochastic process has only one generation, that is only one tree γ0 is
considered

u(x0) =
∫

. . .

∫
k(x0, y1, y2, . . . , ym)

m∏

i=1

f(yi)
m∏

i=1

dyi.

The next equalities hold:

Φ(x0) =

(∫
. . .

∫
k2(x0, y1, y2, . . . , ym)
p(x0, y1, y2, . . . , ym)

m∏

i=1

Φ2(yi)
m∏

i=1

dyi

) 1
2

; (8.29)

Φ̂(x0) =
∫

. . .

∫
|k(x0, y1, y2, . . . , ym)

m∏

i=1

Φ(yi)|
m∏

i=1

dyi

= ||K(x0)Φ(m)||; (8.30)

p̂γ0 = ĉ0|g(x0)| |k(x0, y1, . . . , ym)|
m∏

i=1

Φ(yi)h(yi); (8.31)

pγ0
= c0|g(x0)| |k(x0, y1, . . . , ym)|

m∏

i=1

h(yi), (8.32)

where (ĉ0)−1 = ||g|| ||K(x0)Φ(m)||; (c0)−1 = ||g|| ||K(x0)||.
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Now, let us represent the density function pγ0
in the following form:

pγ0
= c0|g(x0)| |k(x0, y1, . . . , ym)|

m∏

i=1

h(yi)

=
|g(x0)|
||g||

|k(x0, y1, . . . , ym)|
||K(x0)||

m∏

i=1

h(yi) = p0(x0)p(x0, y1, . . . , ym)
m∏

i=1

h(yi).

In fact, by substituting p(x0, y1, . . . , ym) into the expression for Φ(x0) we
get:

Φ2(x0) =

(∫
. . .

∫
k2(x0, y1, y2, . . . , ym)
|k(x0, y1, y2, . . . , ym)| ‖K(x0)‖

m∏

i=1

Φ2(yi)
m∏

i=1

dyi

)

= ‖K(x0)‖‖K(x0)(Φ(m))2‖.
A necessary and sufficient condition for validity of the equality

‖K(x0)‖ ‖K(x0)(Φ(m))2‖ = ‖K(x0)(Φ(m))‖2

is the following :

‖K(x0)(Φ(m))2‖ = c2
0‖K(x0)‖, (8.33)

where c0 is constant. It follows that the density p(x0, y1, . . . , ym) minimizes
Φ(x0) for any x0 ∈ Ω in the case of Φ = (c0)

2
m = const. The value of this

minimum is Φ̂(x0). In this case the desired functional is

EΘ2
[g](γ0) =

∫
g2(x0)Φ2(x0)p−1

0 (x0)dx0

= c2
0

∫
|g(x0)| ||K(x0)||2 ||g||dx0 = c2

0||g||
∫
|g(x0)| ||K(x0)||2dx0.

Here we use p0(x0) = |g(x0)| ||g||−1 instead of p0(x0). It is clear that p0(x0)
minimizes EΘ2

[g](γ0) if ||K(x0)|| = const.
These arguments show that the density function pγ0

is almost optimal .
Here we chose the transition density function p(x, y1, y2, . . . , ym) and

the initial density function p0(x) in the following way:

p(x, y1, y2, . . . , ym) = Cx|k(x, y1, y2, . . . , ym)| and p0(x) = C1|g(x)| ,
where

C−1
x =

∫

Ω

. . .

∫

Ω

|k(x, y1, y2, . . . , ym)|
m∏

i=1

dyi and C−1
1 =

∫

Ω

|g(x)|dx.
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In this case the density function pγ is called almost optimal and can be
written as

pγ ≡ p̄γ

= C1|g(x0)|
∏

xγ[q]∈A

pm(xγ[q])Cxγ[q] |k(xγ[q], xγ[q]0, . . . , xγ[q]m−1)|

×
∏

xγ[r]∈B

h(xγ[r]). (8.34)

Let us describe the MAO algorithm using the almost optimal density
function.

To obtain one value of the r.v. Θ[g](γ/Γl) the following algorithm is
applied:

Algorithm 8.1. :

1. Compute the point ξ ∈ Ω as a realization of the r.v. τ with a density
p(x) = C1|g(x)|. Here

Θ[g](γ/Γl) = C1
g(ξ)
|g(ξ)| .

2. Compute independent realizations, α, of a uniformly distributed
r.v. in the interval [0, 1].

3. If

α ≤ pm(ξ),

then execute steps 5, 6 and 7. In the other case execute step 4.
4. Multiply the value of the r.v. Θ[g](γ/Γl) by

f(ξ)
h(ξ)

.

In this case we say that the point ξ dies out.
5. Compute of the points ξ1, ξ2, . . . , ξm which are components of the

mth dimensional r.v. Y (y1, y2, . . . , ym) with the chosen density function

p(x, y1, y2, . . . , ym) = Cx|k(x, y1, y2, . . . , ym)| .
6. Multiply the value of the r.v. Θ[g](γ/Γl) by

k(ξ, ξ1, ξ2, . . . , ξm)
pm(ξ)Cξ|k(ξ, ξ1, ξ2, . . . , ξm)| .

7. Repeat steps 2 and 3 for the generated points ξ1, ξ2, . . . , ξm.
8. Stop the algorithm when all points are dead out.
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Thus, we calculate one realization of the r.v. Θ[g](γ/Γl). The algorithm
described above has to be executed N -times to obtain N realizations of the
r.v. Θ[g](γ/Γl). From an algorithmic point of view it is easy to do when the
kernel k(x, y1, y2, . . . , ym) is non-negative and the probability pm(x) = pm

is a constant.

8.4 Numerical Examples

We consider the MAO algorithm to estimate the functional (8.1). The
function u(x) is a solution of the following integral equation with polynomial
nonlinearity (m = 2):

u(x) =
∫

Ω

∫

Ω

k(x, y, z)u(y)u(z)dydz + f(x), (8.35)

where x ∈ IR1 and Ω = E ≡ [0, 1].
The kernel k(x, y, z) is non-negative and the probability p2(x) is con-

stant.
In our test

k(x, y, z) =
x(a2y − z)2

a1
and f(x) = c− x

a3
,

where a1 > 0, a3 6= 0, a2 and c are constants. Thus,

K2 = max
x∈[0,1]

∫ 1

0

∫ 1

0

|k(x, y, z)|dydz =
2a2

2 − 3a2 + 2
6a1

.

The equation (8.35) has a unique solution u(x) = c when the following
condition

c = ±
(

6a1

a3(2a2
2 − 3a2 + 2)

)1/2

holds.
The transition density function which we use in our tests has the fol-

lowing form:

p(y, z) =
6

2a2
2 − 3a2 + 2

(a2y − z)2.

We consider the results for calculating the linear functional (8.1) for

a1 = 11, a2 = 4, a3 = 12, c = 0.5,

and

g(x) = δ(x− x0).
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Fig. 8.3 Comparison of the Monte Carlo solutions with the exact solution. Three cases
for the probability p2(x) that generates new points.
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Fig. 8.4 The parallel Monte Carlo efficiency when p2(x) = 0.25. The number of pro-
cessors is 16 and 32.

Some results are plotted on Figures 8.3 to 8.6. Figure 8.3 shows the
dependence of the approximated solution from the number of the ran-
dom trees. Three different transition density functions are considered
(0.25, 0.45, x/4). One can see that there are oscillations of the solution
for a small numbers of random trees. The best solution is obtained for the
third case (p(x) = x/4). As one can expect with the increasing number
of random trees the Monte Carlo solution goes asymptotically to the true
solution of the problem (which is 0.5 for this particular example).
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Fig. 8.6 Parallel Monte Carlo efficiency for a number of random trees up to 35000
(p2(x) = 0.45). The number of processors is 4, 8, 16 and 32.

Since the problem under consideration is suitable for parallel implemen-
tation we also study the parallel behaviours of the implemented algorithm.
On Figure 8.4 the parallel efficiency of the algorithm is shown. The effi-
ciency oscillates around 0.2− 0.3 when a small number (200− 300) of trees
is used on every of 16th and 32nd processor nodes used of the computational
system. The parallel efficiency grows up when the number of the random
trees increase.

Figures 8.5 and 8.6 show how the parallel efficiency of the presented
algorithm depends on the number of processor nodes. In these numerical
tests all random trees are distributed on all processors. That means that
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the system of 4 processors performs the same number of realizations as
the system of 32 processors. As a result the system of 4 processors is
more efficient (in general) than the system of 32 processors. This result is
expected since the method of parallelization gives a better load balancing
for a smaller number of processors.
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Chapter 9

Algorithmic Efficiency for Different
Computer Models

9.1 Parallel Efficiency Criterion

Monte Carlo algorithms are known to be inherently parallel. Already in
the first paper on the Monte Carlo method [Metropolis and Ulam (1949)]
it was said that “the statistical methods can be applied by many comput-
ers working in parallel and independently”. Nevertheless, the problem of
creating efficient parallel and vectorizable Monte Carlo algorithms is not
a trivial problem, because there are different ways for parallelization and
vectorization of the algorithms.

In order to estimate how the Monte Carlo algorithms depend on different
computer architectures, we consider the following models.

(1) A serial model with time τ required to complete a suboperation (for
real computers this time is usually the clock period). The important feature
of this model is that the operations have to be performed sequentially and
one at a time.

(2) A pipeline model with startup time sτ . Pipelining means an ap-
plication of assembly-line techniques to improve the performance of the
arithmetic operations (see, Figure 9.1).

(3) A multiprocessor configuration consisting of p processors. Every
processor of the multiprocessor system performs its own instructions on
the data in its own memory (see, Figure 9.2).

(4) A multiprocessor system of p processor arrays. It is a model of
the third type but one in which every processor is connected to a processor
array of 2d−1 processing elements.The processor array is a set of processing
elements performing the same operations on the data in its own memory,

195
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i.e., SIMD (Single Instruction stream, Multiple Data stream) architecture.

1 2 . . . lA

Fig. 9.1 A pipeline model with lA segments

1 2 . . . p

Fig. 9.2 A multiprocessor model with p processors

Considering models instead of real computers allows for the distinction
of the typical features of the algorithms on the one hand, and, on the other
hand, enables general conclusions about the algorithms to be drawn.

The inherent parallelism of the Monte Carlo algorithms lies in the pos-
sibility of calculating each realization of the r.v. θ on a different processor
(or computer). There is no need for communication between the processors
during the calculation of the realizations - the only need for communication
occurs at the end when the averaged value is to be calculated.

To estimate the performance of the Monte Carlo algorithms, we need
to modify the usual criterion.

Let a parallel algorithm A for solving the given problem Y be given.
If A is a deterministic algorithm then Tp(A) is the time (or the number
of suboperations) needed for performing the algorithm A on a system of p

processors. An algorithm B is called the best (B) sequential algorithm for
the problem Y if the inequality

T1(B) ≤ T1(A)

holds for any existing algorithm A.
It is helpful to consider the following two parameters for characterizing
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the quality of the algorithm – speed-up and parallel efficiency1:

Sp(A) =
T1(A)
Tp(A)

and

Ep(A) =
Sp(A)

p
.

Obviously, S1(A) = E1(A) = 1 for any A.
If A is a Monte Carlo algorithm it is impossible to obtain an exact the-

oretical estimate for Tp(A) since every run of the algorithm yields different
values for Tp(A). Theoretical estimates are possible only for the mathe-
matical expectation, i.e. for ETp(A). Therefore the following has to be
considered for the speed-up of the Monte Carlo algorithm:

Sp(A) =
ET1(A)
ETp(A)

.

We shall call the algorithm B p-the-best if
ETp(A) ≥ ETp(B).

(Obviously, if an algorithm D is a deterministic algorithm, then ETp(D) =
Tp(D), for any p = 1, 2, . . . .)

For almost all existing deterministic algorithms the parallel efficiency
goes down rapidly when p ≥ 6. In the general case the parallel efficiency of
the deterministic algorithms strongly depends on the number of processors
p. For Monte Carlo algorithms the situation is completely different. The
parallel efficiency does not depend on p and may be very close to 1 for a
large number of processors.

In the next sections of this chapter we deal with the performance analy-
sis of different Monte Carlo algorithms. We present results for the compu-
tational complexity, speed-up and parallel efficiency. In Section 9.2 Markov
chain Monte Carlo algorithms for linear algebra problems are considered.
In Section 9.3 various Monte Carlo algorithms for solving boundary value
problems are studied.

9.2 Markov Chain Algorithms for Linear Algebra Problems

In this section we consider iterative Monte Carlo algorithms that use
Markov chains for calculation the required r.v. As it was shown in Chapters
4 and 5 Markov chain Monte Carlo algorithms are used for computing the
approximate solution of
1The parallel efficiency is the measure of the price to be paid for the speedup achieved.
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• bilinear forms of matrix powers (Subsection 5.2.1);
• bilinear forms of the solution of systems of linear algebraic equations

(Section 4.2);
• matrix inversion (Section 4.2);
• extremal eigenvalue (or small number of eigenvalues) of real symmetric

matrices (Subsection 5.2.2).

The basic algorithm for solving the above problems is the Power Monte
Carlo algorithm. There are modifications of the Power Monte Carlo algo-
rithm called Inverse, Shifted and the Resolvent Monte Carlo (see Chapters
4 and 5). For practical computations the Power and Resolvent Monte
Carlo are more frequently used. The only difference is in the matrices used
as linear iterative operators for the Monte Carlo iterations. So that the
structure of the estimates of algorithmic complexity for all Markov chain
algorithms is similar. That’s why we analyse the performance of the Re-
solvent Monte Carlo for computing extremal eigenvalues mentioning the
difference between the Resolvent and the Power Monte Carlo algorithm.

The Resolvent Monte Carlo algorithm (RMC) for evaluating the ex-
treme eigenvalues of symmetric matrices can be described as follows.

Algorithm 9.1. Resolvent Monte Carlo Algorithm

1. Choose an initial row of the matrix A = {aij}n
i,j=1 as a realization of

the density p0 permissible to the vector v: divide the interval [0, 1] in subin-
tervals with lengths proportional of the vector coordinates v1, v2, . . . , vn:

4pi = c|vi|, i = 1, . . . , n, (9.1)

where c is a constant. Then generate a random number γ in [0, 1].
Suppose the element vα0 has been chosen.
2. Consider the αth

0 row of the matrix A. Choose an element of αth
0 row

as a realization of the transition density function pα0α1 in the following way:
divide the interval [0, 1] into subintervals 4pi, i = 1, . . . , n, proportional to
the row elements

4pi = cα0 |aα0i|, i = 1, 2, . . . , n, (9.2)

where cα0 is a constant, and generate a random number γ in [0, 1]. Let the
chosen element be aα0α1 .

3. Consider the αth
1 row of the matrix A and repeat the procedure 2

using density functions pα0α1 . Continue this procedure until determining
the element aαiαi+1 according to the density pαiαi+1 .
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4. Compute the r.v. (for a fixed integer value of k and m)

θ[u](1)ν [h, A] =
ν∑

i=0

qiCi
i+m−1θ

(i+1), ν = k − 1, k (9.3)

θ[d](1)ν [h,A] =
ν∑

i=0

qiCi
i+m−1θ

(i), ν = k − 1, k (9.4)

where

θ(i) =
vα0

pα0

aα0α1aα1α2 . . . aαi−1αi

pα0α1pα1α2 . . . pαi−1αi

.

5. Go to 1 and repeat steps 1, 2, 3 and 4. Perform n−1 new realiza-
tions of the r.v. θ[u](s)ν [h,A]: θ[u](2)ν , θ[u](3)ν , . . . , θ[u](N)

ν and θ[d](s)ν [h,A]:
θ[d](2)ν , θ[d](3)ν , . . . , θ[d](N)

ν .
6. Calculate

θ[u]ν [h,A] =
1
N

N∑
s=1

θ[u](s)ν [h, A], for ν = k − 1, k. (9.5)

θ[d]ν [h,A] =
1
N

N∑
s=1

θ[d](s)ν [h, A], for ν = k − 1, k. (9.6)

7. Compute the current approximation of the eigenvalue:

λ(k−1) =
θ[u]k−1[h, A]
θ[d]k−1[h, A]

and

λ(k) =
θ[u]k[h, A]
θ[d]k[h,A]

8. If

|λ(k) − λ(k−1)| < ε (9.7)

then stop iterations. Else continue iterations using steps 4,5,6 until
reaching new values of the parameters k and m and check the inequality
(9.7).

The process continues until the inequality (9.7) is fulfilled or until
a very large number of iterations k or very high power m of the resolvent
matrix is reached.
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Here the estimates for the mathematical expectation of the time, speed-
up and parallel efficiency will be presented. All three parameters define the
quality of the parallel and/or vectorizable algorithms.

In fact, all Markov chain algorithms for linear algebra problems could
be considered as random processes which consist in jumping on element of
the matrix following the schemes described in Chapter 5.

Every move in a Markov chain is done according to the following algo-
rithm:

Algorithm 9.2. Resolvent MC Algorithm

• (i) generation of a random number (it is usually done in κ floating
point operations where κ = 2 or 3);

• (ii) determination of the next element of the matrix: this step includes
a random number of logical operations2;

• (iii) calculating the corresponding r.v.

Since Monte Carlo Almost Optimal (MAO) algorithm which corre-
sponds to permissible densities (see, Section 4.2, Definition 4.1) is used,
the random process never visits the zero-elements of the matrix A. (This
is one of the reasons why MAO algorithm has high algorithmic efficiency
for sparse matrices.)

Let di be the number of non-zero elements of ith row of the matrix A.
Let us estimate the number of logical operations γL in every move of the
Markov chain in the worst case. It can be estimated using the following
expression

EγL ≈ 1
2

1
n

n∑

i=1

di =
1
2
d, (9.8)

where d is the mean value of the number of non-zero elements of every row
of the matrix A. Note that if the binary search method [Knuth (1997)] is
used to select the next element in the Markov chain, then (log d) operations
are needed (for more details see [Alexandrov et al. (2004)]).

Since γL is a r.v. we need an estimate of the probable error of (9.8).
It depends on the balance of the matrix. For matrices which are not very
unbalanced and of not very small-size (n = 2, 3), the probable error of (9.8)
is negligible small in comparison with γL.

2Here again the logical operation deals with testing the inequality “a < b”.
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The number of the arithmetic operations, excluding the number of arith-
metic operations κ for generating the random number is γA (in our code-
realization of the algorithm γA = 6: that is

• 2 operations for obtaining the next value of Wi (in case of computing
bilinear forms of the solution of a system of linear algebraic equations)
or θ(k) (in case of computing bilinear forms of matrix powers),

• 1 operation for obtaining the next power of q, qi (this applies for the
Resolvent Monte Carlo only; for the Power Monte Carlo it’s equal to
zero),

• 3 operations for obtaining the next term of the summation.

So, the mathematical expectation of the operations needed for each
move of any Markov chain is

Eδ =
[
(κ + γA)lA +

1
2
dlL

]
, (9.9)

where lA and lL are the numbers of suboperations of the arithmetic and
logical operations, respectively.

In order to obtain the initial density vector 2n operations for computing
{pα}n

α=1 are needed since

• n − 1 summation and one multiplication is needed for obtaining the

value of
1∑n

i=1 |vi| , and

• n multiplications are needed for obtaining the initial density vector,

{pα}n
α=1 =

|vα|∑n
i=1 |vi| .

To obtain the transition density matrix {pαβ}n
α,β=1, the algorithm needs

2dn arithmetic operations, where d is the mean value of the number of non-
zero elements per row because

• di − 1 summations and one multiplication for obtaining the value of
1∑n

j=1 |aij | for each row ai, i = 1, . . . , n of the matrix A are needed,

and
• di multiplications for obtaining the ith row of the transition density

matrix are needed;
• we need to repeat the above mentioned procedure for every row of the

matrix A, that is n− 1 times.
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Thus, the mathematical expectation of the total time becomes

ET1(RMC) ≈ 2τ

[
(κ + γA)lA +

1
2
dlL

]
kN + 2τn(1 + d), (9.10)

where k is the number of moves in every Markov chain, and N is the number
of Markov chains and τ is the clock period.

It is worth noting that the main term of (9.10) does not depend on
the size n of the matrix and the next term has O(n) operations for sparse
matrices and O(n2) operations for dense matrices. This result means that
the time required for calculating the eigenvalue by the Resolvent MC prac-
tically does not depend on n. The parameter k depends on the spectrum of
the matrix, but do not depend on the size n. The parameter N controls the
stochastic error (for more details about choosing parameters k and N see
Section 5.4). The above mentioned result was confirmed for a wide range
of matrices during numerical experiments.

Let us consider now the pipeline model. In this case there are two
levels of vectorization. The first (low) level consists in vectorization of
every arithmetic operation using a sequence of suboperations (the number
of suboperations for one arithmetic operation is usually equal to 4). The
second (high) level consists in vectorization of DO-loops. For both type of
vectorization one number of the result is produced at every clock period
(with a periodicity τ). In comparison with the previous case, the scalar
computer produces every number of the result at every τ lA moment. So,
one can obtain

ETpipe(RMC) ≈ τ

[(
s + c + κ + γA + lA +

1
2
dlL

)
+ k + N

]

+ τ [2 + s + n] + τ [2 + s + d + n] (9.11)

= τ

[
4 + 3s + c + κ + γA + lA + 2n +

(
1
2
lL + 1

)
d + k + N

]
,

where τs is the startup time of the pipeline processor and the factor c

(which is usually very small) describes the increase of the time for joint
vectorization of the calculations of the r.v. θ[u]ν [h, A] and θ[d]ν [h, A] (see,
(9.5) and (9.6)). In comparison with (4.8) in (9.11) there is summation
instead of multiplication in the term expressing the number of arithmetic
operations (low level vectorization) and, instead of multiplication by k and
N , there is summation because k and N are parameters of DO-loops (high
level vectorization). The second term of (9.11) expresses the low level of
vectorization (2+n instead of 2×n). The third term of (4.8) expresses the
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low level (2 + d instead of 2 × d) as well as high level (+n instead of ×n)
of vectorization.

Consider the third model - multiprocessor model consisting of p pro-
cessors. In this case every Markov chain can be run independently and in
parallel, so that we have

ETp(RMC) ≈ 2τ

[
(κ + γA)lA +

1
2
dlL

]
k

N

p
+ 2τn

[
1 + d

1
p

]
, (9.12)

where p is the number of processors.
The expression (9.12) shows that the Resolvent MC can by very effi-

cient for a large N even for a large number of processors p, which is quite
interesting. Consider now the speed-up and the parallel efficiency for the
second and the third model of computer architectures.

One can get for the pipeline model

Spipe(RMC) ≈ 2
[
(κ + γA)lA + 1

2dlL
]
k + 2n(1 + d)

4 + 3s + c + κ + γA + lA + 2n +
(

1
2 lL + 1

)
d + k + N

.

Let us assume that

n(1 + d) <<

[
(κ + γA)lA +

1
2
dlL

]
kN ;

k << N ;

s + κ + γA + lA ≤ (κ + γA)lA.

Then

Spipe(RMC) ≥ 2k
1
N + 1

B

,

where

B = (κ + γA)lA +
1
2
dlL.

As for the parallel efficiency, we have

Epipe(RMC) ≥ 2k
1
N + 1

B

,

since there is just one processor.
For a very rough estimate (supposing N ≈ B) one can use the following

simple expression for the speed-up

Spipe(RMC) ≈ kN.
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For the multiprocessor model with p processors one can get

Sp(RMC) ≈
[
(κ + γA)lA + 1

2dlL
]
kN + n(1 + d)

[
(κ + γA)lA + 1

2dlL
]
lN

p + n
[
1 + d

p

] .

Suppose that
[
(κ + γA)lA +

1
2
dlL

]
kN =

1
ε
n(p + d),

where ε is a small positive number. Then for every p ≥ 1

Sp(RMC) ≥ p

1 + ε
≥ 1.

For the parallel efficiency we have

1
1 + ε

≤ Ep(RMC) ≤ 1.

The last inequality shows that the parallel efficiency of RMC algorithm
can be really very close to 1.

9.3 Algorithms for Boundary Value Problems

Here the following classical problem will be considered:

∆u = −f(x), x ∈ Ω, (9.13)

u(x) = ψ(x), x ∈ ∂Ω, (9.14)

where x = (x(1), . . . , x(d)) ∈ Ω ⊂ Cd = {0 ≤ x ≤ 1, i = 1, 2, . . . , d}.
Our aim is to calculate the linear functional

J(u) = (g, u) =
∫

Ω

g(x)u(x)dx. (9.15)

We will next consider three Monte Carlo algorithms for the evaluation
of this inner product.

Here we also estimate the computational complexity in terms of the
definition given in Chapter 1. The product tσ2(θ) is considered as the
computational complexity of the algorithm.
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9.3.1 Algorithm A (Grid Algorithm)

Here we consider the grid Monte Carlo algorithm described in Section 4.3.2.
Using a regular discretization with step h, the problem (9.13) is approxi-
mated by the difference equation

∆(d)
h u = −fh, (9.16)

or solved for the ith point i = (i1, . . . , in):

ui = Lhu +
h2

2d
fi, (9.17)

where ∆(d)
h is the Laplace difference operator, and Lh is an averaging op-

erator.
The approximation error of (9.16), (9.17) is

|ui − u(xi)| = O(h2). (9.18)

We need h =
√

ε to ensure consistency of the approximation error and the
probability error.

Every transition in the Markov chain is done following the algorithm

Algorithm 9.3.
(i) generation of a random number (it is usually done in κ arithmetic

operations, where κ = 2 or 3);
(ii) determination of the next point which includes a random number of

logical operations 3 with expectation equal to d, and maximum 2d (d is the
space dimension) and one algebraic operation to calculate the coordinates
of the point.

Let mi(h, d) be the mean number of steps required to reach the bound-
ary for a process (or a chain) starting at the point i and m(h, d) is the
vector with coordinates m. Then m(h, d) is the solution of the following
finite difference problem

{
mi = Lhm + ϕi, i ∈ Ωh, ϕi = 2d

h2 ,

mi = 0, i ∈ ∂Ωh.
(9.19)

If {m′
i(h, d)} is the solution of problem (9.19) in the unit cube Ed, then

the following inequality holds:

m′
i(h, d) ≥ mi(h, d), i = 1, 2, . . . .

3Here logical operation means testing the inequality “a < b”.



September 17, 2007 10:48 World Scientific Book - 9in x 6in book

206 Monte Carlo Methods for Applied Scientists

The difference problem for m′
i(h, d) could be approximated by the partial

differential problem
{

∆m′(x) = − 2d
h2 , x ∈ Ed,

m′(x) = 1
h2

∑d
l=1(xl − x2

l ), x ∈ ∂Ed,

where the error is of order O(1). Note that to estimate the computational
complexity we approximate the finite difference problem by a differential
problem which has an exact solution.

Let M be the maximum of m′(x), i.e.,

M = max
Ed

m′(x) =
1

4h2
=

1
4ε

. (9.20)

This value is independent of the problem dimension and could be
reached when xl = 1

2 , l = 1, 2, . . . , d.

The result in (9.20) is natural because the inverse operator of ∆(d)
h is

uniformly bounded over h, and so it follows that

mi(h, d) =
c(d)
h2

+ O

(
1
h2

)
.

Thus, M is an upper bound for the expectation of the number of steps
in a Markov chain, which is a realization of the r.v. θ. To achieve a probable
error ε, it is necessary to average N realizations of the r.v. θ, where

N = c2
0.5

σ2(θ)
ε2

.

The expectation of the number of all transitions R in the Markov chain
will then be

R ≤ MN =
1
4
c2
0.5

1
ε3

σ2(θ) = tσ2(θ). (9.21)

Let lA and lL be the number of suboperations of the arithmetic and
logical operations, respectively. Then the expectation of the time required
to achieve a probable error on the serial model using the algorithm A is

ET1(A) = τ [(κ + 1 + γA)lA + (d + 1 + γL)lL]
(

1
4
(c0.5σ(θ))

)2 1
ε3

,

where γA and γL are the number of arithmetic and logical operations to
calculate the distance from a given point to the boundary ∂Ωh. Here we
assume that f(x) = 0 in (9.13), because the number of operations to cal-
culate a value of f(x) in an arbitrary point x varies for different functions
f .
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In the case of the third model we suppose that it is possible to choose
the number of processors to be

p =
(

c0.5
σ(θ)

ε

)2

.

Then,

ETp(A) = τ [(κ + 1 + γA)lA + (d + 1 + γL)lL]
1
4ε

,

Sp(A) = p

and
Ep(A) = 1,

i.e., the parallel efficiency has its maximum value in terms of the modified
criterion.

The speed-up can be improved using the fourth model. In this case all 2d

logical operations at each step of the Markov chain are done simultaneously,
and so

ET2dp(A) =
τ

4ε
[(κ + 1 + γA)lA + 3lL] ,

S2dp(A) = p

(
1 +

d + 1 + γL

κ + 1 + γA

lL
lA

)/(
1 +

3
κ + 1 + γA

lL
lA

)
, (9.22)

and S2dp(A) > Sp(A) when d + 1 + γL ∼ 3.
The parallel efficiency is

E2np(A) =
1
2d

(
1 +

d + 1 + γL

κ + 1 + γA

lL
lA

) /(
1 +

3
κ + 1 + γA

lL
lA

)
.

Assuming the pipeline model to have lA segments, we obtain the follow-
ing results:

ETpipe(A) = τ [s + κ + lA + γA + (d + 1 + γL)lL]
(

1
2
(c0.5σ(θ)

)2 1
ε3

,

Spipe(A) =
(

1 +
κ + 1 + γA

d + 1 + γL

lA
lL

)/(
1 +

s + κ + lA + γA

d + 1 + γL

1
lL

)
.

From (9.22) follows that Spipe(A) > 1 when s, lA and γA meet the
inequality

s < (lA − 1)(κ + γA), (9.23)
which is not a real restriction, but it becomes obvious that algorithms like
A are not well suited for the pipeline model. This follows from the formula
for Spipe(A) which does not have a factor 1/ε, whereas Spipe(A) = O(ε−2).

Special Monte Carlo algorithms can be considered for the pipeline com-
puters which are known as vector algorithms. Such an algorithm will be
considered later in this chapter.
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9.3.2 Algorithm B (Random Jumps on Mesh Points

Algorithm)

Let us consider again the problem of calculating the inner product (g, u)

(see (9.15)) with a preset probable error ε.

The discretization formula for the Laplace equation

Ui,j,k =
1

6
Λi,j,k,

stated in Appendix A, leads to the r.v.

θ = ψ(ξ),

where ξ is a random point on the boundary ∂Ωh. The expectation of this

r.v. coincides with the required value.

The Monte Carlo algorithm for estimating the expectation of θ consist in

calculating repeated realizations of θ which are Markov chains with initial

density p0 permissible to g (see, Definition 4.1 in Section 4.2), and transition

probabilities

pαβ =

{
1
6 , when α ∈ Ωh,

δαβ , when α ∈ ∂Ωh,

where

δαβ =

{

1, α = β,

0, α 6= β,

is the Kronecker notation. Next, we consider the problem of estimating the

number of operations R required to reach the probable error ε.

From (9.21) it follows that the estimators for the number of realiza-

tions N and the number of transitions M in one Markov chain have to be

obtained.

The number of realizations N is independent of the algorithm used, and

is given by

N =

(

c0.5
σ(θ)

ε

)2

. (9.24)

Let us find an upper bound for the number of steps M in a Markov

chain. To do that we consider the following problem. Let D be a plane

in IR3 and Ω be the half-space bounded by D. The domain Ω is replaced

by a set of points ωh using a regular discretization. The Markov chains

in the algorithm B are random walks in ωh that begin at a point chosen
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according to the initial density p0; the next point is selected according to
the following stipulations.

Algorithm 9.4.

• (i) Determine the maximum approximation molecule (scheme)4 µ(α)
for the inner point α.

• (ii) Select the point β uniformly at random on µ(α) with probability
pαβ = 1

6 .
• (iii) If the point β is boundary mesh-point, terminate the Markov

chain and start the process from the point chosen correspondingly to
p0. If the point β is an inner point of ωh, then do step (ii) using β in
place of α.

Our aim is to estimate the number of inner points passed by until a
boundary point is reached.

Let T be a r.v. that is the number of steps in a Markov chain, and Tν

be the number of steps in the νth Markov chain. Then

P{Tν = k} =
(

5
6

)k−1 1
6
,

and the expectation of the r.v. T is given by

ET =
∞∑

k=1

k

(
5
6

)k−1 1
6

= 6.

This result gives an upper bound for the number of steps in a Markov
chain, i.e.,

M ≤ 6;

so in this case

R < 6
(

c0.5
σ(θ)

ε

)2

.

For one transition in the Markov chain we have to do the following
operations:

• γA arithmetic and 5 logical operations to find (calculate) the distance
from the point to the boundary ∂Ω and 1 logical operation to verify if
this distance is nonzero, i.e., the point is not on the boundary;

4The approximation molecule (scheme) µ(α) for the differential operator is the set of
mesh points used for approximation of the derivatives in the operator at the point α.
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• κ arithmetic operations for the generation of random number;
• 3 logical and 1 arithmetic operations for calculating the coordinates of

the next point.

So, for a serial model it is obtained that

ET1(B) = 6τ [(κ + 1 + γA)lA + 9lL]
(

c0.5
σ(θ)

ε

)2

,

and for the third model with p = (c0.4σ(θ)/ε)2 processors the expectation
is

ETp(B) = 6τ [(κ + 1 + γA)lA + 9lL] .

Then the coefficients for the speed-up and the performance are

Sp(B) = p,

and

Ep(B) =
Sp(B)

p
= 1, (9.25)

which means that one could achieve the optimum performance.
The calculation of repeated realizations of a r.v. does not need any

communication between the processors, so the mathematical expectation
of the idle time of the processors is zero.

The value of Sp(B) could be improved with the fourth model. In this
case all logical operations for determining the next point in the Markov
chain and those for finding the distance to the boundary could be fulfilled
at two clock periods, and so

ET6p(B) = 6τ ((κ + 1 + γA)lA + 5lL) (9.26)

and

S6p(B) =
(κ + 1 + γA)lA + 9lL
(κ + 1 + γA)lA + 5lL

(
c0.5

σ(θ)
ε

)2

= p

(
1 +

9
κ + 1 + γA

lL
lA

)/(
1 +

5
κ + 1 + γA

lL
lA

)
> Sp(B). (9.27)

For the performance coefficient we obtain

E6p(B) =
1
6

(
1 +

9
κ + 1 + γA

lL
lA

)/(
1 +

5
κ + 1 + γA

lL
lA

)
< 1. (9.28)

It is obvious that increasing the number of processing elements will
involve increasing the idle time, i.e., efficiency will decrease.
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Let us now consider the pipeline model with lA segments for performing

the arithmetic operations. In this case the coefficients of interest become

ETpipe(B) = 6τ(s+ κ + lA + γA + 9lL)

(

c0.5
σ(θ)

ε

)2

, (9.29)

Spipe(B) =

(

1 + 1
9 (κ + 1 + γA) lAlL

)

(

1 + 1
9 (s+ κ + lA + γA) 1

lL

) , (9.30)

and the sufficient condition for Spipe(B) > 1 is

s < (lA − 1)(κ + γA), (9.31)

which holds for all real computers.

As in the case of the algorithm A, one can see that this algorithm is not

the best one for pipeline computers.

9.3.3 Algorithm C (Grid-Free Algorithm)

There exists a different approach to the solution of problem (9.13), (9.14)

which uses the following integral representation [Muller (1956); Ermakov

and Mikhailov (1982)].

u(x) =
1

4π

∫ [
1

|x− y|
∂u(y)

∂ny
− u(y)

∂

∂ny

1

|x− y|

]

dsy, (9.32)

for f(x) ≡ 0 and n = 3.

Representation (9.32) allows us to consider a Monte Carlo algorithm,

called spherical process for computing the inner product (g(x), u(x)) (see,

(9.15)). The algorithm is as follows.

Algorithm 9.5.

• (i) Choose an ε-strip ∂Ωε of the boundary ∂Ω and suppose that the

solution of problem (9.13) ,(9.14) is known in ∂Ωε.

• (ii) The starting point x0 is to be chosen with respect to initial density

p(x) which is permissible for the function g(x).

• (iii) The next point is chosen to be equally distributed on the maxi-

mum sphere in Ω with the center in x0. The formula for computing xk
from xk−1 is

xk = xk−1 + ωnd(xk−1), k = 1, 2, . . . , (9.33)
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where ω is a unit vector uniformly distributed on the unit sphere. Then,
if xk ∈ Ω \ ∂Ωε, the process continues by determining the next point
from (9.33), if xk ∈ ∂Ωε, the process is terminated with setting up
θk = u(xk).

The value θ is the kth realization of the r.v. θ. Then, using N such
realizations, we consider the approximation of the solution

(g, u) ≈ 1
N

N∑

k=1

θk. (9.34)

The number of steps M in a realization of the r.v. θ is

M = c| log ε|, (9.35)

where c depends on the boundary ∂Ω.
To ensure a probable error ε, it is necessary to perform N realizations

of the r.v. where N is chosen from (9.24). Then for the expectation of the
number of steps we obtain

R = c(c0.5σ(θ))2
| log ε|

ε2
, (9.36)

and each step consists of γA arithmetic and γL logical operations for finding
d(x), 2κ arithmetic operations for generating two pseudo-random numbers
(when d = 3), qA arithmetic operations for calculation of the coordinates
of the next point and 1 logical operation to determine whether x ∈ ∂Ωε.

It then follows that

ET1(C) = τ [(2κ + γA + qA)lA + (γL + 1)lA] c(c0.5σ(θ))2
| log ε|

ε2
, (9.37)

whereas for the third model with p = (c0.5σ(θ)/ε)2 processor it follows that

ETp(C) = τ ((2κ + γA + qA)lA + (γL + 1)lL) c| log ε|, (9.38)

and so for the speed-up and parallel efficiency we obtain

Sp(C) = p = O(ε−2) (9.39)

and

Ep(C) = 1, (9.40)

If the fourth model is considered, a greater speed-up can be achieved:

S6p(C) = p

(
1 + 2κ+γA+qA

γL+1
lA
lL

)
(
1 + κ+γA+qA

γL+1
lA
lL

) > Sp(C), (9.41)
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but the parallel efficiency decreases:

E6p(A) =
1
6

(
1 + 2κ+γL+qA

γL+1
lA
lL

)
(
1 + κ+γL+qA

γL+1
lA
lL

) < 1. (9.42)

In case of the pipeline model with lA segments, the respective results are

ETpipe(C) = τ [s + 2κ + γA + qA + lA − 1 + (γL + 1)lL]

× c(c0.5σ(θ))2
| log ε|

ε2
, (9.43)

and

Spipe(C) =

(
1 + 2κ+γA+qA

γL+1
lA
lL

)
(
1 + s+2κ+γA+qA+lA−1

γL+1
1
lL

) , (9.44)

and Spipe(C) > 1 when the inequality

s < (2κ + γA + qA − 1)(lA − 1) (9.45)

holds. But it is met for the real computers where a speed-up greater than
one could be obtained. This effect is known as superlinear speed-up.

All results concerning algorithm A,B and C in the case d = 3, f(x) ≡ 0
and p = (c0.5σ(θ)/ε)2 are enumerated in the appendix.

9.3.4 Discussion

One can see that the rates of increase of the time required to achieve a
present probable error ε using algorithm A, B and C are O(1/ε), O(1) and
O(| log ε|), respectively. Thus, algorithm B is faster than algorithms A and
C.

On the other hand, it is obvious that the speed-up and the parallel
efficiency coefficients are greater for MIMD architectures (models (3) and
(4)) that those for the pipeline architecture (model (2)). That is so, because
the increase of the number of processing elements in models (3) and (4)
involves an increase of the speed-up with the same factor, while the parallel
efficiency remains constant. The formulae in Appendix B show that third
model is the best one for such algorithms, because their parallel efficiency
is unity, i.e., the idle time of its processing elements is zero.

The Monte Carlo algorithms described include a wide range of problems
with probable error of the superconvergent type rN = cN−1/2−ψ(d), where
ψ(d) > 0 is a nonnegative function of dimensionality of the problem. Such
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type of Monte Carlo algorithms are considered in Sections 2.4 and 2.5, as

well as in Chapter 3 for calculation of integrals of smooth functions from

Wk(‖f‖; Ω) with partially continuous and limited derivatives. Methods

of this type are called superconvergent and can be applied for Fredholm

integral equations of second kind (see [Dimov and Tonev (1989)]). The

main idea of the superconvergent Monte Carlo methods is that the random

points are generated in different subdomains Ωj . This allows to obtain a

greater rate of convergence with ψ(d) > 0 (for W1(‖f‖; Ω), ψ(d) = 1/d;

see Section 2.4).

The algorithm results from the special way of separation of the domain

Ω. In this case every Markov chain is defined in one of the subdomains

Ωj . This means that the only difference between the algorithm described

above and this algorithms is the probability density function which does

not change the speed-up and efficiency estimators.

Here,

• an optimum (with a minimum standard deviation) algorithm for BVP

problem, is considered. This algorithm has a minimum probable error.

• It is obtained using the idea of the importance sampling technique for

defining the transition probabilities in the Markov chain.

• As the only difference between this algorithm and the classical one is

the probability density function, it is obvious that the estimates for the

speed-up and the efficiency are the same.

• However, the Monte Carlo algorithms described above are not well

suited for pipeline architectures. Thus, if one wants to achieve greater

speed-up on pipeline computers, it is necessary to construct special

vector Monte Carlo algorithms.

9.3.5 Vector Monte Carlo Algorithms

There are Monte Carlo algorithms called vector algorithms that are more

efficient for pipeline computers.

Let us now consider an approach to solve the problem

Rm(∆)u(x) = (−1)mf(x), x ∈ Ω ⊂ IR2, (9.46)

∆ku(x) → fkm(x), x → x0, x0 ∈ ∂Ω, (9.47)

where

Rm(λ) = λm + c1λ
m−1 + · · · + cm−1λ+ cm (9.48)
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is a polynomial with real zeros and ∆ is Laplace operator. This is a common
problem in the investigation of the beam penetration in multilayer targets.

Suppose that all conditions ensuring the existence and the uniqueness of
the solution of problem (9.46), (9.47) are met and all zeros of the polynomial
Rm(λ) are real numbers. Let λ1, . . . , λm be the zeros of Rm(λ).

Then the problem (9.46), (9.47), (9.48) can be given the following rep-
resentation:





(∆− λ1)u1 = (−1)mf(x),
(∆− λ2)u2 = u1,

...
(∆− λm)um = um−1,

um = u,

with the boundary conditions

us(x) → fs(x) + bs
1fs−1(x) + · · ·+ bs

s−1f1 = Ws(x), s = 1, . . . ,m,

where
{

bs
j = bs+1

j + λsb
s
j−1, j = 1, . . . , s− 1,

bs
0 = 1, bm+1

k = ck, k = 1, . . . , m− 1.

Then the discrete problem becomes

uk,0 =
1
4

4∑

i=1

uk,i − 1
4
h2λkuk,0 − 1

4
h2uk−1,0, k = 1, . . . , m,

u0,0 = f0 = (−1)mf(x), x ∈ Ωh.

Using the notation ki = (1 − 1
4h2λi)−1, i = 1, . . . , m, one can obtain

the following system of linear algebraic equations:




um,0 = km

(
1
4

∑4
k=0 um,i − 1

4h2um−1,0

)
,

um−1,0 = km−1

(
1
4

∑4
i=0 um−1,i − 1

4h2um−2,0

)
,

...

u1,0 = k1

(
1
4

∑4
i=0 u1,i − 1

4h2f0

)
, i = 1, . . . , m,

or represented in a matrix form:

U + AU + F, (9.49)
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where U = (um,0, um−1,0, . . . , u1,0)T and each uk,0 is a vector with m1,m2

components (here m1 and m2 are the number of points along x1 and x2,
respectively),

A =




kmLh − 1
4h2kmkm−1Lh · · ·

(
1
4h2

)m−1 ∏m
i=1 kiLh

0 km−1Lh · · · (− 1
4h2

)m−2 ∏m−1
i=1 kiLh

...
...

...

0 0 · · · k1Lh




,

F =

(
m∏

i=1

ki

(
−1

4
h2

)m

, . . . ,

(
−1

4
h2

)2

k2k1,

(
−1

4
h2

)2

k1,

)T

(−1)mf(x).

In what follows we will denote by W = (wn(x), . . . , w1(x))T the bound-
ary conditions vector.

This interpretation allows to formulate a Monte Carlo vector algorithm.
We introduce matrix weights in the following manner:

Q0 = {δij}m
i.j=1, Qj = Qj−1

k(xj−1, xj)
p(xj−1, xj)

,

where

k(xn−1, xn) =
j∏

l=i

km+1−l

(
−1

4
h2

)l−i

Lh, i, j = 1, . . . ,m.

Then the r.v. ξx with Eξx = J(U) is

ξx =
i∗∑

j=0

Qjf(xj),

where i∗ is a r.v. that is the length of the Markov chain, and J(U) is a linear
functional of the solution U. Each Markov chain is a realization of the r.v.
ξx. From the law of large numbers it follows that we need N realizations
to estimate the mathematical expectation of ξx, i.e., the linear functional
of the solution U.

Each realization is done according to the following algorithm.

Algorithm 9.6. Vector Monte Carlo Algorithm
(i) The process begins at the point x0, chosen according to the initial

density, and accumulate in ξ0 the values of F0.
(ii) From the point xk the process goes to the next point xl depending

on the transition densities pkl and
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• if x ∈ Ωh, then ξ0 = ξ0 + Q1Fl and the process continues with a
transition to the next point (according to step (ii));

• if x ∈ ∂Ωh, then ξ0 = ξ0 + Q1Wl and the process is terminated;
• if the boundary ∂Ωh is reached at the point xi∗ and on the sth step,

then

ξ0 = ξ0 + QsWi∗ .

This algorithm is used to solve the following practical computational
problem:

∆∆∆u(x) = (−1)3f(x), x ∈ Ω, x = (x1, x2),

∆ku(x) → fk+1(x), when x → x0, x0 ∈ ∂Ω, k = 0, 1, 2,

where Ω = {(x(1), x(2)) : 0 ≤ x(1) ≤ 1, 0 ≤ x(2) ≤ 1} is the unit square,
and





f(x) = 2 · 36 sin 3x(1) + 26 cos 2x(2),

f1(x) = 2 sin 3x(1) + cos 2x(2),

f2(x) = −18 sin 3x(1) − 4 cos 2x(2),

f3(x) = 2 · 34 sin 3x(1) + 24 cos 2x(2).

The corresponding system of differential equations is




∆u1 = (−1)3f(x),

∆u2 = u1,

∆u3 = u2,

u3 = u,

and using a grid of mesh size h = 0.1, we obtain the finite difference system

u = Au + F,

where

u = (u3,0, u2,0, u1,0)T ,

A =




Lh − 1
4h2Lh (−1

4h2)2Lh

0 Lh − 1
4h2Lh

0 0 Lh


 ,
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Table 9.1 Solution of the problem. The number of Markov
chains is N = 3000

Coordinates Exact solution Monte Carlo Relative error
of points solution

(0.6, 0.8) 2.6444 2.6790 −0.013

(0.2, 0.5) 1.6696 1.6895 −0.012

F =
(

(−1
4
h2)3, (−1

4
h2)2, (−1

4
h2)

)T

(−1)3f(x),

and the boundary conditions vector is

F = (f3(x), f2(x), f1(x))T
.

The random vector ξk is

ξk = ξk + QsΦs,

where

QsΦl =

{
QsFl, xl ∈ Ωh,

QsWl, xl ∈ ∂Ωh,

QsFl =




R(s + 1)
(− 1

4h2
)3

(s + 1)
(− 1

4h2
)2

− 1
4h2


 (−1)3f(x),

QsWl =




f3 + s
(− 1

4h2
)
f2 + R(s)

(− 1
4h2

)2
f1

f2 + s
(− 1

4h2
)
f1

f1


 ,

where R(1) = 1, R(s) = s + R(s− 1).
In Table 9.1 the results from the solution of the problem in two points

over N = 3000 realizations of the r.v. are shown. One can see that the
relative error of MC result obtained using the vector algorithm is around
1% at the points chosen with coordinates (0.6, 0.8) and (0.2, 0.5).
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Chapter 10

Applications for Transport Modeling
in Semiconductors and Nanowires

There are many important applications of Monte Carlo methods in statis-
tical physics, finances, environmental sciences, biology, medicine and many
other fields. In this chapter algorithms for modeling of transport phenom-
ena in semiconductors and nanowires are presented. This choice is made
because in this field a very significant improvement was made by deploying
the numerical Monte Carlo approach during the last decade. The basic
algorithms for simulation of the semiclassical Boltzmann equation (BE) are
discussed from the point of view of the numerical Monte Carlo method.
Such an approach is a base for developing models for solving equations
generalizing the BE towards quantum transport. It is further used for solv-
ing purely quantum problems, e.g. the Wigner equation. These cases are
considered below. Convergency proof for each corresponding algorithm is
presented. A number of numerical experiments are performed. A Grid
application to modeling of carrier transport in nanowires is presented. Nu-
merical results based on this grid application are discussed.

10.1 The Boltzmann Transport

The history of the MC application in the semiconductor physics probably
begins in 1966 [Kurosawa (1966)]. Since then, a large variety of physical
systems and phenomena have been investigated, accounting for all types
of interactions with the lattice imperfections (phonons, impurities) and
other carriers, full band structure, the effect of the exclusion principle or to
analyze space and/or time dependent phenomena [Jacoboni and Reggiani
(1983); Jacoboni and Lugli (1989)]. Different MC algorithms have been
created to meet the challenge of the concrete physical tasks. The problem
of their convergency, despite demonstrated so widely in practice (the suc-

219
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cessive completion of any MC code), was not discussed in the literature.
The variety of the semiclassical MC algorithms can be summarized in three
main groups. The algorithms of the first one simulate the natural chain of
events happening during the physical process of the particle transport. The
algorithms belonging to the other two generate the particle history back in
time or modify the weight of the elementary events, thus achieving variance
reduction in the desired regions of the phase space.

The general space-time dependent BE and the algorithms from the three
main groups - Ensemble MC [Phillips and Price (1977)], MC Backwards
[Jacoboni et al. (1988)] and Weighted Ensemble MC [Rota et al. (1989)] will
be introduced. It will be shown that they are generalized by the numerical
Monte Carlo algorithm applied to appropriate integral form of the BE.

The convergency of the particular technique follows from the conver-
gency of its Neumann series.

The understanding of the MC algorithms for solving the BE is essen-
tially assisted by consideration of the concrete process of the semiconductor
carrier transport.

Within the semiclassical transport concepts the point-like particles move
in the six dimensional phase space R × K. The distribution function
f(r,k, t) gives the particle number density in the phase space points of
position and wave vector (the set K of all elements k is an Euclidean space).

The particles move along Newton trajectories, defined by:

k̇ = eE/~ ṙ = v v =
1
~
∇kε(k), (10.1)

which is called drift process. Here E(r) is the electric field, v is the elec-
tron velocity and ε(k) is the electron energy. The drift is interrupted by
scattering events due to the lattice imperfections and are considered local
in position and instantaneous in time. They are accounted for by a func-
tion S(r,k,k′)dk′ giving scattering frequency from k to dk′ around k′. S

is calculated within a quantum mechanical description of the considered
electron-imperfection interaction.

The transport process is presented by the following chain of events: The
electron is accelerated by the field along the Newton trajectory. When scat-
tering occurs it disappears in state r,k and in the same moment appears in
the state r,k′, which is an initial point of a new trajectory. This trajectory
is in turn interrupted by a scattering event, etc.

The common integro-differential form of the BE is:(
∂

∂t
+ eE/~.∇k + v(k).∇r

)
f(r,k, t)
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=
∫

dk′S(r,k′,k)f(r,k′, t)− λ(r,k)f(r,k, t), (10.2)

where λ(r,k) =
∫

dk′S(r,k,k′). It is accomplished by an initial condition,
giving the particle distribution at time zero. As a rule we are interested in
the solution in a confined space domain and boundary conditions are also
present. We will use the fact that the space domain is confined, but in order
to keep the attention to the algorithmic aspect of the problem, boundary
conditions will not be considered here. We also mention that, because of
the periodicity of the carrier properties with respect to the wave vector, the
K space is confined in a domain, called first Brillouin zone.

There are two main approaches for understanding the relations between
the BE and the MC: understanding the MC algorithm in terms of the trans-
port events (leading to the BE) and understanding the transport phenom-
ena in terms of numerical MC, applied to the BE. The first one introduces
the imitation technique EMC.

The EMC is based on the simulation of the natural processes of drift and
scattering events, existing in the real world of the semiconductor electrons.
A given simulation electron is followed through random generation of the
probabilities for the drift duration and the after scattering state. They are
easily obtained from the λ and S which participate also as coefficients in
the Boltzmann equation. For example the probability w(r(t),k(t)) for drift
without scattering during the time interval t is obtained as follows. If n

particles are located in r,k at time 0, after time interval t their number in
point r(t),k(t) will decrease to n.w(r(t)k(t)). The following relation holds:
n.w(r(t + dt),k(t + dt)) = n.w(r(t),k(t))− n.w(r(t),k(t))λ(r(t),k(t))dt.

So for w the expression w(r(t),k(t)) = e−
R t
0 λ(r(τ),k(τ))dτ is obtained.

Another probability which will be often used in this chapter is given by the
product λ(r(t),k(t))w(r(t),k(t))dt - it is the probability for scattering in
time interval dt after a successive drift for time 0− t.

The motions of a number of particles with a given initial distribution
are simulated in the phase space. The distribution function in a given phase
space point r,k at given moment t is proportional to the relative number
of simulated electrons located in a unit volume about the point at that
moment. During such imitation of the elementary transport processes the
particle number balance, leading to the BE, is performed automatically. In
this sense the imitation MC is another way of stating the BE.

The second approach introduces the techniques MCB, WEMC and the
IA. MCB and WEMC are still within the concept of drift and scatter-
ing events, but in a more sophisticated way. They are oriented towards the
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mathematical aspects of the BE rather than to the real transport processes.
MCB inverses the order of the real evolution of the carrier system - of both
the drift and the scattering processes. The simulated trajectories begin
in a given point r,k and time t, evolve back in time and finish in time 0
when the initial distribution is accounted. The gain is that we can obtain
f(r,k, t) in domains, practically unattainable by the EMC. The WEMC, as
the EMC, follows the real evolution, but modifies the corresponding prob-
abilities for drift and scattering. Thus rare transport events are generated
more frequently. After each simulated elementary event, a weight given by
the ratio between the real and modified probabilities is calculated. The
product of the weights is then used to recover the real carrier distribution.

10.1.1 Numerical Monte Carlo Approach

Equation (10.2) can be transformed into an integral form [Vitanov et al.
(1994)]:

f(r,k, t) =
∫ t

0

dt′
∫

dk′f(r(t′),k′, t′)S(r(t′),k′,k(t′))

× exp
{
−

∫ t

t′
λ(r(y),k(y))dy

}
(10.3)

+ exp
{
−

∫ t

0

λ(r(y),k(y))dy

}
f (r(0),k(0), 0) ,

where now r(τ), k(τ) are the Newton coordinates at time τ which lead to
r, k at time t. We introduce the short notations: x = (r,k, t) and x′ =
(r′,k′, t′). Formally by introducing δ(r′−r(t′)) together with an integration
over r′, the equation can be written as: f(x) =

∫ K(x, x′)f(x′)dx′ + f◦(x).
We choose the following two MC estimators νf

i and νb
i :

νf
i =

f◦(x0)
p(x0)

K(x1, x0)
p(x0, x1)

. . .
K(xi, xi−1)
p(xi−1, xi)

δ(x− xi), (10.4)

νb
i = δ(x− x0)

K(x0, x1)
p(x0, x1)

. . .
K(xi−1, xi)
p(xi−1, xi)

f◦(xi), (10.5)

which reflect generation of trajectories forward – from the initial to the
final distribution – and backward – from fixed point x back to the initial
distribution. Depending on the choice of p(x) and p(x, x′) – the initial and
the transition probability densities there are numerous ways for obtaining
the distribution function.
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Special choices of the probability densities should provide the EMC,
WEMC and MCB algorithms. They are recovered if for p(x, x′) we combine
the heuristic functions for trajectory construction with the normalization
requirement:

∫
p(x′, x′′)dx′′ = 1, ∀x′.

For obtaining the pEMC we consider the expression [Vitanov and Ned-
jalkov (1991)]:

S(r′,k′,k′′)
λ(r′,k′)

λ(r′(t′′),k′′(t′′))e−
R t′′

t′ λ(r′(y),k′′(y))dy. (10.6)

It is the product of the probability P1(A) for event A = scattering from
a given point r′,k′, t′ to r′,k′′(t′), t′ and the probability P2(B/A) for event
B/A = drift until the moment t′′ (in which the next scattering will occur)
in the condition that event A has taken place. Hence (10.6) provides the
real transport transition from x′ = (r′,k′, t′) to x′′ = (r′(t′′),k′′(t′′), t′′).
Comparison with the kernel in (10.3) shows that the expression (10.6) is
equal to λ(x′′)K(x′′,x′)

λ(x′) . This expression should be used for times t′′ lower
that the time of interest t. The inequality t′′ > t means that the time
boundary is reached so that a new trajectory should be initiated. The total
contribution of such events is K(x′′,x′)

λ(x′) . Finally for the EMC transition
density the following expression is obtained:

pEMC(x′, x′′) = λ(x′′)
K(x′′, x′)

λ(x′)
+
K(x′′, x′)

λ(x′)
δ(t′′ − t).

Direct calculations show that the normalization condition is satisfied for
any x′. Accordingly

PEMC(x0) = λ(x0)f◦(x0) + f◦(x0)δ(t0 − t).

When PEMC and pEMC are replaced in (10.4), exact cancelations occur
so that always νf = δ(x−xi), independently on i. Thus f(x)dx is given by
the relative number of simulation trajectories which start from the initial
distribution and stop in dx around x.

It is seen that the particularly chosen probability densities reproduce the
EMC algorithm. A generalization to WEMC is straightforward: weights
due to the ratio between pWEMC and pEMC will appear in the estimator νf ;
thus providing the proper f(x) value despite the deviation of the simulated
trajectories from the real ones.

The MCB algorithm is reproduced by the following transition density:

pMCB(x′, x′′) = λ(r′(t′′),k′(t′′))e−
R t′

t′′ λ(r′(y),k′(y))dy S(r′(t′′),k′′,k′(t′′))
λ∗(r′(t′′),k′(t′′))

+ e−
R t′
0 λ(r′(y),k′(y))dyδ(t′′)δ(k′′ − k′(t′′)).
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In terms of conditional probabilities, A corresponds to a drift from
x′ = (r′,k′, t′) to x+ = (r′(t′′),k′(t′′), t′′) back in the time. B/A is a
scattering from x+ to x′′ = (r′(t′′),k′′, t′′) in direction, opposite to the real
process. The denominator λ∗(r,k′) =

∫
S(r,k,k′)dk ensures the proper

normalization of the scattering term. This form of the backwards transi-
tion density is chosen from purely physical considerations: if pMCB reflects
the natural sequence of events in the opposite direction, the terms giving
the maximum contribution to f will be simulated most often.

Direct calculations show that the x′′ integral of pMCB is unity for any
x′. Then the backward estimator νb appears to be a product of λ∗

λ in the
intermediate points x+

j obtained in the process of simulation. In this way we
established the generalization of the phenomenological MC algorithms by
the numerical MC algorithms for solving integral equations. The successful
application of the latter ones requires convergence of the Neumann series of
the BE. Its proof ensures the convergency of the EMC, WEMC and MCB
algorithms.

10.1.2 Convergency Proof

To investigate the Neumann series convergency of equation (10.3) we can
exploit the fact that the integral form of the BE is of Volterra type with
respect to the time variable. Following [Nedjalkov et al. (1996)], a similar
to the Wigner equation estimate is expected: the ith term of the Neumann
series is less than the ith term of the AeMt series; the constants A and
M depend on the concrete kernel. From the other side, the heuristic MC
algorithms prompt that there should be a more precise estimation, for ex-
ample since the contribution of the forward estimator of any iteration order
is always less than unity. Our proof is based on the forward model. The
following considerations are also necessary: In accordance with the semi-
conductor physics, λ is a nonnegative, continuous function. Owing to the
limited phase space domain of interest, λ reaches its maximum, M , inside
the domain. The phase space subdomains where λ = 0 can be enclosed by
surfaces, inside which the solution is known. It is provided either by the
homogeneous form of equation (10.2), or by the accounting of the gener-
ation caused by the scattering processes. In the first case the solution is
analytical while in the second the BE must be coupled with the BE’s in
the neighborhood domains responsible for the generation term. The effect
of such subdomains is to provide additional boundary conditions on the
surfaces. This ensures λ > 0 in the main domain of interest.
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Now let us consider an equation, conjugate to (10.3):

φ(r,k, t′) =

Z t

t′
dt′′
Z

dk′
Z

drS(r,k,k′)e−
R t′′
t′ λ(r(y),k′(y))dyφ(r(t′′),k′(t′′), t′′)

+ δ(r− r1)δ(k− k1)δ(t
′ − t). (10.7)

It can be obtained that f is given by the expression:

f(r1,k1, t) =
∫ t

0

dt′
∫

dk
∫

drf(r,k, 0)

× exp{−
∫ t′

0

λ(r(y),k(y))dy}φ(r(t′),k(t′), t′). (10.8)

Another way to see this is to replace the iterations of φ in equation
(10.8). Such a procedure recovers the numerator in the forward estimator
(10.4). An equivalent to equation (10.7) equation is obtained by dividing
it by λ:

Φ(r,k, t′) =
∫ t

t′
dt′′

∫
dk′

∫
dr

S(r,k,k′)
λ(r,k)

× λ(r(t′′),k′(t′′))e−
R t′′

t′ λ(r(y),k′(y))dyΦ(r(t′′),k′(t′′), t′′)

+
δ(r− r1)δ(k− k1)δ(t− t′)

λ(r,k)
. (10.9)

Here Φ = φ/λ. It is interesting to note that by replacing its iterations
in (10.8) we recover the denominator in the forward estimator.

The convergency proof is based on the form of the kernel in (10.9).
The t′′ integral of the λe... term gives∫ t

t′
dt′′λ(r(t′′),k′(t′′))e−

R t′′
t′ λ(r(y),k′(y))dy = 1− e−

R t
t′ λ(r(y),k′(y))dy.

The value of this expression is less than the value of B = 1 − e−Mt

hence the integral of the kernel with respect to t′′ and k′ is smaller than
the constant B. This result allows to conclude that the Neumann series
converges as a geometric progression.

10.1.3 Error Analysis and Algorithmic Complexity

Let us first consider an error analysis. Using N realizations of the r.v., we
construct estimates of the following form:

fi(x) ' 1
N

∑
s

νi,s.
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For the estimated functional Y = fi(x) and for the r.v. fi,N it follows
that:

Efi,N = Y, Dfi,N =
Dν

N
= δ2

N .

Since finite number of moves in every Markov chain is used, there is a
truncation error of order ε, that is:

|Eνε − Y |2 ≤ cε2 = δ2
s ,

where c is a constant and νε is the biased estimate of ν.
Now consider a family of estimates νε. For balancing of both systematic

and stochastic errors, the following equality has to be fulfilled:
Dνε

N
= cε2.

The systematic error δ depends on the norm of the integral operator:

‖K‖ = vrai sup
x

∫
|K(x, x′)|dx′

and on the length, i, of the Markov chains defined by (10.4) or (10.5). Let

δ = δN + δs

be the given error, fixed in advance. This means that the systematic error
is also fixed, because we would like to have a good balancing of errors, i.e.

δs(‖K‖, i) =
1
2
δ.

Since the norm ‖K‖ can be calculated, the average length of the Markov
chain could be estimated. Let t(i) be the average complexity of the real-
ization of the r.v. ν. Obviously t(i) = O(i). Suppose t(i) = c1i (where c1

is a constant). Now the computational complexity CN (see Definition 1.9
in Introduction) can be estimated as:

CN = t(i).N.

Using the equality
Dν

N
+ cε2(‖K‖, i) = δ2

and the condition cε2(‖K‖, i) < δ2, one can obtain:

CN =
c1iDν

δ2 − cε2(‖K‖, i) .

For any given integral operator K (respectively ‖K‖) and for any fixed
error δ, there is an optimal average length i of the Markov chain, which
can be found from the following equality:

c1Dν(δ2 − cε2) = −cc1iDν
∂

∂i
[ε2(‖K‖, i)].

The last condition could be used to choose the optimal value of i.
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10.2 The Quantum Kinetic Equation

The development of the device physics involves in the last years so small
space and time scales that the applicability of the semiclassical transport
fails and a quantum description is needed. As a rule the equations de-
scribing quantum processes do not allow direct probabilistic interpretation.
They depend on functions and objects which are related to the physical
observable only after a second stage of mathematical processing. This con-
stitutes a limit for the direct application of the semiclassical algorithms
to quantum transport processes. For some cases these algorithms can be
successively modified [Rossi et al. (1994a)]. But the lack of transparency in
semiclassical terms of the quantum processes involved makes their applica-
tion difficult.

Here we consider a Monte Carlo algorithm for space homogeneous, ul-
trashort time quantum transport. The physical model corresponds to an
initially photoexcited electron distribution relaxing due to interaction with
phonons in one-band semiconductor. The kinetic equations set for the elec-
tron dynamics is obtained in [Schilp et al. (1994)].

Under the assumption for equilibrium phonons, from this set an integral
equation for the electron distribution function is derived.

A comparison with the Boltzmann equation is done, which provides
some general conclusions about the physical aspects of the obtained equa-
tion. The main quantum effects originate from the energy-time uncertainty
in the electron-phonon interaction and the finite lifetime of the interacting
electron eigenstates. They result in a memory character of the obtained
equation and collisional broadening of the corresponding semiclassical scat-
tering process. Some of the properties of the solution related to its physical
acceptability are discussed too.

It should be noted, that finding a correct initial condition is a quantum
mechanical problem by itself. The reason is the finite time period of building
up the initial electron distribution by the laser pulse. During this period
electron-phonon interaction process takes part, while in the one-band model
this period is neglected. The more realistic approach requires to solve the
semiconductor Bloch set equations [Haug and Koch (1994)]. Although a
simplified version, from physical point of view the one-band model contains
important aspects of the quantum kinetic.

The Hamiltonian of a system of electrons interacting with phonons,
H = H0 +He−p consists of a noninteracting part and a part accounting for
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the electron-phonon coupling:

H0 =
∑

k

εkc+
k ck +

∑
q

~ωqb
+
q bq, (10.10)

He−p =
∑

k,q

[gqc
+
k+qbqck + g∗qc+

k b+
q ck+q], (10.11)

where c+
k (ck) and b+

q (bq) are the electron and phonon creation (annihila-
tion) operators, εk = ~2k2/2m is the electron energy, ωq is the phonon fre-
quency and the coupling gq is for the case of Froehlich interaction, ωq = ω:

gq = −i

[
2πe2~ω

V q2

(
1
ε∞

− 1
ε s

)] 1
2

.

The distribution functions of electrons and phonons are given by the
statistical average of the density operators:

fk = 〈c+
k ck〉, nq = 〈b+

q bq〉.
Their equations of motion initiate an hierarchy of equations (in some

sources called quantum BBGKY hierarchy), where the time derivative of
the averaged product of n one-particle operators contains also averaged
products of order higher than n. To obtain a closed set of equations the
hierarchy is truncated with the help of suitable approximations. Here we
adopt the results obtained in [Schilp et al. (1994)], leading to the set:

d

dt
fk = 2

∑
q

Re[sk+q,k − sk,k−q], (10.12)

d

dt
nq = 2

∑

k

Re[sk+q,k], (10.13)

d

dt
sk+q,k = (iΩk+q,k − Γk+q − Γk)sk+q,k

+
1
~2
‖gq‖2[fk+q(1− fk)(nq + 1)− fk(1− fk+q)nq],(10.14)

where Γk = (Γi
k + Γo

k)/2, Ωk+q,k = (εk+q − εk − ~ω)/~ and Γi, Γo are the
Boltzmann in and out scattering rates:

Γi
k =

2π

~
∑
q,±

‖gq‖2δ(εk+q − εk ± ~ω)fk+q(nq + 1/2∓ 1/2),

Γo
k =

2π

~
∑
q,±

‖gq‖2δ(εk+q − εk ± ~ω)(1− fk+q)(nq + 1/2± 1/2).
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Equations (10.12)-(10.14) are accomplished with initial conditions
fk(0) = φk, sk+q,k(0) = 0 (the phonon interaction is switched on at time
0). Within a phonon bath close to equilibrium equation (10.13) is removed
and nq is replaced by the Bose distribution

n =
1

e
~ω
KT − 1

.

Further, equation (10.14) has the form

ds(t)
dt

= A(t)s(t) + B(t)

with an analytical solution

s(t) = e
R t
0 dt′A(t′)s(0) +

∫ t

0

dt′e
R t

t′ dt′′A(t′′)B(t′).

Taking into account the zero initial condition, equation (10.14) obtains
the following form:

sk+q,k(t) =
1
~2
‖gq‖2

∫ t

0

dt′e
R t

t′ dt′′(iΩk+q,k−Γk+q−Γk)(t′′)

× [fk+q(1− fk)(n + 1)− fk(1− fk+q)n]. (10.15)

Now s can be replaced in the equation for the electron density, which,
after changing q with −q in the second term of the r.h.s. and a pass to
integration over q, becomes:

d

dt
fk =

∫ t

0

dt′
∫

d3q{s′(k + q, k, t, t′)[fk+q(1− fk)(n + 1)− fk(1− fk+q)n]

− s′(k, k + q, t, t′)[fk(1− fk+q)(n + 1)− fk+q(1− fk)n]}, (10.16)

where

s′(k + q, k, t, t′) (10.17)

=
V

(2π)3~2
‖gq‖2e−

R t
t′ dt′′(Γk+q+Γk)(t′′)cos

(
εk+q − εk − ~ω

~
(t− t′)

)
.

The nonlinear integro-differential equation (10.16) together with its ini-
tial condition is the starting point for developing the Monte Carlo approach
to quantum-kinetic carrier dynamics. We consider the simpler nondegen-
erate case, when the distribution function is neglected with respect to the
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unity. This is done straightforward in equation (10.16) and for Γo
k, while

for the damping rate one can obtain

Γk = (Γi
k + Γo

k)/2

=
∫

d3q
V

23π2~
∑
±
‖gq‖2δ(εk+q − εk ± ~ω)

× (fk+q(n + 1/2∓ 1/2) + (n + 1/2± 1/2)) (10.18)

=
∫

d3q
V

23π2~
∑
±
‖gq‖2δ(εk+q − εk ± ~ω)(n + 1/2± 1/2).

Although this two step elimination of f (first in Γo and then in the whole
Γ) effectively neglects the Γi contribution, it simplifies a lot the damping
rate, making it time independent and equivalent to the Boltzmann one (see
below). For equation (10.16) one can get:

d

dt
fk =

∫ t

0

dt′
∫

d3q{s′(k + q, k, t, t′)[fk+q(n + 1)− fkn]}

−
∫ t

0

dt′
∫

d3q{−s′(k, k + q, t, t′)[fk(n + 1)− fk+qn]} (10.19)

=
∫ t

0

dt′
∫

d3q{S(k + q, k, t− t′)fk+q − S(k, k + q, t− t′)fk},

where

S(k + q, k, t− t′) =
V

(2π)3~2
‖gq‖2e−(Γk+q+Γk)(t−t′)

×
{

cos

(
εk+q − εk − ~ω

~
(t− t′)

)
(n + 1) (10.20)

+ cos

(
εk+q − εk + ~ω

~
(t− t′)

)
n

}
.

The integral form of the carrier density equation is then:

f(k, t) =
∫ t

0

dt′
∫ t′

0

dt′′
∫

d3q{S(k + q, k, t′ − t′′)f(k + q, t′′)} (10.21)

−
∫ t

0

dt′
∫ t′

0

dt′′
∫

d3q{S(k, k + q, t′ − t′′)f(k, t′′)}+ φ(k).

10.2.1 Physical Aspects

Before entering the numerical part of the problem, we can draw some gen-
eral conclusions about the physics incorporated in the obtained equation.
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For this it is convenient to make a comparison with the two equivalent in-
tegral forms of the BE (with zero electric field) [Jacoboni et al. (1988);
Nedjalkov and Vitanov (1989)]:

f(k, t) =
∫ t

0

dt′
∫

d3q{SB(k + q, k)f(k + q, t′)}

−
∫ t

0

dt′
∫

d3q{SB(k, k + q)f(k, t′)}+ φ(k) (10.22)

= e−
R t
0 dt′ΓB(k)φ(k)

+
∫ t

0

dt′
∫

d3qe−
R t

t′ Γ
B(k)dτSB(k + q, k)f(k + q, t′), (10.23)

where ΓB(k) =
∫

d3qSB(k, k + q) equals to Γk, so that SB is given by the
under the integral part of equation (10.19).

Both equations, the Boltzmann and the quantum-kinetic (10.21), pro-
vide the electron distribution function. Thus their solutions have to be
positive with a time independent L1 norm (with positive initial conditions
φ). Such requirements reflect the conservation of the career number during
time evolution.

In the Boltzmann case SB ≥ 0 an integration with respect to k of
equation (10.22) cancels the term in the curly brackets, showing that the
solution keeps its k-integral constant in time. From equation (10.23) it
follows that the solution is positive, so a physically acceptable solution is
provided in the semiclassical case.

A comparison between equations (10.21) and (10.22) shows that due to
the equivalent structure with respect to the k, q dependence, in the quantum
case the solution also keeps its k-integral equal to the integral of the initial
condition. But the positiveness of the quantum solution is not obvious as
in the semiclassical case.

Important quantum aspects are encountered in (10.21). The extra
time integration leads a non Markovian form of the equation: to obtain
f(k, t + dt) a memory for the distribution function in the whole time in-
terval (0, t) is required, while in the Boltzmann case a knowledge of f(k, t)
is sufficient. The equation (10.21) reflects the memory character of the
quantum evolution of the electron distribution. Kernel (10.20) violates the
classical energy conservation of the interaction. This effect is well pro-
nounced for short evolution times. The delta function in (10.19) allows for
contributions of the initial condition only to energy conservation related
states. For short times contribution of (10.20) is equal for all states in the
domain of integration.
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Another quantum effect comes from the presence of a finite damping
rate Γ. It prevents the long evolution time build up of the semiclassical
energy conserving delta function thus leading to the effect of collisional
broadening.

The following considerations clarify the above discussion. By using the
identity:

∫ t

0

dt′
∫ t′

0

dt′′ =
∫ t

0

dt′′
∫ t

t′′
dt′

one can write (10.21) as:

f(k, t) =
∫ t

0

dt′′
∫

d3q

[{∫ t

t′′
dt′S(k + q, k, t′ − t′′)

}
f(k + q, t′′)

−
{∫ t

t′′
dt′S(k, k + q, t′ − t′′)

}
f(k, t′′)

]
+ φ(k). (10.24)

Formally (10.24) is written in the same way as the Boltzmann equation
(10.21).

The physical interpretation is as if the electron system evolves under
the time dependent scattering term {∫ t

t′′ dt′S(k, k + q, t′ − t′′)} (if a proba-
bilistic interpretation is possible). In contrast, in the semiclassical case the
scattering term, being provided by a long time limit (called golden rule),
does not depend explicitly on the time.

An analytical evaluation of the scattering term of (10.24) is possible due
to the following relation:

∫ t−t′′

0

dτe−(Γk+q+Γk)τ cos(Ωk+q,kτ) =
(Γk+q + Γk)

Ω2
k+q,k + (Γk+q + Γk)2

+
−(Γk+q + Γk) cos(Ωk+q,k(t− t′′)) + Ωk+q,ksin(Ωk+q,k(t− t′′))

Ω2
k+q,k + (Γk+q + Γk)2

× e−(Γk+q+Γk)(t−t′′).

It is seen that for values of t much larger than t′′ the scattering kernel is
positive and has a small time dependent part. Then the conclusions about
the sign and norm of the semiclassical solution, deduced from equation
(10.22) and (10.23) are expected to hold also for f in (10.24). But to assert
this in the general case we have to rely on the numerical experiments.

The long time limit t →∞ cancels one of the time integrals and, thus,
also the memory character of the equation. But this is still not the Boltz-
mann equation, because of the Lorentzian form of the scattering kernel . To
cancel also this effect of collisional broadening we have to let the damping
rate tend to zero, which recovers the energy delta function in (10.19).
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10.2.2 The Monte Carlo Algorithm

The following estimator is chosen for this case:

νi =
K(x0, x1)
P (x0, x1)

. . .
K(xi−1, xi)
P (xi−1, xi)

φ(xi).

The equation (10.21) is written in the common form of an integral equation
as follows:

f(k, t) =
∫ t

0

dt′
∫ t′

0

dt′′
∫

d3q{S(k + q, k, t′ − t′′)}

−
∫ t

0

dt′
∫ t′

0

dt′′
∫

d3q{λ(k, t′ − t′′)δ(q)}f(k + q, t′′) + φ(k), (10.25)

where λ(k, t′− t′′) =
∫

d3qS(k, k+q, t′− t′′). Here we specify that the wave
vectors k, q belong to a finite domain Ω (around the point q = 0) with a
volume VΩ.

The kernel has two components, KA and KB , so that the ith Neumann
series term is represented by all possible combinations of the form:∏

l0

KA

∏

l1

KB

∏

l2

KA · · ·
∏

li

KBφ,

where the indices lj are positive and
∑i

j=0 lj = i.
We require that the q-integrals of the absolute value of any of the kernel

components are limited by a constant M ≥ 0. Then our statement is that
the following estimate of the ith Neumann series term holds:

|(Kiφ)(k, t)| ≤ (max φ(k))
(2M)i(t)2i

(2i)!
.

For i = 1 this estimate is true. Assuming that it is true for i = p, we
have:

|(Kp+1φ)(k, t)|

=

˛̨
˛̨
˛
Z t

0

dt′
Z t′

0

dt′′
Z

d3q{K(k + q, k, t′ − t′′)− λ(k, t′ − t′′)δ(q)}(Kp(k + q, t′′))

˛̨
˛̨
˛

≤
Z t

0

dt′
Z t′

0

dt′′(M + M)(max φ(k))
(2M)p(t′′)2p

(2p)!
= (max φ(k))

(2M)p+1(t)2p+2

(2p + 2)!
.

Hence the convergence of the Neumann series of the carrier-density
equation is better than the series of the exponent: (maxφ(k))exp(2Mt2).

The common approach to such problems is to look for a small parameter
in the kernel of the equation under consideration. Our result shows that
despite the fact that the kernel can be arbitrarily large, the series converges
absolutely.

The existence of the constant M follows from the concrete form of S

(see, equation (10.20)).
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10.2.3 Monte Carlo Solution

In this section we discuss a concrete realization of the backward Monte
Carlo algorithm. The choice of an isotropic initial condition φ decreases
the number of variables in equation (10.21). Although the Monte Carlo ad-
vantages are expected in just opposite situations, a simpler form of (10.21)
assists in the choice of the concrete algorithm.

We replace k + q with k′ and use spherical coordinates, with k′z axes
oriented along k. Let θ be the angle between k and k′ so that

d3k′ = k′2dk′sin(θ)dθdξ, θ ∈ (0, π), ξ ∈ (0, 2π).

From here on we denote by k and k′ the absolute values of the corre-
sponding vectors. All terms of S, equation (10.11), but ‖gq‖2 depend only
on k and k′. The norm ‖gq‖2 is proportional to

1
k′2 + k2 − 2kk′θ

.

After integration on θ it results in 1
kk′ log

(
k+k′
|k−k′|

)
contribution to the

kernel of (10.12). The ξ integral contributes with 2π, so that only the k′

integration remains in the equation, with a term
k′

k
ln

(
k + k′

|k − k′|
)

in front

of S. By introducing F (k, t) = kf(k, t) and Φ(k, t) = kφ(k, t) one obtains:

F (k, t) =
∫ t

0

dt′
∫ t′

0

dt′′
∫ K

0

dk′c.ln
(

k + k′

|k − k′|
)
{S(k′, k, t′ − t′′)F (k′, t′′)

−k′

k
S(k, k′, t′ − t′′)F (k, t′′)}+ Φ(k).

The domain Ω is now the interval (0,K). For completeness we give also
Γ(k) and φ(k):

Γ(k) =
g(n + 1)

k
log

( √
ω1

k −√k2 − ω1

)
+

gn

k
log

( √
ω1

−k +
√

k2 + ω1

)
,

where ω1 = 2mω/~, and the first term is accounted if k2 ≥ ω1

φ(k) = e−(b1k2−b2)
2
.

Here c, g, b1, b2 stand for the contribution of the physical constants,
taken to be the same as in [Schilp et al. (1994)]. The algorithm we
used for finding a solution in a fixed point x = (k, t) for one random walk
is as follows:
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Algorithm 10.1.

1 Set initial values ν = φ(k), W = 1, ε.
2 Define a value of x′ with density P (x, x′) = p(t′, t′′)p(k, k′) where

p(t′, t′′) = p(t′)p(t′′/t′). Thus the value of t′ is chosen with density
p(t′) = 2t′

t2 between 0 and t, while t′′ is uniformly distributed within
0 and t. The value of k′ is chosen uniformly distributed with density
1/K.

3 Calculate the kernels KA and KB .
4 Choose a value α of a uniformly distributed in [0, 1] r.v.
5 If

|KA|
|KA|+ |KB | ≤ α,

then

W = W
sign(KA)(|KA|+ |KB |)

P (x, x′)

and

ν = ν + W.φ(k′).

5’ If
|KA|

|KA|+ |KB | > α,

then

W = W
−sign(KB)(|KA|+ |KB |)

P (x, x′)

and

ν = ν + Wφ(k).

6 Repeat steps 2 to 5 or 5′ until |W | ≤ ε.

Simulation results of performing the above algorithm for zero lattice
temperature are presented. At such temperature the semiclassical electron
behavior is to emit phonons and to loose energy equal to multiple phonon
energy ~ω. For the electron distribution evolution, this results in the ap-
pearance of shifted down replicas of the initial distribution. Above the
initial condition the distribution function remains zero, since the electrons
cannot gain energy from the lattice.

In Figures 10.1 and 10.2 the F (k2) distribution for evolution times of
10, 20, 30 and 40 femtoseconds are presented. The simulation domain is
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between 0 and K = 100× 107m−1. F is calculated using N = 106 random
trajectories, in 50 points located in the region above the initial condition,
where no classical electrons can appear. At such short times, the quantum
approach results in finite probability to find electrons there. It decreases
with the increase of the evolution time, associated with the tendency to-
wards a classical transport behavior for larger times. It is attended with an
increase of the distribution function oscillations, which is a typical quantum
effect. The curves are similar to the ones given in [Schilp et al. (1994)].
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 Figure 1.  Monte Carlo solution, N=1000000

initial d.f.
t=10
t=20
t=30

Fig. 10.1 F (k2) distribution for evolution times of 10, 20, and 30 femtoseconds.

Figures 10.3 and 10.4 show the F (k2) distribution for evolution times of
50, 100, 150 femtoseconds. The simulation domain is between 0 and K = 66
107m−1. F is calculated in 88 k points with a varying density. The curves
demonstrate the appearance of the first replica. Due to the energy-time
uncertainty its width is time dependent. The narrowing begins around the
classical phonon emission time, 150 fs.

The numerical experience shows that with the increase of the evolution
time the simulation efforts increase drastically. While for 50 fs evolution
time N = 105 random walks ensure reliable statistics, for 200 fs a value
of N = 108 is insufficient. This is associated with the increase of the time
domain of simulation.

Figures 10.3 and 10.4 show in semilogarithmic scale the empirically
calculated mean statistical error versus t2, for N = 105 and N = 106

random walks. For example, for time 200 fs., the corresponding mean region
where the r.v. values appear has a width of 5000 a.u. They compensate
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Fig. 10.2 F (k2) distribution for evolution times of 30, and 40 femtoseconds.
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Figure 3.  Monte Carlo solution 
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Fig. 10.3 F (k2) distribution for evolution times of 50, 100 and 150 femtoseconds.

each other to produce a mean value bellow 40 a.u. - the maximum of F for
this evolution time.

10.3 The Wigner Quantum-Transport Equation

When describing some physical phenomena, the equation for the Wigner
function is as general as the Liouville-von Neumann equation for the density
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Fig. 10.4 Mean value of the statistical error versus t2 for N = 105 and N = 106 random
walks.

matrix. But the common definition of the Wigner equation meets difficul-
ties with the convergence of the transfer-function integral for potentials
having two different values when the coordinate approaches +∞ and −∞
respectively. It seems that this restricts the scope of physically actual po-
tentials, which are accounted for in the Wigner picture. From a physical
point of view it is clear that the potential value at very high distances from
the region of interest has negligible contribution to the processes inside the
region. That is why in the device modeling, the integral for the transfer
function is taken over a finite interval.

A correct definition of the Wigner equation for such type of potentials
is presented below. It introduces a damping factor in the Monte Carlo
simulation, which ensures the convergence of the algorithm. For the sake
of simplicity the one-dimensional case is considered.

Let ρ(x, x′) be the density matrix, where x and x′ are eigenvalues of
the position operator. Using the substitution q = 1

2 (x + x′), η = x′ − x,
the Wigner function is defined through the Weil-Wigner transform of the
density matrix:

fw(p, q) =
1

2π~

∫ ∞

−∞
dηeiηp/~ρ(q − η/2, q + η/2).

The Fourier transformation concerns only the variable η. Since q and d
dη

commute, a description in terms of p (eigenvalues of i~ d
dη ) and q does not
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violate the uncertainty principle. fw is a solution of the Wigner equation,

{±t+(p/m)±q}fw(p, q, t) =
1
~

1
2π~

∫ ∞

−∞
dp′V w(p−p′, q)fw(p′, q, t) (10.26)

obtained from the Liouville-von Neumann equation for the density matrix.
V w is the transfer function:

V w(p, q) = i

∫ ∞

−∞
dηeiηp/~(V (q + η/2)− V (q − η/2)). (10.27)

For solutions compatible with quantum mechanics in this section
we will refer to the following: fw ∈ L1 i.e. such that the integral∫∞
−∞

∫∞
−∞ |fw(p, q)|dpdq is finite, and |fw(p, q)| ≤ (π~)−1 [Tatarskii (1983)].

Let us consider a potential typical for the device modeling: a biased
double barrier structure with length l, electric field, present in the structure
F , barrier height and thickness H and a respectively. The total electric plus
structure potential V = V1 + V2, is decomposed in the following way

V1 =





Fl, q < 0

F (l − q), 0 ≤ q ≤ l

0, q > l

= Flθ(−q) +





0, q ≤ 0

F (l − q), 0 ≤ q ≤ l

0, q > l

(10.28)

V2 =





0, q < 0

H, 0 ≤ q ≤ a

0, a < q < l − a

H, l − a ≤ q ≤ l

0, q > l,

(10.29)

where θ(q) is the step-like function: θ(q) = 1 for q ≥ 0 and θ(q) = 0 for
q < 0.

In the framework of the finite-difference method, a self consistent scheme
of discretization of finite domains of space and momentum variables is used
[Frensley (1990)], satisfying the Fourier completeness relation. While the
momentum integral in (10.26) can be approximated over a finite domain,
because fw → 0 if p → ±∞, the space integral in (10.27) appears to be
undefined for step-like potentials, so that cutting off the η → ±∞ regions
should be regarded as a new definition of the transfer function rather than
as an approximation. Another way to define (10.27) for such potentials
is to include a damping e±αη in the integrand function in (10.27) [Rossi
et al. (1994b)]. With this the integral for the transfer function V w(p, q, α)
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becomes well defined. We can reduce the effect of this artificial factor to
the physical picture by decreasing the value of α. But in what sense should
we understand the limit limα→0 V w(p, q, α), which recovers our potentials,
will be clarified below.

Let us recall that the integral (10.27) that defines the transfer function is
used in the Wigner equation (10.26), inside a second integral in dp′ involving
also the Wigner function, which is, by itself, a Fourier transformation of
the density matrix. This suggests to justify the Wigner equation for such
potentials with the help of the properties of the density matrix. Let ρ be
any continuous function from L1, so that

∫∞
−∞ |ρ(η)|dη is finite, then its

Fourier transformation: f(p) =
∫∞
−∞ eiηpρ(η)dη together with the integrals∫∞

−∞ eiηpθ(±η)ρ(η)dη are well defined. We can then obtain the existence of
the following limit:

∫ ∞

−∞
eiηpθ(±η)ρ(η)dη =

∫ ∞

−∞
lim
α→0

e∓αηeiηpθ(±η)ρ(η)dη

= lim
α→0

∫ ∞

−∞
e∓αηeiηpθ(±η)ρ(η)dη

=
1
2π

lim
α→0

∫ ∞

−∞
e∓αηeiηpθ(±η)

∫ ∞

−∞
e−iηp′f(p′)dp′dη (10.30)

=
1
2π

lim
α→0

∫ ∞

−∞

∫ ∞

−∞
e∓αηeiη(p−p′)θ(±η)f(p′)dηdp′.

If ρ(η) is the density matrix ρ(q−η/2, q+η/2) then f(p) will correspond
to the Wigner function fw(p) (q and t are fixed). In order to apply this
procedure to the integrals appearing in the Wigner equation, it is needed
to prove that ρ belongs to L1:

If the density matrix is expressed trough a set of normalized states of
the system

ρ(q − η/2, q + η/2) =
∑

i

γiΦ∗i (q + η/2)Φi(q − η/2);
∑

i

γi = 1; γi ≥ 0, ∀i

then

∫ ∞

−∞

∣∣∣∣∣
∑

i

γiΦ∗i (q + η/2)Φi(q − η/2)

∣∣∣∣∣ dη

≤
∑

i

γi

∫ ∞

−∞
|Φ∗i (q + η/2)Φi(q − η/2)| dη.
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The Cauchy inequality provides the following relation:
(∫ ∞

−∞
|Φ∗i (q + η/2)Φi(q − η/2)|dη

)2

≤
∫ ∞

−∞
|Φ∗i (q + η/2)|2dη

∫ ∞

−∞
|Φi(q − η/2)|2dη = 4,

where it is taken into account that the states Φ are normalized to unity.
We obtain: ∫ ∞

−∞
|ρ(q − η/2, q + η/2)|dη ≤ 2

∑

i

γi = 2.

The above result permits the use of the limit α → 0 in the Wigner
equation:

{±t + (p/m)± q}fw(p, q, t)

= C lim
α→0

∫ ∞

−∞

∫ ∞

−∞
eiη(p−p′)/~e−α|η| (10.31)

× (θ(−q − η/2)− θ(−q + η/2))fw(p′, q, t)dηdp′ + . . . ,

where the dots refer to the other terms in the potential profile, which do
not contain θ term and C is a constant. Since α = 0 recovers our original
formulation, this equation can be regarded as a definition of the WE for
potentials which approach two different constants in ±∞.

The above limit can be accounted for in the framework of the distribu-
tion theory.

lim
α→0

∫ ∞

−∞

∫ ∞

−∞
θ(±η)e∓αηeiη(p)φ(p)dηdp

= ±i lim
α→0

∫ ∞

−∞

φ(p)
p± iα

dp = ±i

(
∓iπφ(0) + V p

∫ ∞

−∞

φ(p)
p

dp

)
,

where it is required that φ(±∞) = 0 and V p
∫∞
−∞ means

limα→0

(∫ −α

−∞+
∫∞

α

)
. Then we can write formally:

∫ ∞

−∞
θ(±η)eiη(p)dη = πδ(p) +−P 1

p
.

Hence, the transfer function V w(p, q) = α→0V
w(p, q, α) is understood

in terms of generalized functions.
In this section we will use a finite value for α under the following as-

sumptions: fw
α close to fw

0 means that the RHS of the corresponding Wigner
equations are almost equal, i.e.,∫ ∞

−∞
e∓αηeiηpθ(±η)ρ(η)dη '

∫ ∞

−∞
eiηpθ(±η)ρ(η)dη. (10.32)
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in any value of t in the time evolution of fw, i.e. α must be such that

e±αη ' 1 for η values in which ρ(η) 6= 0, so the initial guess of α depends

not only upon the initial “spread” of ρ. We must be sure a priori that the

density matrix corresponding to our Wigner function will not spread out

too much to violate condition (10.32).

10.3.1 The Integral Form of the Wigner Equation

When the damping e−α|η| is included in (10.27), the transfer function is

well defined in the integro-differential form of the Wigner equation (10.26).

To determine the solution, this equation must be considered together with

a function fw(p, q, t0) = fw0 (p, q) providing the initial condition at time

t0. This form of the Wigner equation is not convenient for the Monte

Carlo approach. Equation (10.26) can be transformed into an integral form,

by expressing the solution in terms of its Green function [Vitanov et al.

(1994); Rossi et al. (1992)]. The left hand side of (10.26) is the Liouville

operator with a force term 0, so that the Green function is known and

introduces Newton phase trajectories, which for zero force have a simple

form: a particle which is in the phase point p, q at time t was located in

p, q − (t− t′)p/m at time t′ < t. The following equation is obtained:

fw(p, q, t) = fw(p, q − (t− t0)p/m, t0) (10.33)

+

∫ t

t0

dt′
∫ ∞

−∞
dp′V w(p− p′, q − (t− t′)p/m)fw(p′, q − (t− t′)p/m, t′).

It is seen, that the initial condition already participates explicitly in the

equation. If we begin to substitute (10.33) into itself, a series expansion is

obtained:

fw(p, q, t) = fw(p, q − (t− t0)p/m, t0)

+

∫ t

t0

dt1

∫ ∞

−∞
dp1V

w(p− p1, q − (t− t1)p/m)

× fw(p1, q − (t− t1)p/m− (t1 − t0)p1/m, t0) (10.34)

+

∫ t

t0

dt1

∫ ∞

−∞
dp1

∫ t1

t0

dt2

∫ ∞

−∞
dp2V

w(p− p1, q − (t− t1)p/m)

× V w(p1 − p2, q − (t− t1)p/m− (t1 − t2)p1/m)

fw(p2, q − (t− t1)p/m− (t1 − t2)p1/m− (t2 − t0)p2/m, t0) + . . .
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10.3.2 The Monte Carlo Algorithm

For practical implementation of this general algorithm the variation of p

and q has to be constrained over finite domains. Another peculiarity of
the problem is that we can specify boundary conditions. For constant
potential fw is the Fermi-Dirac or, in the high energy limit, the Maxwell-
Boltzmann function. Hence far, in the constant potential regions on both
sides of the structure we can choose two points q1 and q2 where fw(p, qi, t)
is known for any time t > t0. The solution of (10.33) is sought within the
region Ω between q1 and q2. We have to make some compromise between
the constant potential condition (i.e. qi to be chosen far from the device,
where the potential varies) and Ω not larger than a region where we can
comfortably simulate and have negligible effect of the spatial damping.

By specifying the fw
0 (p, q) values within Ω for the initial time t0 we will

have the information required for determining the solution.
Let the momentum variable be chosen to vary in (−A,A), A > 0, thus

constraining the p integrals in (10.33) and (10.34) to finite regions. The
difference p−p′ is allowed to have values outside (−A,A) because V w(p, ., .)
is known analytically.

Hence, the simulated equation has the form:

fw(p, q, t) = fw(p, q − (t− tb)p/m, tb) (10.35)

+
∫ t

tb

dt′
∫ A

−A

dp′V w(p− p′, q − (t− t′)p/m)fw(p′, q − (t− t′)p/m, t′),

where tb is the max(t0, tq) and tq is the solution of the equation q − (t −
tq)p/m = qi; here qi is the boundary reached at a time less then t. So, we
suppose that also in (10.33) t0 is replaced by tb.

We choose the estimator νi as in the quantum-kinetic case to be:

νi =
V w(Q0, Q1)
P (Q0, Q1)

. . .
V w(Qi−1, Qi)
P (Qi−1, Qi)

fw
0 (Qi) (10.36)

Provided that the corresponding Neumann series converges, the follow-
ing particular algorithm can be used:

Algorithm 10.2.

1 The initial point Q0 = (p, t) together with the parametric value q are
fixed for all iterative orders. This provides the phase space - time
coordinates in which the Wigner function is calculated.

2 Introduce two estimators, ν and µ setting their initial values to 0 and
1 respectively, and set the label i = 1.
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3 The value p(i) is randomly selected in the interval (−A,A) with an
arbitrary probability density Pp.

4 The value t(i) is randomly selected in the interval (t(i−1), t0), where
t(0) = t, with an arbitrary probability density Pt. Since generation of
the initial time t0 is required in the simulation process, Pt(t0) must be
chosen in a way to ensure this.

5 The new position on the Newton trajectory q(t(i)) = q(t(i−1)) + (t(i) −
t0)p(i−1)/m− (t(i) − t0)p(i)/m is calculated.

If q(t(i)) is outside Ω, the time tb of crossing the boundary is calculated.
Then µ is multiplied by

V w(p(i−1) − p(i), q(tb))fw(p(i), q1,2, tb)

Pp(p(i))
∫ tb

t0
Pt(τ)dτ

.

If q(t(i)) is inside Ω and t(i) = t0 µ is multiplied by

V w(p(i−1) − p(i), q(t(i−1)))fw(p(i), q(t(i)), ti)
Pp(p(i))Pt(t(i))

.

With this the contribution of the present trajectory is accounted for, µ

is added to ν and a generation of a new trajectory begins.
If q(t(i)) is inside Ω and t(i) > t0, µ is multiplied by

V w(p(i−1) − p(i), q(t(i−1))
Pp(p(i))Pt(t(i))

and the simulation process of the present trajectory starts again from
step 3 with i set to i + 1.

It is seen that when the trajectory encounters the boundary, the knowl-
edge of fw(p, q1,2, tb) results in sparing the simulation between times tb
and t0. Another way for optimization of the algorithm is to choose PpPt

proportional to |V w|. Since V w is an oscillating function this will ensure
generation in p, t points, where V w has significant values and will avoid
points where it is almost zero.

With the above algorithm the solution of the Wigner equation is ob-
tained as a sum of contributions coming from different trajectories in a
sort of Feynman path integral. The Monte Carlo nature of the approach is
realized through the random selection of trajectories. Each of these paths
carries the correct phase information so that the overall phase coherence is
preserved in this approach.
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10.3.3 The Neumann Series Convergency

We will prove the convergence of the Neumann series obtained for (10.35).
The p1 integral in the first iteration can be estimated as follows:∣∣∣∣∣

∫ t

tb

dt1

∫ A

−A

V w(p− p1, q − (t− t1)p/m)

× fw(p1, q − (t− t1)p/m− (t1 − t0)p1/m, t0)dp′|

≤
∫ t

t0

dt1

∫ A

−A

|V w(p− p1, q − (t− t1)p/m)|

× |fw(p1, q − (t− t1)p/m− (t1 − t0)p1/m, t0)| dp′

≤ 2A.M.‖fw
0 ‖.(t− t0),

where M = maxp,q |V w(p, q)|. The existence of this maximum is provided
by the definition of transfer function:

|V w(p, q)| ≤ 2
∫ ∞

−∞
dη|V (η/2)|,

so that if V (η) is absolutely convergent, as is the potential with finite α

considered in this section, the maximum exists. ‖fw
0 ‖ means:

‖fw
0 ‖ = max(max

p,q
|fw(p, q, t0)| , max

p,t
|fw(p, q1,2, t)|.

One of the properties of the Wigner function is to be bounded by (π~)−1

at any time, so that the existence of ‖fw
0 ‖ does not restrict the scope of the

solutions having physical meaning.
Let suppose that the estimate

|V w
(n−1)f

w| ≤ ‖fw
0 ‖

(2A.M(t− t0))(n−1)

(n− 1)!

holds. Then

|V w
n fw|

=

∣∣∣∣∣
∫ t

tb

dt′
∫ A

−A

dp′V w(p− p′, q − (t− t′)p/m)(V w
(n−1)f)(p′, p, q, t′)

∣∣∣∣∣

≤ 2A.M‖fw
0 ‖

∫ t

t0

dt′
(2A.M(t− t0))(n−1)

(n− 1)!
= ‖fw

0 ‖
(2A.M(t− t0))(n)

(n)!
.

Hence Σn|V w
n fw| is limited by ‖fw

0 ‖exp(2A.M(t− t0)) so that the Neu-
mann series corresponding to (10.35) is absolutely convergent and has
a unique continuous solution for any continuous initial condition. Thus
(10.35) can be solved by Monte Carlo algorithm.
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Equation (10.35) is obtained by cutting off the infinite integration
boundaries in (10.33). We have to investigate what is the effect of this
cutting off on the solution i.e. we should decide if the solution of (10.35)
gives a correct approximation to the solution of (10.33).

Let fw be a physical solution of (10.33), obtained from the Liouville-von
Neumann equation for the density matrix, so that it has all the properties
of the Wigner function, and let fw

0 be its initial and boundary conditions.
If we use the same initial and boundary conditions in the corresponding
equation (10.35) the solution, as just proved, is unique and is denoted by
fw

A . If we subtract (10.35) from (10.33), the following equation is obtained:

δfw(p, q, t) = ε(p, q, t)

+
∫ t

tb

dt′
∫ A

−A

dp′V w(p− p′, q − (t− t′)p/m)δfw(p′, q − (t− t′)p/m, t′),

where δfw = fw − fw
A and

ε(p, q, t) =
∫ t

tb

dt′
(∫ −A

−∞
+

∫ ∞

A

)
dpV w(p− p′, q − (t− t′)p/m)

× fw(p′, q − (t− t′)p/m, t′).

From the existence of the infinite integral in (10.33) it follows that
ε(A, p, q, τ) → 0 when A → ∞ for any given p, q, τ values, −A ≤ p ≤
A, q ∈ Ω, t0 ≤ τ ≤ t. From (10.33) we also can conclude that
ε(A, p, q, t) is continuous on p, q, t, as it is expressed through a sum of
continuous functions of p, q, t.

Now we will prove that ε tends to zero uniformly as A → ∞, i.e.
that for any δ > 0 there exists A0 such that ∀A ≥ A0 and ∀p, q, τ in
−A ≤ p ≤ A, q ∈ Ω, t0 ≤ τ ≤ t we have |ε(A, p, q, τ)| ≤ δ. To
prove this, we suppose the contrary: let, for a given δ, a series (An) → ∞
and points pn, qnτn exist so that |ε(An, pn, qn, τn)| ≥ δ when n → ∞.
Because the variables q and τ are bounded, points q0, τ0 exist, so that
|ε(An, pn, q0, τ0)| ≥ δ when n → ∞. We make use of the fact that
fw(p, q, t) → 0 when p → ±∞ so that |ε(An, pn, q0, τ0)| → 0 when
pn →∞ to conclude that {pn} is bounded. Hence a point p0 exist in which
|ε(An, p0, q0, τ0)| ≥ δ when n →∞, so that there is violation of the condi-
tion |ε(A, p, q, τ)| → 0 when A →∞ Hence ε(A, p, q, τ) → 0 when A →∞
uniformly with respect to p, q, τ for −A ≤ p ≤ A, q ∈ Ω, t0 ≤ τ ≤ t,
i.e. ‖ε(A)‖ → 0, when A →∞.

Now in the same manner as for (10.35), we can obtain that

|δfw| ≤ ‖ε(A)‖exp(2A.M(t− t0)),
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and hence, the solution of the approximate equation tends to the Wigner
function uniformly with respect to the arguments in the domain of simula-
tion.

To conclude this section we note that the Levinson and Barker-Ferry
equations, which describe the femtosecond evolution of local electron pack-
ets in a quantum wires, were derived. An effect of ultrafast spatial transport
is observed. Our numerical experiments show that the solutions of the two
models begin to differ after around 200 femtoseconds of evolution. The next
few hundreds of femtoseconds is the most interesting time domain for anal-
ysis of the features of the two models. Unfortunately the numerical burden
increases rapidly with the evolution time. Novel numerical technologies,
including Grid technologies, aiming to explore this time domain along with
the effect of the electric field are needed to tackle such a complex task. In
the next section we present an approach that demonstrates the power of
these new computational technologies.

10.4 A Grid Computing Application to Modeling of Carrier
Transport in Nanowires

Grid computing is an emerging computing model that provides the abil-
ity to perform higher throughput computing by taking advantage of many
networked computers to model a virtual computer architecture that is able
to distribute process execution across a parallel infrastructure. Grids use
the resources of many separate computers connected by a network to solve
large or very large computational problems. Grids provide the ability to
perform computations on large data sets, by dividing them down into many
smaller tasks [Foster and Kesselman (1998); Davies (2004); Buyya (2007)].
Dealing with grid computing one should accept that some of subtasks will
not be performed, so that the result of grid computation should not be
very sensitive to possible lost information from some of the subtasks. This
is one of important differences between grid and distributed computing. We
should also mention that many ideas for the new wave of grid computing
were borrowed from high-performance computing.

10.4.1 Physical Model

An initial non-equilibrium electron distribution is created locally in a
nanowire by e.g. an optical excitation. The electrons begin to propagate
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along the wire, where they are characterized by two variables: the position z

and the component of the wave vector is kz. We note that these are Wigner
coordinates so that a classical interpretation as position and momentum of
the electron is not relevant any more. A general, time-dependent electric
field E(t) can be applied along the wire. The field changes the wave vector
with the time: kz(t′) = kz−

∫ t

t′ eE(τ)/~dτ where kz is the wave vector value
at the initialization time t. Another source of modifications of the wave vec-
tor are dissipative processes of electron-phonon interaction, responsible for
the energy relaxation of the electrons.

The following considerations simplify the problem thus allowing to focus
on the numerical aspects: (i) We regard the Levinson type of equation
which bears the basic numerical properties of the physical model:

(
∂

∂t
+
~kz

m
∇z

)
fw(z, kz, t) =

∫
dk′

∫ t

0

dt′

{S(kz, k
′
z,q

′
⊥, t, t′)fw(z(t′), kz

′(t′), t′) (10.37)

− S(k′z, kz,q′⊥, t, t′)fw(z(t′), kz(t′), t′)},
where both

∫
G

d3k′ =
∫

dq′⊥
∫ Q2

−Q2
dk′z and the domain G is specified in the

next section. The spatial part z(t′) of the trajectory is initialized by the
value z at time t: z(t′) = z − ~

m

∫ t

t′

(
kz(τ)− q′z

2

)
dτ ; q′z = kz − k′z. The

scattering function S is

S(kz, k
′
z,q

′
⊥, t, t′) =

2V

(2π)3
|Γ(q′⊥)F(q′⊥, kz − k′z)|2

×

n(q)cos




t∫

t′

(ε(kz(τ))− ε(k′z(τ))− ~ωq′) dτ

~


 (10.38)

+ (n(q) + 1)cos




t∫

t′

(ε(kz(τ))− ε(k′z(τ)) + ~ωq′) dτ

~





 .

The electron-phonon coupling F is chosen for the case of Fröhlich polar
optical interaction:

F(q′⊥, kz − k′z) = −
[
2πe2ωq′

~V

(
1
ε∞

− 1
ε s

)
1

(q′)2

] 1
2

;

Γ(q′⊥) =
∫

r.⊥|Ψ(r⊥)|2eiq′⊥·r⊥ ,

where (ε∞) and (εs) are the optical and static dielectric constants. Γ(q′⊥) is
the Fourier transform of the square of the ground state wave function. Thus
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we come to the second simplifying assumption: (ii) Very low temperatures
are assumed, so that the electrons reside in the ground state Ψ(r⊥) in the
plane normal to the wire. The phonon distribution is described by the

Bose function, nq′ = (e
~ω

q′
KT − 1)−1 with K the Boltzmann constant and T

is the temperature of the crystal. ~ωq′ is the phonon energy which generally
depends on q′ = (q′⊥, q′z), and ε(kz) = (~2k2

z)/2m is the electron energy.
(iii) Finally we consider the case of no electric field applied along the wire:
E = 0.

Next we need to transform the transport equation into the correspond-
ing integral form:

fw(z, kz , t) = fw0(z − ~kz

m
t, kz) (10.39)

+

Z t

0
dt′′

Z t

t′′
dt′
Z

G
d3k′{K1(kz , k′z ,q′⊥, t′, t′′)fw

`
z + z0(kz , q′z , t, t′, t′′), k′z , t′′

´}

+

Z t

0
dt′′

Z t

t′′
dt′
Z

G
d3k′{K2(kz , k′z ,q′⊥, t′, t′′)fw

`
z + z0(kz , q′z , t, t′, t′′), kz , t′′

´},

where

z0(kz, q
′
z, t, t

′, t′′) = −~kz

m
(t− t′′) +

~q′z
2m

(t′ − t′′) ,

K1(kz, k
′
z,q

′
⊥, t′, t′′) = S(k′z, kz,q′⊥, t′, t′′) = −K2(k′z.kz,q′⊥, t′, t′′).

Here we note that the evolution problem becomes inhomogeneous due to
the spatial dependence of the initial condition fw0. The shape of the
wire modifies the electron-phonon coupling via the ground state in the
normal plane. If the wire cross section is chosen to be a square with
side a, the corresponding factor Γ becomes: |Γ(q′⊥)|2 = |Γ(q′x)Γ(q′y)|2 =
(

4π2

q′xa((q′xa)2−4π2)

)2

4sin2(aq′x/2)
(

4π2

q′ya((q′ya)2−4π2)

)2

4sin2(aq′y/2). We note

that the Neumann series of such type of integral equations as (10.39) con-
verges [Gurov and Whitlock (2002)]. Thus, the functional (10.40) can be
evaluated by a MC estimator [Mikhailov (1995)].

10.4.2 The Monte Carlo Method

The values of the physical quantities are expressed by the following general
functional of the solution of (10.39):

Jg(f) ≡ (g, f) =
∫ T

0

∫

D

g(z, kz, t)fw(z, kz, t)dzdkzdt (10.40)

by a MC method. Here we specify that the phase space point (z, kz) belongs
to a rectangular domain D = (−Q1, Q1)× (−Q2, Q2), and t ∈ (0, T ). The
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function g(z, kz, t) depends on the quantity of interest. In particular the
Wigner function, the wave vector and density distributions, and the energy
density are given by:

(i) gW (z, kz, t) = δ(z − z0)δ(kz − kz,0)δ(t− t0),

(ii) gn(z, kz, t) = δ(kz − kz,0)δ(t− t0),

(iii) gk(z, kz, t) = δ(z − z0)δ(t− t0),

(iv) g(z, kz, t) = ε(kz)δ(z − z0)δ(t− t0)/gn(z, kz, t).

We consider a biased MC estimator for evaluating the functional (10.40)
using backward time evolution of the numerical trajectories in the following
way:

ξs[Jg(f)] =
g(z, kz, t)

pin(z, kz, t)
W0fw,0(., kz, 0)+

g(z, kz, t)
pin(z, kz, t)

s∑

j=1

Wα
j fw,0

(
., kα

z,j , tj
)
,

where

fw,0

(
., kα

z,j , tj
)

=

{
fw,0

(
z + z0(kz,j−1, kz,j−1 − kz,j , tj−1, t

′
j , tj), kz,j , tj

)
, if α = 1,

fw,0

(
z + z0(kz,j−1, kz,j − kz,j−1, tj−1, t

′
j , tj), kz,j−1, tj

)
, if α = 2,

Wα
j = Wα

j−1

Kα(kzj−1,kj , t
′
j , tj)

pαptr(kj−1,kj , t′j , tj)
, Wα

0 = W0 = 1, α = 1, 2, j = 1, . . . , s .

The probabilities pα, (α = 1, 2) are chosen to be proportional to the ab-
solute value of the kernels in (10.39). The initial density pin(z, kz, t)
and the transition density ptr(k,k′, t′, t′′) are chosen to be permissible1

to the function g(z, kz, t) and the kernels, respectively. The first point
(z, kz0, t0) in the Markov chain is chosen using the initial density, where
kz0 is the third coordinate of the wave vector k0. Next points (kzj , t

′
j , tj) ∈

(−Q2, Q2)× (tj , tj−1)× (0, tj−1) of the Markov chain:

(kz0, t0) → (kz1, t
′
1, t1) → . . . → (kzj , t

′
j , tj) → . . . → (kzs, t

′
s, ts)

(j = 1, 2, . . . , s) do not depend on the position z of the electrons. They are
sampled using the transition density ptr(k,k′, t′, t′′). The z coordinate of
the generated wave vectors is taken for the Markov chain, while the normal
coordinates give values for q⊥. As the integral on q⊥ can be assigned to
the kernel these values do not form a Markov chain but are independent on
1r(x) is permissible of g(x) if r(x) > 0 when g(x) 6= 0 and r(x) ≥ 0 when g(x) = 0 (see

Definition 4.1 in Section 4.2).
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the consecutive steps. The time t′j conditionally depends on the selected
time tj . The Markov chain terminates in time ts < ε1, where ε1 is related
to the truncation error introduced in first section.

In order to evaluate the functional (10.40) by N independent samples
of the obtained estimator, we define a Monte Carlo method

1
N

N∑

i=1

(ξs[Jg(f)])i
P−→ Jg(fs) ≈ Jg(f), (10.41)

where P−→ means stochastic convergence as N → ∞; fs is the iterative
solution obtained by the Neumann series of (10.39), and s is the number of
iterations. The relation (10.41) still does not determine the computational
algorithm. To define a MC algorithm we have to specify the initial and tran-
sition densities, as well the modeling function (or sampling rule). The mod-
eling function describes the rule needed to calculate the states of the Markov
chain by using uniformly distributed random numbers in the interval (0, 1).
The transition density is chosen: ptr(k,k′, t′, t′′) = p(k′/k)p(t, t′, t′′), where
p(t, t′, t′′) = p(t, t′′)p(t′/t′′) = 1

t
1

(t−t′′) p(k′/k) = c1/(k′ − k)2 ],and c1 is
the normalized constant. Thus, if we know t, the next times t′′ and t′ are
computed by using the inverse-transformation rule. The wave vector k′

are sampled in the same way as described in [Gurov and Dimov (2004)].
The difference here is that we have to compute all three coordinates of the
wave vector although we need only the third coordinate. The choice of
pin(z, kz, t) is according to the particular function g(z, kz, t).

10.4.3 Grid Implementation and Numerical Results

The computational complexity of an MC algorithm can be measured by the
quantity CN = N × τ ×M(sε1). The number of the random walks, N , and
the average number of transitions in the Markov chain, M(sε1), are related
to the stochastic and systematic errors [Gurov and Whitlock (2002)]. The
mean time for modeling one transition, τ , depends on the complexity of
the transition density functions and on the sampling rule, as well as on the
choice of the random number generator (rng).

It is proved [Gurov and Whitlock (2002); Gurov et al. (2002)] that
the stochastic error has order O(exp (c2t) /N1/2), where t is the evolution
time and c2 is a constant depending on the kernels of the quantum kinetic
equation under consideration. This estimate shows that when t is fixed
and N → ∞ the error decreases, but for large t the factor exp (c2t) looks
ominous. Therefore, the algorithm solves an NP -hard problem concerning
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the evolution time. To solve this problem for long evolution times with
small stochastic error we have to combine both MC variance reduction
techniques and distributed or parallel computations.

As it was shown in Chapter 9, MC algorithms are very convenient for
parallel implementations on parallel computer systems, because every value
of the MC estimator can be done independently and simultaneously (see
also [Dimov and Tonev (1993a)]). Although MC algorithms are well suited
to parallel computation, there are a number of potential problems. The
available computers can run at different speeds; they can have different
user loads on them; one or more of them can be down; the random number
generators that they use can run at different speeds; etc. On the other
hand, these random number generators must produce independent and non-
overlapping random sequences. Thus, the parallel realization of the MC
algorithms is not a trivial task on different parallel computer systems.
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Fig. 10.5 Energy relaxation of the highly non-equilibrium initial condition. At T = 0
classical electrons form exact replicas of the initial condition towards low energies. The
quantum solution shows broadening of the replicas. Electrons appear in the classically
forbidden region above the initial condition. Here the variance of the solution for 175 fs
is still high with respect to the solutions for shorter times, obtained with the same
computational efforts.

By using the Grid infrastructure provided by the EGEE project mid-
dleware2 [EGEE (2003)] we were able to reduce the computing time of the

2The Enabling Grids for E-sciencE (EGEE) project is funded by the European Com-
mission and aims to build on recent advances in Grid technology and develop a service
Grid infrastructure. For more information see http://www.eu-egee.org/.
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MC algorithm under consideration. The simulations are parallelized on
the existing Grid infrastructure by splitting the underlying random num-
ber sequences. The numerical results presented in Figure 10.5 are obtained
for zero temperature and GaAs material parameters: the electron effective
mass is 0.063, the optimal phonon energy is 36meV , the static and optical
dielectric constants are εs = 10.92 and ε∞ = 12.9. The initial condition is
a product of two Gaussian distributions of the energy and space. The kz

distribution corresponds to a generating laser pulse with an excess energy
of about 150meV . This distribution was estimated for 130 points in the
interval (0, 130), where Q2 = 66 × 107m−1. The z distribution is centered
around zero (see Figures 10.6 and 10.7) and it is estimated for 400 points
in the interval (−Q1, Q1), where Q1 = 400 × 109m−1. The side a of the
wire is chosen to be 10 nanometers.
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Fig. 10.6 Electron density along the wire after 200 fs. The ballistic curve outlines
the largest distance which can be reached by classical electrons. The quantum solution
reaches larger distances due to the electrons scattered in the classically forbidden energy
region.

In our research, the MC algorithm has been implemented in C++. The
SPRNG library has been used to produce independent and non-overlapping
random sequences [SPRNG (2007)]. Successful tests of the algorithm were
performed at the Bulgarian SEE-GRID3. The MPI implementation was
MPICH 1.2.6, and the execution is controlled from the Computing Element
via the Torque batch system.

3South Eastern European Grid-enabled eInfrastructure Development (SEE-GRID)
project is funded by the European Commission (see http://www.see-Grid.eu/.)
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Fig. 10.7 Energy density after 175 fs evolution time. A comparison with the ballistic
curve shows that the mean kinetic energy per particle is lower in the central region. On
contrary hot electrons reside in the regions apart from the center. These electrons are
faster than the ballistic ones and thus cover larger distances during the evolution.

Table 10.1 The CPU time (measured in seconds) for all points (in which
the physical quantities are estimated), the speed-up, and the parallel
efficiency. The number of Markov chains is N = 105. The evolution
time is 100 fs.

Number of CPUs CPU Time (s) Speed-up Parallel Efficiency

2 9790 - -
4 4896 1.9996 0.9998
6 3265 2.9985 0.9995

The timing results for evolution time t=100 femtoseconds are shown in
Table 10.1. The parallel efficiency is close to 100%. The results presented
in Table 10.1 show a very high scalability of the algorithm. The scalabil-
ity issue is very important for large-scale computational tasks running on
Grids. Another important aspect of this particular Grid application is that
the output results are not be very sensitive to possible lost information
from some of the subtasks.

10.5 Conclusion

The Boltzmann transport is analysed from the point of view of numerical
Monte Carlo methods. Convergency proof is given. Our approach is a base
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for developing models for solving equations generalizing the BE towards
quantum transport.

The generalized Wigner function provides a convenient instrumentality
for derivation of quantum-kinetic models of the electron-phonon interaction.
The corresponding hierarchy of Wigner function elements can be truncated
at different levels giving rise to closed equations for the electron system.
Derived are the inhomogeneous counterparts of the Levinson and Barker-
Ferry equations, which describe the femtosecond evolution of local electron
packets in a quantum wires. Basic are the hypotheses for an initially de-
coupled system, equilibrium phonons and the Markov approximation.

The physical aspects of the set of the incorporated assumptions is dis-
cussed. In particular it is argued that the relevance of both models is
bounded at the long time limit. The solutions of the equations are rich of
quantum effects already at the case of zero electric field. Along with the col-
lisional broadening and retardation, an effect of ultrafast spatial transport
is observed.

A quantum-kinetic model for the evolution of an initial electron dis-
tribution in a quantum wire has been introduced in terms of the electron
Wigner function. The physical quantities, expressed as functionals of the
Wigner function are evaluated within a stochastic approach. The developed
MC method is characterized by the typical for quantum algorithms com-
putational demands. The stochastic variance grows exponentially with the
evolution time. Grid technologies are implemented, which allow to obtain
simulation results for times up to 175 femtoseconds.
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Appendix A

Jumps on Mesh Octahedra
Monte Carlo

Consider the boundary-value problem

∆u(x) = 0, x = (x1, x2, x3) ∈ Ω, (A.1)

and the boundary condition

u(x) = ψ(x), x ∈ ∂Ω. (A.2)

Using the finite-difference technique, one can derive a system of linear

equations whose solution approximates the solution of (A.1). The system

depends on the approximation molecule for the Laplace operator.

Let us consider the usual seven-point approximation molecule. The

equation which approximates (A.1) in the point xi = (i1h, I2h, i3h) is

Λ1(ui) − 6ui = 0, (A.3)

where

Λ1(ui) = u((i1 + 1)h, i2h, i3h) + u((i1 − 1)h, i2h, i3h) + u(i1h, (i2 + 1)h, i3h)

+ u(i1h, (i2 − 1)h, i3h) + u(i1h, i2h, (i3 + 1)h) + u(i1h, i2h, (i3 − 1)h),(A.4)

and h is the mesh size of the discrete domain ∂Ωh. For brevity, in what

follows we assume h to be unity.

Using (A.3) for all terms in (A.4) we obtain

ui =
1

36
[Λ2(ui) + 2Λ1,m(ui) + 6ui] , (A.5)

where
Λ1,m(ui) = u(i1 + 1, i2, i3 + 1) + u(i1 − 1, i2, i3 + 1) + u(i1 − 1, i2, i3 − 1)

+u(i1 + 1, i2, i3 − 1) + u(i1 + 1, i2 + 1, i3) + u(i1, i2 + 1, i3 + 1)
+u(i1 − 1, i2 + 1, i3) + u(i1, i2 + 1, i3 − 1) + u(i1 + 1, i2 − 1, i3)
+u(i1, i2 − 1, i3 + 1) + u(i1 − 1, i2 − 1, i3) + u(i1, i2 − 1, i3 − 1),

(A.6)

and Λ2(u) is obtained from the formula

Λk(ui) = u(i1 + k, i2, i3) + u(i1 − k, i2, i3) + u(i1, i2 + k, i3)

+ u(i1, i2 − k, i3) + u(i1, i2 + k, i3 + k) + u(i1, i2, i3 − k),

257
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when k = 2.
If we use the Taylor formula for terms in Λ1,m(ui) it is easy to construct

another approximation molecule for (A.1) which leads to
Λ1,m(ui) = 12ui. (A.7)

Then (A.5) becomes

ui =
1
6
Λ2(ui), (A.8)

which is of the same type as (A.3) but the step in the approximation
molecule is 2. Application of the algorithm described above leads to the
following theorem.

Theorem A.1. Let xi = (i1, i2, i3) be an arbitrary point in Ωh and k be the
radius of the largest sphere in Ωh with the centre in xi. Then the following
equation holds:

ui =
1
6
Λk(ui). (A.9)

To prove this theorem some preliminary statements are needed.

Lemma A.1. For each integer k the following formula holds:

Λk(ui) =
1
6

[
Λk+1(ui) + Λk−1(ui) + Λ̃k(ui)

]
, (A.10)

where
Λ̃k(ui) = u(i1 + k, i2 + 1, i3) + u(i1 + k, i2, i3 + 1) + u(i1 + k, i2 − 1, i3)

+ u(i1 + k, i2, i3 − 1) + u(i1 − k, i2 + 1, i3) + u(i1 − k, i2, i3 + 1)

+ u(i1 − k, i2 − 1, i3) + u(i1 − k, i2, i3 − 1) + u(i1 + 1, i2 + k, i3)

+ u(i1, i2 + k, i3 + 1) + u(i1 − 1, i2 + k, i3) + u(i1, i2 + k, i3 − 1)

+ u(i1 + 1, i2 − k, i3) + u(i1, i2 − k, i3 + 1) + u(i1 − 1k, i2 − k, i3)

+ u(i1, i2 − k, i3 − 1) + u(i1 + 1, i2, i3 + k) + u(i1, i2 + 1, i3 + k)

+ u(i1 − 1, i2, i3 + k) + u(i1, i2 − 1, i3 + k) + u(i1 + 1, i2, i3 − k)

+ u(i1, i2 + 1, i3 − k) + u(i1 − 1, i2, i3 − k) + u(i1, i2 − 1, i3 − k).

The prof of Lemma 1 follows from (A.3) and (A.6).

Lemma A.2. For an arbitrary integer k it follows that

Λ̃k(ui) =

8
>>>>>>>>>><
>>>>>>>>>>:

(k−3)/2X

l=0

(−1)l
`
12Λk−2l−1(ui)− Λk−2l−1(ui)

´
+ (−1)[k/2]Λ̃1(ui),

k odd,

(k−2)/2X

l=0

(−1)l
`
12Λk−2l−1(ui)− Λk−2l−1(ui)

´
+ (−1)[k/2]Λ̃0(ui),

k even,

(A.11)
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where [t] means the integer part of t, and

Λk(ui) = u(i1 + k, i2 + 1, i3 − 1) + u(i1 + k, i2 + 1, i3 + 1) + u(i1 + k, i2 − 1, i3 + 1)

+ u(i1 + k, i2 − 1, i3 − 1) + u(i1 − k, i2 + 1, i3 − 1) + u(i1 − k, i2 + 1, i3 + 1)

+ u(i1 − k, i2 − 1, i3 + 1) + u(i1 − k, i2 − 1, i3 − 1) + u(i1 + 1, i2 + k, i3 − 1)

+ u(i1 − 1, i2 + k, i3 − 1) + u(i1 − 1, i2 + k, i3 + 1) + u(i1 + 1, i2 + k, i3 + 1)

+ u(i1 + 1, i2 − k, i3 − 1) + u(i1 − 1, i2 − k, i3 + 1) + u(i1 − 1, i2 − k, i3 − 1)

+ u(i1 + 1, i2 − k, i3 + 1) + u(i1 + 1, i2 − 1, i3 + k) + u(i1 + 1, i2 + 1, i3 + k)

+ u(i1 − 1, i2 + 1, i3 + k) + u(i1 − 1, i2 − 1, i3 + k) + u(i1 + 1, i2 − 1, i3 − k)

+ u(i1 + 1, i2 + 1, i3 − k) + u(i1 − 1, i2 + 1, i3 − k) + u(i1 − 1, i2 − 1, i3 − k).

Proof. Using formula (A.7) for each term in Λk−1(ui), we obtain

12Λk−1(ui) = Λ̃k(ui) + Λk−1(ui) + Λ̃k−2(ui)

or

Λ̃k(ui) = Λ̃k−2(ui) + Λk−1(ui) + 12Λk−1(ui), (A.12)

and applying it recursively yields (A.11). ¤

Lemma A.3. For an arbitrary integer k the following formula holds:

Λk(ui) =

8
>>>>><
>>>>>:

8

(k−3)/2X

l=0

(−1)lΛk−2l−1(ui) + (−1)[k−2]Λ1(ui), k odd,

8

(k−2)/2X

l=0

(−1)lΛk−2l−1(ui) + (−1)[k−2]Λ0(ui), k even,

(A.13)

Proof. Using the Taylor formula one can derive the approximation for-
mula

Λ1,e(ui) = 8ui, (A.14)

where Λ1,e(ui) = 1
3Λ1(ui).

Then applying this formula for all terms in Λk−1(ui), we obtain

8Λk−1(ui) = Λ̃k(ui) + Λk−2(ui)

or

Λk(ui) = −8Λk−1(ui) + Λk−2(ui), (A.15)

which leads to (A.13). ¤
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Proof. of Theorem A.1. When k is unity, (A.9) becomes the usual
approximation formula (A.3).

We will prove (A.9) when k = n, provided it holds for all k =
2, 3, . . . , n− 1.

From Lemma 1 it follows that

Λn(ui) =
1
6

[
Λn+1(ui) + Λn−1(ui) + Λn(ui)

]
,

and according to the above assumption

Λn(ui) =
1
6

[
Λn+1(ui) + 6ui + Λn(ui)

]
,

and so for k = n, (A.9) becomes

ui =
1
36

[
Λn+1(ui) + 6ui + Λ̃n(ui)

]
. (A.16)

Without any restrictions of generality we assume that n = 2m − 1. So
using Lemmas 2 and 3 we obtain

Λ̃2m−1(ui) =
m−2∑

l=0

(−1)l
[
12Λ2(m−l−1)(ui)− Λ2(m−l−1)(ui)

]
+ (−1)mΛ̃1(ui)

=
m−2∑

l=0

(−1)l[12Λ2(m−l−1)(ui)− 8
m−l−2∑

s=0

(−1)sΛ2(m−2l)−3(ui).

−(−1)m−l−1Λ0(ui)
]
+ (−1)mΛ̃1(ui).

From the definitions follows that

Λ0(ui) = 24ui and Λ̃1(ui) = 24ui,

and from the assumption that

Λj(ui) = 6ui,

when j < n. Then

Λ̃2m−1(ui) =

m−2X

l=0

(−1)l

"
72ui − 8

m−l−2X

s=0

(−1)s6ui − (−1)m−l−124(ui)

#
+ (−1)m24ui

= 72ui

m−2X

l=0

(−1)l − 48ui

m−2X

l=0

(−1)l
m−l−2X

s=0

(−1)s −
m−2X

l=0

(−1)m−124ui

+(−1)m24ui = 24ui,

and (A.16) becomes

ui =
1
36

[Λn+1(ui) + 30ui] or ui =
1
6
Λn+1(ui). (A.17)

The case when k = 2m is similar. ¤
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Theorem 1 is used to construct a Monte Carlo method for finding the
inner product of a given vector g with the solution of the system (A.3).

The algorithm is as follows.

• (i) The start point x0 is selected according to a density permissible for
g.

• (ii) Determine the mesh distance dh(x0) from the selected point x0 to
the boundary; the next point is selected from among the neighbours on
the seven-point approximation molecule with step dh(x0);

• – if the point is on the boundary, the the process terminates;
• – otherwise the process continues with (ii).
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Appendix B

Performance Analysis for Different
Monte Carlo Algorithms

Here all the results for the values of interest are summarized.

B.1. Algorithm A (f(x) ≡ 0, p = (c0.5σ(θ)/ε)2)

ET1(A) = τ ((k + 1 + γA)lA) + (n + 1 + γL)lL)
1

4ε

„
c0.5

σ(θ)

ε

«2

,

ETpipe(A) = τ(s + k + lA + γA + (n + 1 + γL)lL)
1

4ε

„
c0.5

σ(θ)

ε

«2

,

ETp(A) = τ ((k + 1 + γA)lA + (n + 1 + γL)lL)
1

4ε
,

ET2np(A) = τ ((k + 1 + γA)lA + 3lL)
1

4ε
,

Spipe(A) =

„
1 +

k + 1 + γA

n + 1 + γL

lA

lL

«ffi„
1 +

s + k + lA + γA

n + 1 + γL

1

lL

«
,

Sp(A) = p,

S2np(A) = p

„
1 +

n + 1 + γL

k + 1 + γA

lL

lA

«ffi„
1 +

3

k + 1 + γA

lL

lA

«
,

Ep(A) = 1,

E2np(A) =
1

2n

„
1 +

n + 1 + γL

k + 1 + γA

lL

lA

«ffi„
1 +

3

k + 1 + γA

lL

lA

«
.

B.2. Algorithm B (f(x) ≡ 0, n = 3, p = (c0.5σ(θ)/ε)2)

ET1(B) = 6τ ((k + 1 + γA)lA + 9lL)

„
c0.5

σ(θ)

ε

«2

,
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ETpipe(B) = 6τ(s + k + lA + γA + 9lL)

„
c0.5

σ(θ)

ε

«2

,

ETp(B) = 6τ ((k + 1 + γA)lA + 9lL) ,

ET6p(B) = 6τ ((k + 1 + γA)lA + 5lL) ,

Spipe(B) =

„
1 +

1

9
(k + 1 + γA)

lA

lL

«ffi„
1 +

1

9
(s + k + lA + γA)

1

lL

«
,

Sp(B) = p,

S6p(B) = p

„
1 +

9

k + 1 + γA

lL

lA

«ffi„
1 +

5

k + 1 + γA

lL

lA

«
,

Ep(B) = 1,

E6p(B) =
1

6

„
1 +

9

k + 1 + γA

lL

lA

«ffi„
1 +

5

k + 1 + γA

lL

lA

«
.

B.3. Algorithm C (f(x) ≡ 0, n = 3, p = (c0.5σ(θ)/ε)2)

ET1(C) = τ ((2k + γA + qA)lA) + (γL + 1)lL) c ln ε

„
c0.5

σ(θ)

ε

«2

,

ETpipe(C) = τ (s + 2k + γA + qA + lA − 1 + (γL + 1)lL) c ln ε

„
c0.5

σ(θ)

ε

«2

,

ETp(C) = τ ((k + γA + qA)lA + (γL + 1)lL) c ln ε,

ET6p(C) = τ ((2k + γA + qA)lA + (γL + 1)lL) c ln ε,

Spipe(C) =

„
1 +

2k + γA + qA

γL + 1

lA

lL

«ffi„
1 +

s + 2k + γA + qA + lA − 1

γL + 1

1

lL

«
,

Sp(C) = p,

S6p(C) = p

„
1 +

2k + γL + qA

γL + 1

lA

lL

«ffi„
1 +

k + γA + qA

γL + 1

lA

lL

«
,

Ep(C) = 1,

E6p(C) =
1

6

„
1 +

2k + γL + qA

γL + 1

lA

lL

«ffi„
1 +

k + γA + qA

γL + 1

lA

lL

«
.
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Appendix C

Sample Answers of Exercises

(1) Random Variables

(a)

Eγ3 =

∫ 1

0

x3p(x)dx Since

∫ 1

0

p(x)dx = 1 → p(x) ≡ 1.

Eγ3 =

∫ 1

0

x3dx =
x4

4

∣
∣
∣
∣

1

0

=
1

4

Dγ3 = Eγ6 − (Eγ3)2

Eγ6 =

∫ 1

0

x6dx =
x7

7

∣
∣
∣
∣

1

0

=
1

7

Dγ3 =
1

7
−
(

1

4

)2

=
1

7
− 1

16
=

9

112
≈ 0.08036

(b)

γ ∈ [0, 1]

Divide the interval [0, 1] into subintervals of length ∆i = pi = 1
n . Since

∑n
i=1 pi = 1,

∑n
i=1 ∆i = 1

P{ξ = xi} = P{γ ∈ ∆i} = ∆i =
1

n
= pi.

Thus, P{ξ = xi} = 1
n .

265
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(2) Plain Monte Carlo Algorithm

I =

∫ 1

0

x1/5dx; p(x) ≡ 1 because

∫ 1

0

p(x)dx = 1.

I =

∫ 1

0

x1/5dx =
5

6
x

6
5

∣
∣
∣
∣

1

0

=
5

6
;

θ = γ1/5, where γ is a c.u.d.r.v. in [0, 1]

Dθ = Eθ2 − (Eθ)2

Eθ2 =

∫ 1

0

x2/5dx =
5

7
x

7
5

∣
∣
∣
∣

1

0

=
5

7
≈ 0.7143

Dθ =
5

7
− (

5

6

)2

=
5

7
− 25

36
=

5

252
≈ 0.01984 << I2

(3) Importance Sampling Algorithm

p̂ = c|f(x)| Since

∫ 1

0

p̂(x)dx = 1

c =

[∫ 1

0

|ex|dx
]−1

=
1

e− 1
.

p̂ =
1

e− 1
ex

According to the definition of the Importance Sampling Algorithm

θ0(x) =

{
f(x)
p̂(x) , x ∈ Ω+,

0, x ∈ Ω0.

Thus,

θ0(x) =
ex

ex
(e− 1) = e− 1, for x ∈ [0, 1].

Dθ0(x) =

∫ 1

0

(e− 1)2dx− (e− 1)2 = 0
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(4) Symmetrization of the Integrand

Since

∫ 1

0

p(x)dx = 1 p(x) ≡ 1 and f(x) = ex.

I =
∫ 1

0

exdx = ex|10 = e− 1, f1(x) =
1
2
(ex + e1−x)

The symmetrized random variable is

θ′ =
1
2

(
eγ + e1−γ

)
, where γ is a c.u.d.r.v. in [0, 1].

Eθ′ =
1
2

∫ 1

0

(
ex + e1−x

)
dx =

1
2

[
ex|10 − e1−x|10

]
=

1
2
(e + e− 2) = e− 1

Dθ′ = E(θ′)2 − (Eθ′)2

Dθ′ =
1
4
[2e− (e− 1)(3e− 5)] ≈ 0.00392 << (e− 1)2 = I2

(5) Separation of the principle part

a)

I =
∫ 1

0

exdx = ex|10 = e− 1,

I ′ =
∫ 1

0

h(x)p(x)dx =
∫ 1

0

xdx =
x2

2

∣∣∣∣
1

0

=
1
2

θ′ = f(x)− h(x) + I ′; θ′ = ex − x +
1
2

b)

Eθ′ =
∫ 1

0

(
ex − x +

1
2

)
dx = ex|10 −

x2

2

∣∣∣∣
1

0

+
1
2

= e− 1− 1
2

+
1
2

= e− 1
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c)

Dθ′ = E(θ′)2 − (Eθ′)2

E(θ′)2 =
∫ 1

0

(
ex − x +

1
2

)2

dx

=
∫ 1

0

[
(ex − x)2 + ex − x +

1
4

]
dx

=
∫ 1

0

(
e2x − 2exx + x2

)
dx +

∫ 1

0

(ex − x)dx +
1
4

=
1
2

e2x
∣∣1
0
− 2J +

x3

3

∣∣∣∣
1

0

+ ex|10 −
x2

2

∣∣∣∣
1

0

+
1
4

=
1
2
(e2 − 1) +

1
3

+ (e− 1)− 1
2

+
1
4
− 2J

=
1
2
(e2 − 1) + (e− 1)− 2J +

4− 6 + 3
12

=
1
2
(e2 − 1) + (e− 1)− 2J +

1
12

J =
∫ 1

0

xexdx =
∫ 1

0

xd(ex) = xex|10 −
∫ 1

0

exdx = e− (e− 1) = 1

E(θ′)2 =
1
2
(e2 − 1) + (e− 1)− 2 +

1
12

=
1
2
(e− 1)(e + 1 + 2)− 23

12

=
1
2
(e− 1)(e + 3)− 23

12

Dθ′ =
1
2
(e− 1)(e + 3)− 23

12
− (e− 1)2

=
1
2
(e− 1) [(e + 3)− 2(e− 1)]− 23

12

=
1
2
(e− 1)(5− e)− 23

12
Thus,

Dθ′ = (e− 1)(5− e)/2− 23
12
≈ 0.0437 << (e− 1)2 = I2.
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(6) Integration on Subdomain Monte Carlo Algorithm

I =
∫ ∫

Ω

(2− y)dxdy =
∫ 1

0

dx

∫ 1+ x
4

0

(2− y)dy = −
∫ 1

0

(2− y)2

2

∣∣∣∣
1+ x

4

0

dx

=
1
2

∫ 1

0

[
4−

(
1− x

4

)2
]

dx = 2− 1
2

∫ 1

0

(
1− x

2
+

x2

16

)
dx

= 2− 1
2

+
1
8
− 1

2× 48
=

3
2

+
1
8
− 1

96
=

13
8
− 1

96
=

155
96

≈ 1.61458

To find p(x, y) we have to take into account that

∫ 1

0

∫ 1+1/4

0

p(x, y)dxdy = 1

Since SΩ = 1 1
8 = 9

8 , we have

p(x, y) =
8
9
, (x, y) ∈ Ω.

Then

I =
∫ ∫

Ω

9
8
(2− y)

︸ ︷︷ ︸
f(x,y)

.
8
9︸︷︷︸

p(x,y)

dxdy.

I ′ =
∫ 1

0

∫ 1

0

(2− y)dxdy =
3
2
;

c =
∫ 1

0

∫ 1

0

p(x, y)dxdy =
∫ 1

0

∫ 1

0

8
9
dxdy =

8
9
.

Now one can define the r.v. θ′ for Integration on Subdomain Monte
Carlo:

θ′ = I ′ + (1− c)f(ξ′),

where the random point ξ′ ∈ Ω1 = Ω \ Ω′ has a density function

p1(x, y) =
p(x, y)
1− c

=
8/9

1− 8/9
=

8.9
9.1

= 8.
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Dθ′ = E(θ′)2 − (Eθ′)2
(
Dθ′ = (1− c)2Df(ξ′)

)

Df(ξ′) = E (f(ξ′))2 − (Ef(ξ′))2

Ef(ξ′) =
∫ 1

0

∫ 1+x/4

1

9
8
(2− y).8dxdy = 9

∫ 1

0

dx

∫ 1+x/4

1

(2− y)dy

= −9
2

∫ 1

0

(2− y)2
∣∣1+x/4

1
dx =

9
2

∫ 1

0

[
1−

(
1− x

4

)2
]

dx

=
9
2

[
1−

∫ 1

0

(
1− x

2
+

x2

16

)
dx

]

=
9
2

[
1− 1 +

1
4
− 1

48

]
=

3
2
.
11
16

=
33
32

= 1
1
33
≈ 1.03125

E(f(ξ′))2 =
∫ 1

0

∫ 1+x/4

1

81
64

(2− y)2.8dxdy =
81
8

∫ 1

0

dx

∫ 1+x/4

1

(2− y)2dy

= −81
24

∫ 1

0

(2− y)3
∣∣1+x/4

1
dx =

27
8

∫ 1

0

[
1−

(
1− x

4

)3
]

dx

=
27
8

[
1−

∫ 1

0

(
1− x

4

)3

dx

]

=
27
8

[
1 +

(
1− x

4

)4
∣∣∣∣
1

0

]
=

27
8

[
1 +

(
3
4

)4

− 1

]

=
27
8
× 81

256
=

37

2.45
≈ 1.0678

Df(ξ′) =
2187
2048

− 1089
1024

=
9

2048
≈ 0.0043945

Dθ′ = (1− c)2Df(ξ′) =
1
92
× 9

2048
=

1
18432

≈ 5.4253.10−5 << I2

For the Plain Monte Carlo Algorithm we have:

θ = f(ξ) =
9
8
(2− ξ)

Eθ =
∫ ∫

Ω

9
8
(2− y)

︸ ︷︷ ︸
f(x,y)

.
8
9︸︷︷︸

p(x,y)

dxdy =
155
96

≈ 1.61458
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Eθ2 =
∫ ∫

Ω

81
64

(2− y)2.
8
9
dxdy

=
9
8

∫ 1

0

dx

∫ 1+x/4

0

(2− y)2dy = − 9
24

∫ 1

0

(2− y)3
∣∣1+x/4

0
dx

=
3
8

∫ 1

0

[
8−

(
1− x

4

)3
]

dx = 3− 3
8

∫ 1

0

(
1− x

4

)3

dx

= 3 +
3
8

(
1− x

4

)4
∣∣∣∣
1

0

= 3 +
3
8

[
−1 +

(
3
4

)4
]

= 3− 3
8

+
35

8.44
=

21
8

+
35

8.44
=

21.44 + 35

8.44

=
5376 + 243

8.44
=

5619
2048

≈ 2.74365

Thus

Dθ =
5619
8.44

− 1552

(42.3.2)2
=

2521
18432

≈ 0.136773.

Now, it’s easy to check that

Dθ′ ≤ (1− c)Dθ.

Indeed,

5.4253.10−5 ≤ 1
9
× 0.136773.
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Appendix D

Symbol Table

• x = (x(1), x(2), . . . , x(d)) ∈ Ω ⊂ IRd - point in IRd (d-dimensional vector)

• IRd - d-dimensional Euclidean space

• Ω - domains in the Euclidean space

• ∂Ω - boundary of the domain Ω

• dist(x,D) - distance between point x and set D

• µ = (ω, ω′) - cos of angle between directions ω and ω′

• t ∈ [0, T ] - time

• δ(x) - Dirac’s function

• X - a Banach space of functions

• u∗,X∗ - conjugate function, dual Banach space

• C(Ω) - space of functions continuous on Ω

• C(k)(Ω) - space of functions u for which u(k) ∈ C(Ω)

• Hα(M,Ω) - space of functions for which |f(x) − f(x′)| ≤M |x− x′|α
• ‖ f ‖Lq= (

∫

Ω
f q(x)p(x)dx)1/q - Lq-norm

• Wr(M ; Ω) - a class of functions f(x), continuous on Ω with partially

continuous rth derivatives, such that

|Drf(x)| ≤M,

where

Dr = Dr1
1 . . . Drd

d

is the rth derivative, r = (r1, r2, . . . , rd), |r| = r1 + r2 + · · · + rd, and

Di = ∂
∂x(i)

• I - value of the integral

• J(u) - linear functional

• (h, u) =
∫

Ω h(x)u(x)dx - inner product of functions h(x) and u(x)
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• Lu(x) =
∫
Ω

l(x, x′)u(x′)dx′ integral transformation (L - integral oper-
ator)

• ∆ - the Laplace operator

• A ∈ IRm×m or L ∈ IRm×m - m×m matrices
• Au = f - one linear system of equations
• aij or lij - element in the ith row and jth column of the matrix A or L

• xT - transposed vector
• (h, u) =

∑m
i=1 hiui - inner product of vectors h = (h1, h2, . . . , hm)T and

u = (u1, u2, . . . , um)T

• Lk - kth iterate of the matrix L

• δi
j - Kronneker’s symbol

• ξ ∈ Ω - random point in Ω
• θ(ξ) - random variable (r.v.)
• E(θ) - mathematical expectation of r.v. θ

• D(θ) - variance of r.v. θ

• σ(θ) - standard deviation of r.v. θ

• Pr{εk = i} - probability that εk = i

• γ - random number (uniformly distributed r.v. in [0, 1] with E(γ) = 1/2
and D(γ) = 1/12)

• ξi(i = 1, 2, . . . , n) - realizations (values) of the random point ξ

• θi(i = 1, 2, . . . , n) - realizations (values) of the random variable θ

• p(x) - density (frequency) function
• p(x, y) - transition density function
• F (x) - distribution function
• Ti = (ξ0 → ξ1 → · · · → ξi) - random trajectory
• ξn = 1

n

∑n
i=1 ξi - mean value of n realizations of the r.v. ξ

• rn - probable error defined as a value rn for which

Pr
{|ξn − J | ≤ rn

}
=

1
2

= Pr
{|ξn − J | ≥ rn

}
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